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Introduction by the Organisers

The conference on \Analysis and Geometric Singularities" bok place from August
19 to August 25, 2007. The meeting was a popular one, with allmots taken, and its
atmosphere was lively and full of activity. Participants ranged from many experts
and old hands in the eld to many young postdocs and graduate sidents, and the
interaction between researchers at all levels was clearlyrpductive for everyone.
The talks were notably very well attended throughout the week, and many were
accompanied by lively discussions.

Each day was structured thematically: every day except Wedmsday began
with a longer (70 minute) survey talk on some general theme inthe subject;
the other talks each day were shorter (55 minutes) and focuskon that theme.
Wednesday morning, however, was devoted to ve half-hour letures by some of
the younger participants. The rst day's theme was spectral geometry; the lecture
by losif Polterovich surveyed many recent results connectig spectral asymptotics
and dynamics; later talks that day were given by Mueller, Kordyukov, Paycha and
Grieser. Tuesday's survey talk by Mihalis Dafermos on the m#éematics of black
holes was followed by the lectures of Rodnianski, Vasy, Baeand Perry; the rst
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two of these especially focusing on mathematical relativij. Thursday's survey by
Jared Wunsch on propagation of singularities for the Schrodinger equation was
followed by talks by Lesch, Ammann, Moscovici and Dai. Friday's theme was
index theory, with a survey by Richard Melrose and other lecures by Carron,
Albin, Bunke and Richardson. The young researchers who spakon Wednesday
were Azzali, Degeratu, Mazzieri, J. Mueller and Rochon.

The scienti c level of the talks was uniformly high, as will be seen from the
abstracts which follow; many interesting results were annanced, and the survey
talks helped provide a focus which in turn facilitated communication between
researchers in the various di erent elds represented. Oveall, the conference gave
clear evidence that the eld of analysis on singular spacessi very active, and
indeed is extending in many new directions. The many strong gung researchers
here indicate that the eld has a bright future!
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Abstracts

Spectral asymptotics and dynamics on Riemannian manifolds
losif Polterovich

According to Bohr's correspondence principle in quantum mehanics, the asymp-
totic properties of the eigenvalues and the eigenfunctionof the Laplacian on a
Riemannian manifold are linked to the behavior of the geodes ow. In particular,
the growth of various spectral quantities (such as the spectl function, the error
term in Weyl's law, eigenfunctions) depends on the underlyng dynamics.

Let M be a compact Riemannian manifold of dimensiom without boundary.

Consider the Laplacian on M with the eigenvalues 0< A? A3 ..., and
the corresplgnding orthonormal basisf g;g of eigenfunctions: ¢ = M. Let
Ny.y (A) = < Gi(X)9i(y), where X,y 2 M, be the spectral function of the
Laplacian. AsA!1 it satises

1) Nxy (A) = O(A" 1),  x6y.

The asymptotics of the spectral function on the diagonal is gven by the pointwise
Weyl's law:

(2 Ny:x (A) =

(@mF (3+1)

Integrating (2) over M one gets the well-known Weyl's law for the eigenvalue
counting functio% N(A)=# fA <Ag:

Vol(M) A"
(@mF (5+1)

The upper bounds on the spectral function and the error terms(due to Avaku-
movc and Levitan) are sharp and attained on a round sphere. At the same time,
the upper bound on R(A) (respectively, Ry (A) and Ny., (A)) can be improved to
o(A" 1) under the condition that the measure of directions correspnding to closed
geodesics (respectively, geodesic loops &tand geodesic segments from to y) is
zero (see [DG], [Saf]).

Further improvements of estimates (1-3) are expected on maifolds whose ge-
odesic ow is either completely integrable or ergodic (cf. §t, Conjecture I]). For
the sake of simplicity, we focus here on manifolds of dimensn two. Consider the
integrable case rst.

+ Rx(N), Rx(N) = O(A" 1).

B N®=  NuxN= + RN, R = OA" ).
M

Conjecture 1. Let M be a sphere with a generic (cf. [CdV, section 6]) metric
of revolution. Then R(A) = O()\%”) for any € > 0. Moreover, if X is not a pole,
then Ry (A\) = O(Az*") for any € > 0. Also, if at least one of the points x 6 y 2 M
is not a pole, then Ny, (\) = O(Az*") for any € > 0.

It was shown in [CdV] that on a generic surface of revolutionR(A) = O(AZ™3).
The genericity condition is important, since one has to elimnate such \ degener-
ate" cases as a round sphere or a Zoll surface, for which the meainder estimate
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(3) is attained. Note also that at poles of a surface of revoltion the pointwise
estimate (2) is attained (see [Saf]), and, most likely, (1) ¢ attained if x,y are both
poles. A dynamical explanation of this phenomenon is that al geodesics starting
from one pole pass through another pole and return back.

Conjecture 2. Let M be a torus with a Liouville metric. Then R(A) = O()\%’r"),
Rx(A) = O(AZ*"), Nyxy (A) = O(AZ*"), for any € >0 and for all x 6 y 2 M.

It is shown in [La] that for a large class of Liouville tori R(A) = O(A%™3). As
in [CdV], the main idea is to approximate the eigenvalue coum by a lattice count
(in the integrable case this is possible, as follows from theéEBK quantization
conditions, see [St] for a discussion). Then one can apply #hvan der Corput
method of exponential sums and obtain aO(A>3) remainder estimate.

For the at square torus, counting eigenvalues is equivalehto counting integer
points inside a circle (the latter is known as the Gauss's cicle problem). In this
case, a slightly better estimate onR(A) was proved by Huxley. The celebrated
Hardy's conjecture about the error term in the Gauss' circle problem is an impor-
tant motivation for Conjectures 1 and 2 (in fact, it is a special case of Conjecture
2 when M is a at square torus).

The estimates in Conjectures 1 and 2 can not be signi cantly mpr(B/gd. On
a at torus, the Hardy-Landau lower bound yields R(A) Ry (A) 6 O( 6), and
using the methods of [JP] one can also show that in this caslly.y (A) & O( A). It
is not known whether € can be removed from any of the estin}gt_es in Conjecture 1,
but it seems unlikely. It was proved in [Sar] that R(A) 6 o( A) on any surface
with integrable geodesic ow. For Rx(A) and Ny, (A) such a lower bound was
proved in a much higher generality in [JP, LPS].

Consider now the negatively curved case. As was proved by Amsov, the geo-
desic ow on a surface of negative curvature is ergodic.

Conjecture 3. Let M be a generic negatively curved surface. Then R(A) = O(A"),
Rx(A) = O(Az*"), Nyy (A) = O(AZ*") for any e > 0 and for all x6 y 2 M.

Note that we expect R(A) to grow much slower on a generic negatively curved
surface than in the integrable case (cf. [St, Conjecture I]) Moreover, lower bounds
on Ryx(A) proved in [JP] indicate that substantial cancelations ocair when the
pointwise remainder is integrated overﬁl_negatively curve(BHrf_ace. In particular,
results of [JP] imply that Ny.y (A) 6 O( A) and Ryx(A) 6 O( A) for all points on
a negatively curved surface.

The genericity assumption in Conjecture 3 can not be removed indeed, as
shown by Hejhal andIO Selberg [Hej], on arithmetic surfaces o€onstant negative

curvature R(A) 6 o g~ - Note that arithmetic surfaces have exceptionally high

multiplicities in the length spectrum. As mentioned in [Sar], this gives a dynamical
explanation for the faster growth of the remainder. Randol (see [Ran]) conjectured
that for arithmetic surfaces (and, in general, for all surfaces of constant negative

curvature) R(A) = O(Az*") for any € > 0 | similarly to the integrable case.
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It is shown in [JPT] that on any negatively curved surface R(A) 6 o((log A) )
for some positive constanta that can be expressed in terms of certain dynamical
characteristics of the geodesic ow. This lower bound is cosistent with Conjec-
ture 3. For surfaces of constant negative curvature (in thiscase one can take any
a < 1/2) it was proved by Randol and Hejhal using the Selberg zeta faction
techniques.

Conjecture 3 is very far from being proved. The best result upto-date is

Rx(A)= O and R(A) = O o5 obtained in [Ber] (see also [Vol]).

Let us conclude by a recent result showing that the o -diagoral bounds on
Ny.y (A) in Conjectures 1{3 hold on average in a much higher generality.

log

Theorem 1. [LPS] Let M be an arbitrary compact n-dimensional Riemannian
manifold. For any finite measure v on R and any x 2 M there exists a subset
My M of full measure such that

Ny (A
@ Ny @ 5 LzRv), 8y 2 My

1+ A =z

Theorem 1 is inspired by [Ran] where similar averaging was cwidered. We
prove it using purely analytic methods. It would be interesting to nd a dynamical
interpretation of this result | in particular, to check whet her (4) is true if x is
not conjugate to y along any geodesic.
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Spectral asymptotics for arithmetic quotients of symmetric spaces
Werner M eller
(joint work with Erez Lapid)

Let S = G/K be a Riemannian symmetric space of non-compact type, wher&
is a real semi-simple Lie group of non-compact type with nite center, andK is a
maximal compact subgroup ofG. Let be a non-uniform lattice in G, that is a
discrete subgroup ofG whose quotient nG is of nite volume, but not compact.
Then acts properly discontinuously on S and nS is a non-compact locally
symmetric space of nite volume. Of particular interest are arithmetic subgroups
. This means that G = G(R), where G is a semi-simple algebraic group de ned
over Q, and is a subgroup of G(Q) which is commensurable with G(Z). Here
G(Z2) = G(Q)\ GL(n,Z) with respect to some embeddingG  GL(n). A basic
example is the principal congruence subgroup (N) SL(n,Z) of level N. An
arithmetic subgroup G(Q) is called congruence subgroup, if it contains a
principal congruence subgroup.

Spectral theory on nS is intimately connected with the theory of automorphic
forms. For simplicity, assume that is tosion free. Then nS is a complete
Riemannian manifold. Let be the Laplacian of nS. Then is essentially self-
adjoint in L?( nS). Denote its unique self-adjoint extension by . It is well known
that the spectrum of is the union of a pure point spectrum and an absolutely
continuous spectrum. The point spectrum consists of a sequeee of eigenvalues
O=X <A A of nite multiplicity. The absolutely continuous spectrum
is described in terms of Eisenstein series. Espcially, it fows that o,c() =[ ¢,1)
for somec > 0. One of the main problems in theory of automorphic forms is ©
study the point spectrum. The presence of the continuous sperum makes this
very di cult. The basic tool to study the discrete spectrum i s the Arthur-Selberg
trace formula.

Let L3 ( nS) be the span of all eigenfunctions of. It contains the space
of cusp forms, which is de ned as follows. LetD(S) be the algebra of invariant
di erential operators on S. It is well known that D(S) is a nitely generated
commutative algebra. The minimal number of generators ofD(S) equals the
rank of S. Let P be a parabolic subgroup ofG with Langlands decomposition
P = MpApr Np. Then P is called a -cuspidal parabolic subgroup, if (Np\ ) nNp
is compact. A function @ 2 C* ( nS) is called cusp form, if ¢ is a simultaneous
eigenfunction of allD 2 D (S) and which also satis es

Z

o(nx) dn=0
Np\ nNp
for all -cuspidal parabolic subgroups P 6 G. Any cusp form is in particular a
square integrable eigenfunction of . The subspace ofL3( nS) spanned by all
cusp forms is denoted byL2 .( nS). The orthogonal complement of L2,(( nS) in
L3 ( nS) is the residual subspace_2,( nS). By Langlands' theory of Eisenstein
series,LZ¢( nS) is spanned by iterated residues of cuspidal Eisenstein sies. So
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cusp forms are the building blocks in the theory of automopht forms. A basic
problem is the question of existence and construction of cysform. For a non-
uniform lattice it is not clear that any cusp forms exist. For SL(2, R) conjectures
of Phillips and Sarnak state that a generic non-uniform lattice in SL(2, R) has
no cusp forms. It is believed that the existence of cusp formss related to the
arithmeticity of the lattice. Note that if rank( S) > 1, then by the Margulis
arithmeticity theorem, every irreducible non-uniform lat tice is arithmetic in an
appropriate sense.

A convenient way of counting the number of cusp forms for is to use their
eigenvalues of the Laplace operator. LeN.,(A) be the number of linearly inde-
pendent cusp forms whose eigenvalues satisfy A;  A. Recently, the following
theorem has been proved by Lindenstrauss and Venkatesh [3].

Theorem 1. Let G be a split adjoint semi-simple algebraic group over Q, G =

G(R), K G a maximal compact subgroup, and G(Q) a congrunece subgroup.
Let S= G/K and d =dim S. Then

vol( nS
W News (V) (09) ___xa, a1

(4m)d=2(d/2+1) '

This establishes Weyl's law for the cuspidal spectrum of sug lattices. This had
been conjectured by Sarnak [5]. For congrunece subgroups 8L(2, Z), Weyl's law
was rst proved by Selberg [7], using his trace formula. For ongruence subgroups
of SL(n,Z), Theorem 1 was proved by the author in [4]. Especially, (1) mplies
that for the congruence subgroups as above, cusp forms exigt abundance.

Formula (1) does not say much about the ner structure of the eigenvalue
distribution. One of the basic problems is the estimation ofthe remainder term

vol( nS) q
(4m)d=2r(d/2+1)
In joint work with E. Lapid [2] we have established the following estimation of the
remainder term in the case ofG = SL(n, R).

R(A) = Ngys(A)

Theorem 2. Let G =SL(n,R) and let ( N) be the principal congruence subgroup
of SL(n,Z) of level N. Let S =SL(n,R)/SO(n) and d =dim S. Then for N 3
we have

vol( ( N)nS)
(4myd=2r 4 +1

NN () =

cus

AN+ 0 A ognmax(m3 N1

The method to prove Theorem 2 is a combination of Hermanders method to
estimate the remainder term in Weyl's law for an elliptic operator on a compact
manifold and the Arthur trace formula. For a congruence subgoup of SL(2, Z),
Theorem 2 is due to Selberg with an error term of orderO(AlogA).

Theorem 2 is a special case of a more general result which deakith the joint
spectrum of the algebraD(S) of invariant di erntial operators actingin  L2,( nS).
Let G = KAN be the lwasawa decomposition ofG, W the Weyl group of (G, A)
and a the Lie algebra of A.
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Let S(ac) be the symmetric algebra of the complexi cation ac of a and let
S(ac)V be the subspace of Weyl group invariants inS(ac). Then by a theorem of
Harish-Chandra there is a canonical isomorphisnD(S) = S(ac)" . This implies
that the characters of D(S) are parametrized by a./W. The space of cusps forms
L2,( nS) is invariant under D(S) and therefore, can be decomposed into joint
eigenspaces oD(S). Let cus() ac/W be the corresponding characters. We
call ¢ys() the cuspidal spectrum of . Given A 2 a., let m(A) be the dimension
of the associated eigenspace.

Given an open subset a andt>0,lett = ftu: u2 wg. Furthermore, for
t>0letB{(0) a. be the ball of radiust > 0 around the origin. Let B(iA) be the
Plancherel measure for spherical functions on S, R), and let the notation be as
in Theorem 2. In [2] we established the following result abotithe distribution of
the cuspidal spectrum.

Theorem 3. Let a be a bounded domain with piecewise smooth boundary.
Then for N 3 we have
(2) .
X
m()\): w B(i)\) dr+ O t9 1(|Ogt)max(”;3) ,
2 cus(( N)); 2it JW] t
ast!l ,and
X

(3) mN=0t 2, t11

2 cus(( N))

2B (0)nia™"

For compact locally symmetric manifolds nS, the corrsponding result was
proved by Duistermaat, Kolk and Varadarajan [1]. Note that ys(( N)) \ ia
is the cuspidal tempered spherical spectrum. The Ramanujarconjecture [6] for
GL(n) at the Archimedean place states that .,s(( N)) 1a so that (3) is empty,
if the Ramanujan conjecture is true. However, the Ramanujanconjecture is far
from being proved. Moreover, it is known to be false for othergroups G and (3)
is what one can expect in general.
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The periodic magnetic Schrodinger operators: spectral gaps and
tunneling e [edt

Yuri A. Kordyukov
(joint work with Bernard Hel er)

Let M be a noncompact oriented manifold of dimensiomn 2 equipped with a
properly discontinuous action of a nitely generated, disaete group such that
M/ is compact. Suppose that H1(M,R) = 0. Let g be a -invariant Riemannian
metric and B a real-valued -invariant closed 2-form on M such that B = dA for
some real-valued 1-formA on M. Consider the magnetic Schmdinger operator

H" = (ihd+ A) (ihd+ A)

as a unbounded self-adjoint operator in the Hilbert space.?(M) (here h> 0 is a
semiclassical parameter).

We discuss su cient conditions on the magnetic eld B, which ensure the exis-
tence of a gap (or, even more, an arbitrarily large number of gps) in the spectrum
of H" on some interval for anyh > 0 small enough. By a gap in the spectrum
o(T) of a self-adjoint operator T we mean a maximal interval (@,b) such that
(a,b)\ o(T)=;.

For any x 2 M, denote by B(x) the anti-symmetric linear operator on the
tangent spaceTy M associated with the 2-formB:

gX(B(X)U,V): BX(U1V)1 U,V2 TXI\/I
Consider the function Tr" B on M de ned as
Tr* (B(x)) = %Tr([B (x) B(X)]¥?), x2 M.

Put

bo =minfTr* (B(X)) : X2 Mg.

We always assume that there exist a (connected) fundamentatlomain F and

[g]> 0 such that
Q) Tr*(B(x)) bo+ [6] x20F.

First, we show that, under this assumption, there exists an abitrarily large
number of gaps in the spectrum ofH" on the interval [0, h(bg + [5)] for any
su ciently small h > 0.

Theorem 1 ([2]). For any natural N, there exists hg > 0 such that the spectrum
of H" on the interval [0, h(bo + [g)] has at least N gaps for any h 2 (0, ho).
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If, in addition, we suppose that by = O (i.e., there exists at least one zero of
B) and impose some additional assumptions on the zero set d8, we state the
existence of an arbitrarily large number of gaps in the specum of H" on some
intervals of sizeO(h ) with some a > 1 for any su ciently small h > 0.

We consider two cases. The rst case deals with non-degeneta (in a weak
sense) isolated zeroes dB.

Theorem 2 ([2]). Suppose that there exists a zero Xg of B, B(Xp) = 0, such that
¢ Yd(x,x0) Tr(B(x)) cd(x,Xo)X
for all x in some neighborhood of Xy with some ¢ > 0 and some integer k > 0

(here d denotes the geodesic distance on M). Then, for any natural N, there exist

C > 0 and ho > 0 such that the spectrum of H" on the interval [0, Ch%] has at
least N gaps for any h 2 (0, hp).

In the second case, the zero set @ contains a non-degenerate one-dimensional
component. More precisely, we assume thatM is an oriented two-dimensional
Riemannian manifold. We also suppose that:

the zero set ofB has a componenty, which is a bounded smooth curve;
there are constantsk 2 N and C > 0 such that for all x in some neighbor-
hood ofy the estimates hold:

C d(x,y)* | B(X)j Cd(x,y)*.

In particular, for k =1 the last condition means that r B does not vanish ony.
Finally, we assume that the leading term of the Taylor expanson of B at y is
constant alongy. More precisely, write the volume 2-formB as

Bx = B(X)w, x2 M,

where w is the Riemannian volume form onM. Denote by N the external unit
normal vector to y. Let N denote an arbitrary extension of N to a smooth vector
eld on M. Consider the function ; on M given by the formula

Bi(x) = N*B(x), x2 M.

By hypothesis, B1(x) 6 0 for any x 2 y. Our assumption is that the restriction of
B1 to y (which is independent of the choice of a smooth extensiolN) is constant
alongy:

B1(X) Py =const, x2v.

For k =1, this means that the length of the gradient jr Bj is constant alongy.

Theorem 3 ([2]). Under the current assumptions, for any natural N, there ex-
ist constants C > 0 and hy > 0 such that the spectrum of H" on the interval

[0, Chzkk+—+22] has at least N gaps for any h 2 (0, hg).

The proofs are based on the semiclassical analysis of the torling e ect for
the corresponding quantum system. The key result is the fotbwing localization
theorem for the spectrum of the magnetic Schedinger opertor H" stated in [1].
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Assume that the operator H" satis es the condition (1). Fix 1> 0 such that

< [g] The set

U,=fx2F : Tr"(B(X)) <hp+ 1Y
is an open subset ofF such that U, \ 0F = ;. Its closure U , is compact and
included in the interior of F. Any connected component ofU , can be understood
as a magnetic well (attached to the e ective potential h Tr* (B(x))).

Take any [p1> 0 such that 1< 1< [g] Let D = U,. Denote by Hf
the unbounded self-adjoint operator in the Hilbert spaceL?(D) de ned by the
operator H" in D with the Dirichlet boundary conditions. The operator H has
discrete spectrum.

Theorem 4 ([1]). Under the assumption (1), for any 1< [k1< [g] there exist
C, ¢, hg > 0 such that, for any h 2 (0, hg]

o(HM\ [0,h(bo+ )] f A2[0,h(bo+ )] :dist(A,a(HY})) <Ce & Mg,

o(H3)\ [0,h(bo+ )] f A2 [0,h(by+ 2] :dist(A, a(H")) <Ce ° Ng.

Theorem 4 allows us to reduce the investigation of gaps in thespectrum of the
operator H" to the study of eigenvalues of the operatorH} .

Theorem 5. Let N 1. Suppose that there is a subset puf < pff < ... <l of
an interval 1(h) [0, h(bp + [1)) such that
(1) There exist constants ¢ >0 and M 1 such that

wooW ;>ch™, j=1,...,N,
dist(pb,a1(h)) >chM, dist(pfy,a1(h)) >ch™,

for any h > 0 small enough;
(2) Each pjh,j =0,1,...,N, is an approximate eigenvalue of the operator HJ :

for some v 2 C? (D) we have
KHE V! vk = o (h)kv('k,
where g; (h) = o(hM) ash! 0.
Then the spectrum of H" on the interval 1(h) has at least N gaps for any su [=_1

ciently small h > 0.

To complete the proof in each case under consideration, it m@ains to construct
arbitrarily long sequences of approximate eigenvalues ofre operator Hf} as re-
guested in Theorem 5. For this purpose, we use constructionsf approximate
eigenvalues given in [3, 4].
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Chern-Weil forms in infinite dimensions
Sylvie Paycha

This is based on joint work with Steven Rosenberg [PR1], [PRE with Simon Scott
[PS] and with Jouko Mickelsson [MP].

Classical Chern-Weil formalism relates geometry to topolgy, assigning to the cur-
vature of a connection, de Rham cohomology classes of the uadying manifold.
This theory developped in the 40's by Shing-Shen Chern [C2] rad Ande Weil *
which can be seen as a generalisation of the Chern-Gauss-Bwet theorem [C1],
was an important step in the theory of characteristic classs.

Let G be a lie group with Lie algebra Lie(G). The Chern-Weil homomorphism
assigns to an AdG)-invariant polynomial on Lie( G) a de Rham cohomology class
de ned as follows.

When G is a matrix group, Ad( G)-invariant monomials on Lie(G) can be built
from the trace on matrices and invariant polynomials are acually generated by
the monomials X 7! tr( X}).

Let P! M be a G-principal bundle equipped with a connectionr , since the
curvature r 2 is a Lie(G)-valued two-form on P, to an analytic map f corresponds
a form f(r ?):

f:CP) ' (XA
* 00
i!

ro 70 f(r?)= :
i=0

where C(P) is the space of connections o, A = Ad P the adjoint bundle and

( X, A) the algebra of A-valued forms onX. The form

R0

tr f(r 2) =
i=0
turns out to be closed and its de Rham class independent of thehoice of connec-
tion r .

The closedness of the forms and the independence of the cosponding de Rham
classes on the choice of the connection which follows from éhinvariance of the
polynomials tr(X'), can be inferred from the following properties of the trace

(2) [d,tr](a) ;= dtr(a) tr(da)=0 8a2 ( X,A)

IIn an unpublished paper
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and
2) atr(a,B):=tr arB+( 1)V IBra =0 8a,p2 ( X,A),

When G is an in nite dimensional Lie group, there is a priori a problem to de ne
a trace and therefore to get invariant polynomials on LieG).

We are concerned here with the Fechet Lie groupC [¥1 (M, E) (and its subgroups)
of invertible zero order classical pseudodi erential opeators (see e.g. [Sh], [T],[Tr])
acting on smooth sections of some vector bundl& ! M over a closed Riemannian
manifold M. Its Lie algebra is the Fechet algebra C*{M, E) of zero order clas-
sical pseudodi erential operators acting on smooth sectiosE ! M. The algebra
C (M, E) carries two types of traces [LP] together with their linear combinations,
the noncommutative residue introduced by Adler, Manin, gereralised by Wodzicki
[W1],[W2] (see [K] for a survey) and leading symbol traces usd in [PR1, PR2].
An explicit example of an in nite rank bundle with non vanish ing rst Chern class
is built in [RT] using the noncommutative residue on classi@al pseudodi erential
operators as an Ersatz for the trace on matrices. However, gerally speaking,
Chern classes built from the noncommutative residue or leaithg symbol traces
seem too coarse to capture non trivial cohomology classesso that we turn to
mere linear extensions to the algebraC [*{M, E) of the ordinary trace on smooth-
ing operators. The latter might not be traces since they are wt expected to vanish
on brackets. We refer all the same to these as regularised tcas.

In constrast with the noncommutative residue and leading synbol traces which
vanish on smoothing pseudodi erential operators, regularsed traces coincide with
the usual trace on smoothing operators. The price to pay for boosing regularised
traces instead of genuine traces is that analogues of CheM¢fil invariant polyno-
mials do not give rise to closed forms because the two fundamaal properties (1)
and (2) fail to hold. Implementing techniques borrowed fromthe theory of classi-
cal pseudodi erential calculus, one measures the obstruabns to the closedness in
terms of noncommutative residues [PR1], [PR2].

In speci ¢ situations such as in hamiltonian gauge theory wrere we need to build
Chern classes on pseudodi erential Grassmannians, the vgrlocality of the non-
commutative residue can provide a way to build counterterms and thereby to
renormalise the original non closed forms in order to turn trem into closed ones.
Loop groups [F] also provide an interesting geometric setugsince obstructions to
the closedness can vanish, thus leading to closed forms [MP]

On in nite rank vector bundles associated with a family of Dirac operators on
even dimensional closed spin manifolds (see e.g. [BGV]), &se obstructions can
be circumvented by an appropriate choice of regularised trae [PS] involving the
very superconnection [Q] which gives rise to the curvature.Choosing the Bismut

2Interestingly, the very fact that the class vanishes can be used as a starting point to define
Chern-Simons classes as in [MRT] where the authors build non trivial Wodzicki-Chern-Simons
classes via a transgression of Wodzicki-Chern forms.
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superconnection [B] associated with the family of Dirac opeators yields explicit
formulae for the corresponding Chern-Weil forms, which arereminiscent of the
well-known formula for the corresponding Chern character ivolving the A-genus
of the total manifold [MP].
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Geodesics on singular surfaces
Daniel Grieser
(joint work with Vincent Grandjean)

Let X R" be a real algebraic surface. Lep 2 X be an isolated singularity of
X, and let X,eq be the regular part of X. Assumep is not an isolated point of
X. By considering shortest curves fromp to nearby points, it is easy to see that
there are many geodesics oiXeq ending at p, see for example [BLO4]. There it is
also shown that any such geodesic has a limit direction ap. We study the higher
regularity properties of these geodesics; moreover, we siy the exponential map
based atp, that is, the whole family of geodesics ending afp. Simple examples
show that such a geodesic may have no second derivative at However, one may
hope for a complete asymptotic expansion in which fractionapowers and possibly
logarithmic terms occur. We prove that for a certain class ofsingular surfaces such
complete expansions exist, in a suitable sense, for the expential map.

Applications of such a detailed description of the exponentl map are, among
others:

A notion of normal coordinates based at the singularity, with all the uses
that normal coordinates have, for example in the analysis othe geometric
partial di erential operators on X,eg and of the di raction of waves by the
singularity.

Complete asymptotic expansions of the volume of small ballsB, (p) = fq:
dist(p,q) <rg, for r!' 0. Here, dist is the intrinsic distance onX. Once
the existence of such an expansion is established, an intesing question
would be to relate the coe cients of such an expansion to genmlized
notions of curvature of X at p, as is well-known in the case of a smooth
point p.

Apart from trivial cases, a precise description of the localRiemannian geometry
near a singularity is, to the best of our knowledge, only know in the case of
asymptotically conical singularities: For this case, the &ponential map is analyzed
completely in [MWO04], and this is then used in the analysis ofthe propagation of
singularities for the wave equation on manifolds with coni@l singularities.

In our approach we analyze directly the system of ordinary dierential equations
(ODESs) describing the geodesics. To do this, one needs to useitable coordinate
systems. In the case of an isolated singularity it is naturalto use polar coordi-
nates centered at the singularity. Geometrically, introducing polar coordinates
corresponds to blowing up the spacexX at the point p. It is known that by re-
peated blow-ups, a smooth spacé<® can be obtained (resolution of singularities);
however, the metric on X° corresponding to the metric onX is degenerate at the
exponential divisor (the preimage ofp), and hence the coe cients of the ODEs
blow up there. The problem is to deal with these singularities.

Our guiding idea is that geodesic ow should behave rather rgularly when
considered on a suitably blown-up space and with a suitable e@scaling of time.
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The existence of such a blown-up space is by far not obvious. dughly speaking,
the problem is to nd a path between two opposing forces:

with each blow-up the metric becomes more degenerate, hentiee geodesic
equations become more singular

one needs to make su ciently many blow-ups to resolve the simgularity

as well as the metric (here, 'resolution of a metric' needs tdbe de ned;

essentially, this means that the degeneration of the metrictensor at the

exceptional divisor has a monomial normal form; for surfacs, this may be
taken to be the normal form derived by Hsiang and Pati [HP85])

We are able to carry out this program for the following class & surfaces, mod-
elled on a (1,2, 1)-quasihomogeneous algebraic singularity: LetC R? be a
smooth simple closed curve and seK = C R, , whereR; =[0,1 ). Let

(1) B:R®! R3 (uv,2)7 (uz,vz? z), X = B(X) R3

That is, the singularity of X is at the origin and quasihomogeneous of type (12, 1).
X is the blow-up (resolution) of X by the quasihomogeneous blow-down map
B. Note that X is not necessarily algebraic. We can also allow higher order
perturbations of X.

We make the following assumptions onC. Let

Co=fg2C: idu=0at qg, wherei:C 7! R?is inclusion.
We assume
(2) (u,v) 2 Cop =) v=0and C is nondegenerate at @, V).

Thus, the only points where the tangent to C is parallel to the v-axis lie on the
u-axis, and C has only rst order contact with its tangent there.
An example is the surface

X =f(x,y,2)2 R®: g - zy_2 =1, z>0g[f (0,0,0)g
for which C = fu? + v? = 1g, the circle. HereCo = f( 1,0)g.

We consider the metric on X induced by the Euclidean metric on R3. This
induces a smooth semi-Riemannian metricy on X which is Riemannian in the
interior of X.

Our rst theorem shows the existence of the exponential map lased at the
singular point 0. This will be expressed in terms of geodesgon X rather than
X. We call acurvey : [0, T)! X with y(0) 2 0X and y(t) in the interior of X
for t > 0 a geodesic if yjo.1) is a geodesic with respect to the Riemannian metric
g and y is continuous att = 0. We say y starts at y(0).

Theorem 1. Let C and X be given as above.

(a) For each g 2 C there is a unique geodesic yq : R+ ! X starting at (q, 0).
(b) Themapexp:C R+ ! X, (q,t) 7! yq(t) is a homeomorphism.
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Our main result is a precise description of the analytic progerties of exp. To
state this, it is more convenient to consider the inverse map

exp 1=(1,d): X! C R:.

Here, if p 2 X then I(p) is the unique point q 2 C for which there is a geodesic
from q to p, and d(p) is the time it takes to get from g to p. In terms of X, I(p)
corresponds to the direction in which the unique geodesic &m ((p) to the singular
point O arrives at 0, and d(p) is the distance from 3(p) to O.

Let

m:X%=[X,Co f 0g,Co R:]! X

be the iterated blow-up of X in the (isolated) points of C, f Og, followed by a
blow-up in the (preimage of) the linesCy R.. While the blow-up B : X! X
resolvesX in the sense of manifolds, the blow-upX,Co f 0g]! X resolves the
metric (for example, in the sense of Hsiang-Pati). The last lbow-up, of the lines
Co R4, is needed for the analytic description of the exponential nap below: It
replaces each of these lines by two copies of itself (makinghié¢m boundary lines)
and has only the e ect that non-smooth behavior is permitted transversal to these
lines.
We denote the faces 0fX° as follows: Cconic is the preimage of CnCo) f 0g,
is the front face of the rst blow-up, that is, the preimage o f Cy f 0g, and Z is
the preimage ofC, (0,1 ).

Theorem 2. m | and 1t d are polyhomogeneous conormal functions on X° They
are smooth at Ceonic and  but their expansion at Z contains half integral powers
and may contain logarithms.

Whether or not the logarithmic terms actually appear remains to be checked,
but at present seems very likely. The question of their presece (for the case
of semi-algebraicX) is interesting since an a rmative answer would imply that
Hardt’s conjecture, stating that the distance function on a semialgebraic set le
subanalytic, is false. In fact, Theorem 2 suggests @&eplacement for Hardt’s con-
jecture, namely that the distance function on a semi-algebraic sets conormal on
a suitably blown-up space.

Outline of the proof:

We analyze directly the Hamiltonian ow describing the geodesics in the smooth
part of X, that is, the interior of X, uniformly up to 0X. On dX, the Hamilton
vector eld W is singular (i.e. blows up), and even more so at the points in
Co f Og 0X. This singularity is resolved in three ways:

rescaling the cotangent bundle ofX, to the conic cotangent bundleT X
rescaling time, by consideringV = zW instead of the Hamilton eld W,
wherez is as in (1).

blowing up certain points in ¢S X (the cosphere bundle corresponding to
°T X), lying over Cy f 0g, with suitable quasi-homogeneity.
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The rst two steps were already used by Melrose and Wunsch in he conic case,
where they showed that (the pull-back of)V is a smooth vector eld on ¢S X with
non-degenerate hyperbolic critical points along a curveL which projects di eo-
morphically to 0X, under the natural projection 1, : ¢S X I X. The invariant
manifold theorem can then be used to deduce the existence arsioothness of the
exponential map in the conic case.

In our quasihomogenous situation, the metric onX is conical except atCy f 0g,
and this yields additional singularities of V there. Therefore, an additional blow-
up is needed. The main (and highly non-obvious) point of the poof is that these
singularities can be resolved by blowing up the points in ([m) 1(Co f 0g) with
a 1,1, 3-quasihomogeneity, and that the pull-back ofV under that blow-up is not
too degenerate. More precisely, one obtains a smooth vectoeld tangent to the
boundary which has only hyperbolic critical points (at least in the regions that
matter for the exponential map). The ow near these critical points, and hence
everywhere, can then be analyzed.

The emergence of logarithms is related to the fact that the hyperbolic critical
points are resonant and therefore (most likely) do not have mooth linearizations
(but rather 'log-smooth’ linearizations).

While our result is restricted to a special class of singulaties, it is the rst
detailed (that is, to higher order) investigation of the inner geometry of algebraic
sets beyond the conic case. Since for general algebraic sagés a normal form of
the metric is known (see [HP85]), we conjecture that similarresults will be true
in this more general context.
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Stability of black holes and singularities in general relativity
Mihalis Dafermos

This talk surveyed results and open problems in general relavity pertaining to
issues surrounding black holes and singularities. The aspts concerning stability
of black holes are reviewed in this extended abstract.

General relativity is the study of four-dimensional Lorentzian manifolds (M , g)
satisfying the Einstein equations

(1) R %g R=8nT g ,

where the tensorR  denotes the Ricci curvature of the metricg, and is the
so-calledcosmological constant.
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If we setT =0, then the equations (1) describe the vacuum and constitue a
closed system of non-linear hyperbolic partial di erential equations for the metric
componentsg . See [15] for a general introduction.

1. Penrose diagrams

Many interesting questions concerning (1) refer to the glolal causal structure
of the solution manifold (M ,g). The very notion of a black hole is de ned with
respect to this. An important object for understanding the global causal structure
of Lorentzian manifolds is that of a Penrose diagram [5]. In the case of spherically
symmetric spacetimes, Penrose diagrams are just the imagd a time-orientation-
preserving conformal map of the Lorentzian 2-manifoldQ = M /SO(3) into a
bounded subset ofR'*! . In the case of Minkowski spaceR3*!, a Penrose diagram
is given below:

i+
O\

N\

O
From the diagram, one can read o by sight the causal structure of Q. Moreover,
Q inherits an additional boundary induced by the embedding irto R'*! | to which
one can also apply causal relations. The set of boundary pois which are limit
points of future directed null rays in Q for whichr!1 is denotedl * and termed
future null infinity. Past null innity | is de ned similarly.

Exercise: ShowQ = J (I %), i.e., the complement ofJ (I *) is empty.!

2. Black holes

When | * is \complete" yet J (I *) has a nontrivial complement?, we say that
our spacetime M has a black hole region, which is de ned to be precisely this
complement

Black Hole=Mn J (1 7).

13 here denotes causal past. See [15] for the basic notions of Lorentzian causality.

2\We have defined these notions only for spherically symmetric spacetimes. For non-spherically
symmetric spacetimes, one cannot identify | * and J (I *) a priori in terms of a diagram
as discussed above. One can, however, hope to reconstruct the Penrose picture using optical
foliations as in Christodoulou-Klainerman [7]. It must be remembered that the construction
itself will be coupled with the global analysis of the solution spacetime.
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Such a situtation is illustrated in the Penrose diagram belav:

We call the future boundary H* of J (I *) in M the event horizon. By our
previous \exercise", it follows that Minkowski space does mt contain a black
hole. As proven by Christodoulou and Klainerman [7], this property of Minkowski
space isstable. Stability here refers to perturbation of initial data for t he Einstein
vacuum equations with = 0.

3. Schwarzschild

Minkowski space and its perturbations do not contain black toles, but space-
times with black holes solving (1) do exist. The most famous sch example is the
Schwarzschild solution: this was in fact the second solution of the vacuum, =0
Einstein equations (1) to have been written down?® See [15]. A Penrose diagram
is given below:

S denotes a Cauchy surface. An explicit (de ned almost everywere) form of the
metric g in coordinates is given by:

(1 2M/ndt?+ (1 2M/r) dr? + r?dog
These coordinates degenerate on the horizortd, [H ; wherer =2 M.

The problem of nonlinear stability is as follows. Perturb (in a su ciently small
way) Schwarzschild initial data on a Cauchy surfaceS.

Question: Does the (say vacuum) maximum development (M ,g) that arises
from data still contain a black hole, i.e. is | * complete withMn J (I *) 6 ;?

3Already in 1916. The first is Minkowski space.
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It is unlikely that this problem can be resolved without showing at the same time
that in the exterior regions (that is to say, J (I *)) the solution approaches a
so-called Kerr solution. That is to say, it is unlikely that orbital stability can
be shown without showing that the Kerr family is asymptotically stable around
Schwarzschild.

4. Orbital and asymptotic stability in symmetry classes

The reason why asymptotic stability is a prerequisite for omital stability is con-
nected to the supercriticality of the Einstein equations. Let us compare with the
situation under symmetry assumptions.

It turns out that in spherical symmetry, orbital stability i n the sense described
previously can be provenwithout asymptotic stability for the Einstein equations
coupled to a very wide class of matter [8, 11]. In 4+1 dimensins, orbital stability
of vacuum black holes has been proven in the class of triaxial BianchiX symmetric
spacetimes [9]. This gives the rst example of vacuum black ble spacetimes which
are not identically static or stationary solutions. The above problems all reduce
to 1 + 1-dimensional p.d.e.'s.

The results described above are not too di cult for the following reasons: (1)
the presence of the black hole in conjunction with the symmaety breaks the super-
criticality of the system from the point of view of the exteri or (there is no r = 0!),
(2) these systems come with a conservation law provided by augntity known as
the Hawking mass. One can thus compare these results with \global existence"
results for subcritical nonlinear equations, which do not dways retrieve control on
asymptotic behaviour.

Asymptotic stability, on the other hand, is much more di cul t, even under sym-
metry assumptions. Asymptotic stability of Schwarzschild and Reissner-Nordstrem
has been proven [12] for the Einstein-(Maxwell)-scalar etl system in spherical
symmetry.

5. The linearised problem

A prerequisite to begin thinking about this problem is to be able to show decay
for an associated linearised problem. Let M ,g) be Schwarzschild, letS be an
arbitrary Cauchy surface for (M , g), and let ¢ be the unique solution to the wave
equation

240=0
on (M ,g), with su ciently regular compactly supported initial dat a prescribed
on S. No symmetry is to be assumed onp. The problem then is to understand
the decay properties ofg in R = 3* (1,)\ J (I x). The study of this problem in
the physics literature goes back to work of Price [17] in 1972 The rst rigorous
theorem is

Theorem. (Kay-Wald [16], 1987) There exists a constant C depending on a suit-
able norm of initial data such that joj C.
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(Note that for the Kerr solution, the validity of the analogu e of the above theorem
is not known even today). The question of uniform decay is addessed in

Theorem 1. (M.D.-I. Rodnianski [13]) With suitable null coordinates u, v (which
generalise v = t+ r, u=t r of Minkowski space) mapping R to (1 ,1)
(1 ,1), we have

joj Cv, 1,

and jrgj Cu, 1=2 along | *, where C depends on an appropriate norm of the
data, and v+ = maxfv, 1g, u+ = maxfu,1g.

There are also related weaker results of Blue-So er [1, 2] ah Blue-Sterbenz [3].

6. The method of energy currents

The proof of Theorem 1 uses energy currents constructed fromector elds. That
is to say, recalling the so-called energy momentum tensor

1
T =00 59 90

anddeningP =T V andn = %V( + ), for an arbitrary vector eld V, one
exploits identities
Z Z Z
(2 PN + @n T = P N
2 B 1

where 1 is homologous to ,, bounding some regionB. The case whereV
is Killing and timelike is particularly useful as the bulk te rm vanishes and the
boundary terms are positive de nite. See [6] for a general dicussion of such
identities.

The vector elds applied as multipliers in the proof of Theorem 1 are:

(1) the Killing vector eld T=20= 0, + 0y
(2) a Morawetz-type vector eld K = u?d, + v?dy,
(3) a momentum vector eld X  f(u v)(d, 9y) = F(r)ocfor a
well-chosen functionf,
2M

(4) a\local observer" vector eld Y 1 = 1au, cut o far from H”

The vector eld Y allows us to understand the red-shift e ect of geometric opics
from the point of view of energy estimates. In textbooks, this e ect is typically
described in terms of the frequency shift of a signal emittecdy an observer crossing
the horizon (A) as measured by observeB. See:
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The vector eld X, on the other hand, captures the obstruction to decay caused

The timelike hypersurfacer = 3M contains null geodesics and they neither escape
to in nity nor enter the black hole. The bulk integral corres ponding to X in
identity (2) degenerates precisely at the photon sphere. TIs is the origin of the
loss of derivatives in the decay estimates for the energy ux

The fact that the fundamental aspects of this problem can be aeptured by
vector eld multipliers is a hopeful sign that the non-linear stability problem will be
eventually tractable, as the use of vector eld multipliers has indeed proven robust
in the study of non-linear problems (cf. [7]). On the other hand, the geometry of
trapped null geodesics is more complicated even in the spedicase of the Kerr
solutions, and this poses a fundamental challenge for appigg these techniques to
general perturbations of Schwarzschild.

7. The case > 0: Schwarzschild-de Sitter

In recent years there has been intense interest in solutionsf (1) with positive
cosmological constant > 0. There is a version of the Schwarzschild solution in
this case with metric element in local coordinates given by he expression

2M 1 2M 1 !
3 — 2 dt?+ 1 =—/— Z r? dr’+ r’dog.

®) 3 r 3 ¥

This spacetime is conventionally calledSchwarzschild-de Sitter. A Penrose dia-
gram for this solution is given below

The darker shaded regionR is the analogue of the black hole exterior region in
the Schwarzschild case.

Theorem 2. (M.D.-l. Rodnianski [14]) Let @ be an arbitrary smooth solution of
the wave equation 2@ = 0 on Schwarzschild-de Sitter. Then @ in R decays to a
constant faster than any poloynomial rate.

The faster the decay rate desired, the more angular derivaties required on initial
data. (For any xed spherical harmonic, one obtains in fact exponential decay.)
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Using the technology of time-independent scattering theoy and work of Sa
Barreto-Zworski [18], exponential decay away from the horzons has been shown [4]
for solutions of the wave equation arising from a restrictedclass of initial data,
in particular, not supported near the bifurcate horizons. It would be interesting
to explore whether the restrictive hypothesis on the initial data can be removed,
and moreover, whether these methods can in principle be ap@d to the non-linear
problem.

8. The case < 0: Schwarzschild-anti de Sitter

In the caseM > 0, < 0, the expression (3) is known as the Schwarzschild-
anti de Sitter solution. The motivation for studying this ar ises in particular from
speculations in high energy physics. In the case whemgl = 0, one obtains the anti
de-Sitter solution, denoted as AdS. The in nity of AdS is in fact timelike, and thus,
dynamics of (1) for < 0 near the AdS solution must be studied in the context
of a suitable initial-boundary value problem. The boundary condition typically
imposed is that the mass at in nity be preserved. This precludes asymptotic
stability of AdS spacetime. It is completely unclear what the physical mechanism
would be that ensures that AdS is orbitally stable. Remarkally, the situtation
appears much more favourable for Schwarzschild-AdS. Thisiimmediately evident
from its Penrose diagram

The horizon provides an escape mechanism for radiation. In ark in progress [13],
Schwarzschild-AdS is proven asymptotically stable in the ontext of spherically
symmetric solutions to (1) coupled with a scalar eld.
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On Formation of Singularities in the Critical Wave Map Problem
Igor Rodnianski

This abstract is a short report on the results' obtained jointly with Jacob Sterbenz
(UCSD). In this work we studied the phenomena of energy conagration for the
critical O(3) sigma model, also known as the wave map ow fromR?*! Minkowski
space into the spheres?. The Lagrangian for this model is given by the expression

1
wherem is the Minkowski metric on R2*1 | while the evolution of the nonlinear
eld : R?1 1 S?is described by the Euler-Lagrange equations:
(2) 2 = (0 0)

We established constructively existence of a set of smoothitial data resulting
in a dynamic nite time formation of singularities. Our basi c result is contained
in the following theorem.

IThe results are contained in the paper: |. Rodnianski, J. Sterbenz On the formation of
singularities in the critical O(3) o-model, to appear in Ann. Math.
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Theorem 1. There exists a set of smooth initial data ( o, —) 2 (S?,TS?), and
a finite time T = T( o, —), such that the corresponding solution ( t,x) of prob-
lem (2) remains smooth on the interval [0, T) and develops a singularity at T.
Moreover, as t! T we have that for some constant C > O:

Y

1 In(M 9 6 supjr x ( t,X)j .

3 C
( ) T t x2 R2

Furthermore, su Lciehtly small perturbations of ( ¢, —) also lead to blowup with
bound (3).

The construction and analysis is done in the context of the kequivariant sym-
metry reduction, and we restrict to maps with homotopy classk > 4. Under this
symmetry assumption the wave map equation takes the form

2 Sin(29)

2rz '’
for a scalar valued function satisfying boundary conditiors ¢(0) = 0 and ¢(1 ) = .
The concentration mechanism we uncovered is essentially @uto a resonant self-
focusing (shrinking) of a corresponding static solution of (4) { harmonic map
IK(r) = 2tan 'rk. We showed that the phenomenon is generic (e.g. in certain
Sobolev spaces) and persists under small perturbations afitial data, while the re-
sulting blowup obeys an essentially universal log-modi edself-similar asymptotic.
The dynamics of our blowing up solutions remains close to thaof a dynamically
collapsing pro le 1X(A(t)r) with

k 2 N,

1
4) 07+ (07 + 209 = K

1 P
co * . (T D
o O g

where the constantsCy and C in the above formula depend onk and are explicit,
and small constant (e ects dependence on the initial data.

The logarithmic acceleration of the linear collapse rate isa correction to the
previously proposed geodesic behavior, which conjectur@sconnection between the
behavior of low energy solutions of certain in nite dimensional PDE's, in particular
(2), and geodesic motion on the nite dimensional moduli sp&e of static solutions.

(5) A1) =

The wave equation on asymptotically de Sitter-like spaces
Andr as Vasy
(joint work with Antdbnio Sa Barreto, Richard Melrose)

Consider a de Sitter-like pseudo-Riemannian metrig of signature (1, n 1) on an
n-dimensional (n  2) manifold with boundary X, with boundary Y, which near
Y is of the form
_dx? h
X2
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h a smooth symmetric 2-cotensor onX such that with respect to some product
decomposition of X nearY, X =Y [0, D4, hjy isasectionofT Y T Y (rather
than merely T, X T, X) and is a Riemannian metric onY. Such manifolds
are Lorentzian analogues of the so-called Riemannian confimally compact (or
asymptotically hyperbolic) spaces, see [6].

It is easy to see that de Sitter space, given by the hyperbolai zZ + ...+ z2 =
z2,, +1in R"" equipped with the pull-back of the Lorentzian metric dz2,,
dzz ... dz2, ts into this framework. Indeed, introducing polar coordi nates
(r,8) inthe rst nvariables and writing t = z,.1 , the hyperboloid can be identi ed
with R, S" 1;letting x = t 1 for t > 1 (with analogous constructions int < 1)
compacti es the real line and gives a metric of the desired fom.

Let the wave operator 2 be the Laplace-Beltrami operator associated to this
metric, and let P = P(A) = 2 A be the Klein-Gordon operator, A 2 R. Below we
consider solutions ofPu = 0. The bicharacteristics of P over X are the integral
curves of the Hamilton vector eld of the principal symbol o,(P) (given by the dual
metric function) inside the characteristic set of P. As g is conformal to dx?® h,
bicharacteristics of P are reparameterizations of bicharacteristics otix> h (near
Y, that is). Since g is complete, this means that the bicharacteristicsy of P have
limits lim 1 y(t) in Sy X, provided that they approach Y. While many of the
results below are local in character, it is simpler to state aglobal result, for which
we need to assume that

(Al) Y =Y. [ Y with Y, andY a union of connected components of
(A2) each bicharacteristic y of P converges toY, ast! +1 andtoY as
t!'1 , orvice versa

Due to the conformality, the characteristic set ( P) of P can be identi ed with a
smooth submanifold of S X, transversal to 0X, soS, X\ ( P) can be identi ed
with two copies S Y of S Y, one for each sign of the dual variable ofx. Under
our assumptions we thus have a classical scattering maf : S, Y+ ! S Y .

It is well-known, cf. [4], that (A1) and (A2) imply the existe nce of a global com-
pacti ed ‘time' function T, with T 2 C! (X), Tjy, = 1, and the pullback of T to
S X having positive/negative derivative along the Hamilton vector eld inside the
characteristic set ( p) depending on whether the corresponding bicharacterstics
tend to Y. orY . Notice that 1 x resp.x 1 has the desired properties near
Y, resp.Y , so the point is that a function like these can be extended to  of
X. Moreover, such a function gives a brationT : X! [ 1,1], henceX is in fact
dieomorphicto[ 1,1] S for a compact manifold S. In particular, Y, and Y
are both di eomorphic to S. Denote the level setT = ty by S;,. With any choice
of such a function T, a constantty 2 ( 1,1), and a vector eld V transversal to
S, (e.g. take the vector eld corresponding to dT under the metric identi cation
of TX and T X ), P is strictly hyperbolic, and the Cauchy problem Pu =0 in
X, Ujs,, = Wo, VUjs,, = W1, Yo, W1 2 C (S,) is well posed.



2390 Oberwolfach Report 41/2007

q_—
Theorem 1. Lets (A) = ”21 (n 41)2 A. Assuming (Al) and (A2), the

solution u of the Cauchy problem has the form
(1) u=x>0Ov, +x3-Oyv v 2c¢t (X),

q__
ifsi(A) s (A =2 % A is not an integer. If s, (A) s (A) is an in-
teger, the same conclusion holds if we replace v. 2 Ct (X) by v = C' (X) +
xS+ () s=() Jogx Ct (X).

Conversely, the asymptotic behavior ofv either at Y. or at Y can be pre-
scribed arbitrarily. Thus, assuming A1 and A2, if s. (A) s (A) is not an integer,
we show that giveng 2 C! (Y. ) there exists a uniqueu 2 C! (X ) such that
Pu =0 and which is of the form (1) and such that

(2) Vily, =0+, V jy, =0 .

If s+ (A\) s (A)is a non-zero integer, the same conclusion holds after mofging
the asymptotics (with log terms) as in the statement of Theorem 1.

That is, for all A 2 R, there is a unique solution ofPu = 0 with two pieces of
"Cauchy data' speci ed at Y. . Note the contrast with the elliptic asymptotically
hyperbolic problem (conformally compact Riemannian metrics): there one speci-
es one of the two pieces of the Cauchy data, but over all ofY (not only at Y.),
see [6]. The quantum scattering map is the map:

S:C (Y+) CH(Y4)!C P (Y ) CH(Y ), S(9+,9 )=(Velv_,V jvo).

Of course, the labelling ofY, andY can be reversed, s& is invertible.

mZ

Theorem 2. Suppose that s, (A) s (A) is not an integer, i.e. A 6 %,
m 2 N. Then S = S(A) is a Fourier integral operator with canonical relation given
by S., and its suitable renormalization S = S(A) (see [9]) is an invertible elliptic
Oth order Fourier integral operator with the same canonical relation.

It is expected that with more detailed analysis (changing the ansatz slightly to
allow logarithmic terms in X) one can prove the theorem even ik, (A) s (A)is
an integer. In addition, if g is even, i.e. there is a boundary de ning function x
such that only even powers ofx appear in the Taylor series ofg at X expressed in
geodesic normal coordinates, see [5] for the Riemannian agghen the logx terms
in v disappear and our parametrix construction for S(A) goes through provided
that s+ (A) s (A)is odd. In particular, this covers the caseA =0 if n is even.

The de Sitter-Schwarzschild metric, which we do not descrile here for the sake
of brevity, has many similar features to our class of metrics at least if we blow up
an arbitrary point qo 2 Y+ in our setting. This blow-up arises in this work as it
desingularizes the backward light cone frongp: the lift of the latter intersects the
front face of the blow-up transversally. The interior of the light cone in the front
face contains the so-called static model of de Sitter spacdf v 2 C! (X), then its
lift to [ X;fqgog] is constant along the front face, so as long as one restrictsne's
attention to the interior of this front face, for the actual w ave equation A = 0),
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one observes the convergence of solutions to a constamnt(qp). This convergence
is exponentially fast in terms of the distance function.

The analogous result for de Sitter-Schwarzschild, but withonly a polynomial
rate of convergence, was recently proved with Antdbnio Sa Barreto and Richard
Melrose, and it was also announced by Dafermos and Rodnianshkt this meeting.
Weaker results on the asymptotics in that case are containeth the part of works of
Dafermos and Rodnianski [2, 3] (they also study a non-lineaproblem), and local
energy decay was studied by Bony and Hafner [1], in part base on the stationary
resonance analysis of Sa Barreto and Zworski [8] (which caesponds to the “static
model’).

We also note that on de Sitter space itself, one can solve the ave equation
explicitly, see [7], but even the 'smooth asymptotics' resli, Theorem 1, is not
apparent from such a solution.

There are two rather di erent techniques used to prove theseresults in [9]. The
‘rough’ results yielding the existence of the asymptotics,such as Theorem 1, are
proved using positive commutator estimates, which roughlyspeaking describe the
microlocal (i.e. phase space) propagation of? (or Sobolev) mass (‘energy'). Such
methods are very robust, but (unless they are used in a much nte sophisticated
form) give less precise results. The Fourier integral operar results are proved by
a more delicate parametrix construction.

The author gratefully acknowledges nancial support for this project from the
National Science Foundation under grants DMS-0201092 and MS-0733485, from
a Clay Research Fellowship and a Sloan Fellowship.
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Path integrals on manifolds by finite dimensional approximation
Christian B ar
(joint work with Frank Pfa e)

This talk is based on the results in [2]. LetM be a compact Riemannian manifold
without boundary, let E! M be a Riemannian or Hermitian vector bundle with
compatible connectionr . We study selfadjoint generalized Laplace operators,
i. e. operators of the formH = r r + V whereV is a potential (symmetric
endomorphism eld on E). For simplicity of notation we restrict ourselves to
scalar potentials even though this is not necessary.

Our main result can formally be stated as follows: The soluton to the heat
equation

ou
3t + HU =0
with initial condition
U (0, x) = u(x)
is given by the path integral
U(t,x) =
1 © 1 21y
= exp  SE(y)+ zscally(s))  V(y(s)) ds
Z ¢ (M) 2 o 3

T(y)? u(y(1) Dy.

Here Cx (M, t) is the space of all continuous pathsy : [0,t] ! M emanating
from x, E(y) denotes the energy of the pathy, t(y) is parallel translation along
y, Dy is a formal measure onC (M, t) and Z is a normalizing constant.

Such formulas are very common in the physics literature but here are various
problems with a rigorous mathematical interpretation:

Cx (M, t) is an in nite dimensional space and the meaning of the measte
Dy is unclear,

E(y) and t(y) are not de ned for continuous paths without di erentiabil ity
properties,

Z is in nite.

Itis well-known that 2 exp  1E(y) Dy yields a well-de ned measure on path
spaceCy (M, 1), the Wiener measure. Parallel transport t(y) can be treated using
stochastic di erential equations. This then generalizes he Feynman-Kac formula,
see e. g. [4].

We follow a di erent approach. We approximate Cy (M, t) by nite dimensional
spaces of geodesic polygons. It turns out that the formallydentical integrals over
these nite dimensional space approximate the solution to he heat equation. The
necessary analysis can be organized nicely using a classitteeorem of Cherno 's
[3]. The short time asymptotics of the heat kernel also play @ important role.

Our technique allows us to derive di erent versions of the pdh integral formula.
For example, one can remove the scalar curvature term if oneses another measure
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on the approximating spaces of geodesic polygons. This cleas a discussion in
[1] where our main result has been proved by di erent methodsn the special case
of the Laplace-Beltrami operator acting on functions.

As an application we nd a very simple and natural proof of the Hess-Schrader-
Uhlenbrock estimate for the heat kernel by the kernel of a sckr comparison
operator, see [5]. Moreover, we can express the trace of thes&t operators by
a path integral. Formally,

Tr(e ") =
2

4 Car(Mst)

Zt
exp ZEW)+ - gscally(s) V(v(s) ds t(hol(y) Dy.

Here C¢ (M, t) denotes the space of closed continuous loops W, parametrized
on [0, t], and hol(y) is the holonomy of such a loopy.
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Scattering Theory for Complex Manifolds and CR-Invariant
Di [erfential Operators

Peter A. Perry
(joint work with Peter D. Hislop, Siu-Hung Tang)

In this talk, we describe the relationship between scattemg theory for the Lapla-
cian on a complex manifold X and CR-invariants of its strictly pseudoconvex
boundary M. Our work is inspired by earlier work of Robin Graham and Maciej
Zworski [7], who studied scattering theory for the Laplacian on Poincae-Einstein
manifolds X. In their case, X compacti es to a manifold with boundary M which
is the \conformal in nity" of X, and the conformal structure on M is determined
by the Poincae-Einstein metric on M. They show that the conformally covariant
powers of the Laplacian on the boundaryM (the GJMS operators, see [5]) and
Branson's Q-curvature (an analog in conformal geometry of the scalar cwature,
see for example [3] for discussion and references to the litgure) can be recovered
from the scattering operator.

In an analogous way, we show that CR-invariants of the stricty pseudoconvex
boundary M of our complex manifolds X can be recovered from the scattering
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operator of the Laplacian associated to a Kahler metric onX. We require that
the Kahler metric on the interior is an approximate Kahler -Einstein metric, i.e.,

Ric(g)+(m+1)g= O(¢™ %)

where m is the complex dimension ofX and ¢ is a de ning function for M. In
order to obtain such a metric, we construct approximate soldions of the complex
Monge-Amgere equation which are, in an appropriate senseglobally de ned near
the boundary.

A motivating example for the class of complex manifolds we cosider is the
complex unit ball or, more generally, a strictly pseudoconex domain X in C™
(see Melrose [13] for fundamental results and discussion e€attering theory in this
setting). For a strictly pseudoconvex domain in C", there is a de ning function ¢
for the boundary of X so that the Kahler form

w= 00log( ¢)

de nes a complete Hermitian metric on X. Moreover, if ¢ is Fe erman's [2]
approximate solution ¢ of the complex Monge-Amgere equation, the metric is
approximately Kahler-Einstein.

Epstein, Melrose, and Mendoza [1] constructed the resolvérand studied the
Poisson map for the Laplacian on a class of manifolds that inades those studied
here; more recently, Guillarmou and Sa Barreto [8] have studtd the resolvent,
Poisson map, and scattering operator for the same class in gater depth. In
particular, it is known that the scattering operator Sy (s) for the Laplacian is
a Heisenberg pseudodi erential operator onC* (M) and is meromorphic as an
operator-valued function of s. We study the scattering operator using on the
mapping properties of the resolvent established in [1] andhiie methods of [7].

If X is a complex manifold of complex dimensiorm with strictly pseudocon-
vex boundary, and X admits an approximately Kahler-Einstein metric ¢, we can
identify the poles of the scattering operatorSx (s) at s= m/2+ k/2,1 k m,
with the CR-covariant di erential operators on M (covariant powers of the sub-
Laplacian on M) studied by Fe erman and Hirachi [3] (see also Gover and Gralam
[4]. We also recover a formula for the renormalized volume aalagous to similar
formulae obtained for the Poincae-Einstein manifolds cansidered by Graham and
ZworskKi.

We also obtain a necessary and su cient condition onM for X to admit an ap-
proximate Kahler-Einstein metric: M must admit a contact form which is pseudo-
Einstein as de ned by Lee in [11]. The pseudo-Einstein condion is necessary and
su cient to patch together local approximate solutions of t he complex Monge-
Ampere equation obtained by Fe erman’'s method and obtain a global de ning
function that gives an approximate Kahler-Einstein metri ¢ on X.

An important ingredient in our analysis is the study of asymptotic geometry of
a complex manifold near its strictly pseudoconvex boundarycarried out by Lee
and Melrose [12] and re ned by Graham and Lee in [6].

This work was announced in [9].
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Two spectral invariants of type Rho
Sara Azzali

Rho invariants are spectral invariants which naturally arise in the index theory of
elliptic operators treated with heat-kernel techniques. Their geometric properties
are very interesting and show that they behave as secondarywariants with respect
to the index. The classical invariants invariants of type rho are the Atiyah-Patodi-
Singer rho invariant p (D), de ned in [1] and the Cheeger-Gromov L? rho
invariant p) (D)) ([S]).

In this talk we rst recall examples of the use of rho-invariants in geometric
issues, and then we will de ne two new quantities of type rho.

1. introduction

Let M be a closed compact odd dimensional oriented riemannian madiold
and let D be a Dirac-type operator on the sections of a Cli ord modulesbundle
E! M. Infact D will be either the signature operator on M, or, in a parallel
case, the spin Dirac operator on a spin manifold.
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If D is the signature operator,p (D) and p(, (D) are independent of the met-
ric on M ([5]). A parallel situation occurs when D is the Dirac operator on a spin
manifold M: thenp  (ID) and p (D) are constant on the connected components
of the spaceR* (M) of metrics on M which are positive scalar curvature.

A wider class of results were more recently obtained, by gethg into higher
index theory: let's recall here some of them. LetD = DS9" be the signature
operator on a orientedM, let = m (M)

(b1) If is torsion-free and satisfies the Baum-Connes conjecture for the max-
imal C -algebra, then p(, (D) depends only on the oriented -homotopy
type of (M, r: M ! B) ([Ke], see also [8]).

(b2) If has torsion and M is 4k + 3-dimensional, k > 0, then there are in-
finitely many manifolds that are homotopy equivalent to M but not home-
omorphic to M: they are distinguished by p (D%9") (Chang and Wien-
berger [4]).

Let © be the Dirac operator on a spin manifold M

(al) If is torsion-free and satisfies the Baum-Connes conjecture for the max-
imal C -algebra, then p (Dg)zo if g2 R*(Z) (Piazza-Schick [8]).

(a2) If has torsion, M is 4k + 3-dimensional, k > 0, and if R* (M) is non
void, then M has infinitely many dilerent -bordism-classes of metrics
with positive scalar curvature: they are distinguished by p) (D) ([9]).

2. Rho-form for fibrations

We construct a natural generalization of the Cheeger-Gromw L2-rho-invariant
in the case of families of Dirac operators: it is in fact a di erential form, which we
call rho-form.

Consider a family D = ( Dyp)p2g Of Dirac operators along the bresofn: M ! B.
Suppose that dim KerD, is constant in z: then one of the results of the heat-kernel
proof by Bismut of the family index theorem is that the so-called eta-form of the
family is well de ned (see [2]): it is given in the case of everdimensional bre by
1

(1) AD)= p—  Str 4Bs, 82 45 20t (B, ®e"T B)

m o ds
where B is the Bismut superconnection.

Suppose nowM ! M is a normal -covering of M. Let D be the family of
Dirac operators lifted on the bres of the coverings bration. Our goal is rst
to construct an L? eta form fi; (D) 2 C* (B, T B) and then to consider the

rho-type di erence f)) (D) 1®. The candidate for n) (D) is taking the two limits
fort! OandT!1 of

Z
dBs
St
i ' (ds

Some hypothesis on the spectrum of the family of operators othe covering bres
must be made. The delicate point is in fact in thes! 1 -asymptotic of the heat
operator for the Bismut superconnection on the covering.

e B)ds dimz =2l
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Following some ideas of [6], we can give the following su ciat conditions:

Proposition 1. Let P = ( Pp)p2g the family of projections onto the kernel kerD =

D?. Let P be the family of spectral projections of D relative to the interval (0, O]
and @ =1 P P relative to [[L1 ). If the following regularity hypothesis are
satisfied

(1) P, P are smooth in z
2) tr (P)= O() with p >3(dimB +1)
then the form (M, N, D) := )(D) 1z (D) 2C* (B, T B) is well defined.

A simple observation is the following

Proposition 2. Letm: M ! B a fibration of compact spin manifolds. Let ¢ be
a metric on T(M/B) s.t. scald, > 08b 2 B: then f is a closed form, hence
giving a class [#2)]2 H (B,R).

We can relate g,y with the space of metrics of positive scalar curvature along
the bres of a bration M ! B of spin manifolds. We prove that

Proposition 3. Suppose B is compact. [f ] is constant on the connected compo-
nents of R* (M/B), the space of metrics on the vertical tangent, which are positive
scalar curvature along the fibres.

3. A rho invariant associated to [c]2 H?(B ,R)

We come back to a single Dirac operator on a compact manifoldM and follow
the idea of constructing a rho invariant for D which takes into account also a xed
class f] 2 H?(Bmy(M); R). In this sense this new rho quantity would like to be
the rho-analogue of the higher indexes of Connes-MoscovicHere we follow some
ideas and of Mathai's works [7], where he proves the Novikovanjecture for higher
signatures associated with low-degree classésA basic idea which we extract from
Mathai's is that of twisting the bundle E by a bundle of small curvature. We wiill
x a 2-cohomology class §] 2 H?(B ,R) in the cohomology of the classifying
spaceB , and a couple (a, 3) of projective ( ,0)-representations of the group ,
where ¢ is the multiplier naturally associated to [c].

By Mathai constructions we have a projective ( , 0)-action on every -invariant
bundle on the universal coveringM. Due to this fact, for each projective ( ,0)-
representation a of the group we are able to de ne a vector bundle F associated
with a and [c], endowed with a connectionr , whose curvature is explicitely
written. If a and B are a couple of projective ( , 0)-representations of , let D
and D the operators obtained twisting D by the two connectionsr and r
respectively. We de ne

P’ (D):==n(d) nD)

IThose which belong to the subring of H (BI"; R) generated by classes of degree less than or
equal to 2.
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Then we concentrate on the case of the Dirac operator on a spimanifold and
give the following geometric property.

Proposition 4. Let M be a closed spin manifold. Then p[c] () has the same
value for metrics in R™ (M) which belong to the same concordance class.

An open question is whether it possible to de ne anL? invariant pgg]) (D).
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Fredholm theory on quasi-asymptotically conical manifolds
Anda Degeratu
(joint work with Rafe Mazzeo)

Recall that an operator between Hilbert spaces is called Fréholm if it has
nite dimensional kernel, closed range, and nite dimensiaonal cokernel. To it one
associates the index, which is the dimension of the kernel mus the dimension of
the cokernel.

On a compact Riemannian manifold (X, g), an elliptic operator is always Fred-
holm as an operator acting between thel_?-spaces. Moreover, the index is a topo-
logical object, and it is given by the Atiyah-Singer index theorem. For example,
the Dirac operator

(1) B :HY(X,S* E)! L*X,S E)

twisted by some Hermitian bundle E isZFredhoIm, and its index is

2) index Bf = ) A(g)ch(E).



Analysis and Geometric Singularities 2399

When we have a non-compact manifold, ellipticity is not enowgh to guarantee
Fredholmness, as usually the range of the operator is not cked. However, choos-
ing the right weights for the Sobolev spaces, usually allowso conclude that the
operator is Fredholm. For example, in the case whenX, g) is an asymptotically
conical manifold { a non-compact manifold with the in nite e nd being asymptot-
ically a cone { one introduces a weight which has to do with thedistance p on
the in nite end of X, and then the Laplace operator (twisted by some bundle) is
Fredholm as an operator

(3) e:p H?(X,E)! p Z2L?%X,E)
if and only if & is not an indicial root of ¢. For the Dirac operator one has
(4) DL :p HYX,S* E)! p L*(X,S E),

and this is Fredholm if and only if again 3 is not an indicial root of BZ. The
Atiyah-Patodi-Singer index theorem gives the index of thisoperator, as the integral
contribution of the compact version, plus a contribution of the boundary at in nity,
contribution which is given by the eta-invariant,

z

(5) indexB: =  A(g)ch(E) ”7E
X

In this talk we are concerned with a new class of non-compact amnifolds which
we call \quasi-asymptotically conical", or QAC for short. O ur ultimate goal is to
generalize the formulas (2) and (5) to the class of these mafalds. For now, we
are concerned with the more modest goal of guring out the spaes of functions
for which the Laplace operator (and other geometrical opertors) are Fredholm,
thus generalizing (3) to this new class of manifolds.

Before diving into the technical de nition of the QAC spaces, let us rst present
a bit of motivation, and show why these spaces deserve to be d&ed at.

The QAC spaces arise naturally as resolutions of singularies in algebraic geom-
etry. Locally, a complex orbifold is modeled onC" /G, with G a nite subgroup of
U(n). Note that the origin of C" always gives a singular point inC"/G. Depend-
ing on the way G acts on C", we might have some other singular points or not.
A resolution of singularities of C"/G is a pair (X, ), with X a smooth complex
manifold of dimensionn, andm: X! C"/G a proper surjective map that is a bi-
holomorphism between dense open sets. If the origin gives ¢honly singular point
of C"/G, then X is a non-compact manifold whose geometry is@" n Bg (0)) /G
outside a compact set. Such a geometry is an example of asynydtcally conical
manifold. On the other hand, the action of G on C" might have more singular
points, and then the singular set is non-compact (it arises fom subspaces ofC"
with non-trivial stabilizers under the action of G). By resolving the singularities of
such manifolds, one is lead to consider the notion of \quasasymptotically conical
manifolds”, geometries which outside a compact set are congsed of pieces which
are either cones over (possibly) singular spaces, or prodtgcbetween such cones
and euclidean spaces.
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We introduce three types of spaces which are closely relatet each other: (1)
the class| of iterated cone-edge spaces, singular spaces obtained via an iterated
coning procedure; (2) the classD of resolution blowup spaces, a class of smooth
spaces which arise as smoothings of spaces lin and (3) the classQ of quasi-
asymptotically conical spaces, noncompact spaces which on the in nite end have
as link an element inD. Basically, if (Yo, ho) 21 is an iterated-cone edge singular
space, then a smooth compact manifold is in D, if there exists a family of metrics
fhgonY sothat(Y,h)! (Yo,hp)in Gromov-Hausdor sense. We call (Y,h ) a
resolution blowup space associated toYp, hg). Such a space comes with a radius
function w which converges tos, the distance to the singular stratum of (Yo, ho),
as [ 0. On the other hand, a QAC space is a smooth manifold X, g) with the
metric outside a compact set asymptotic to

dp® + p?hy- ,

meaning that the link at radius p is the resolution blowup space ¥, h;- ). It comes
with a pair of two radius functions (p,w), with p: X ! [1,+1 ) the distance on
the quasi-asymptotically conical end, and with w at radius p being the radius
function wi- on the resolution blowup space ¥, hi- ).

Note that the construction of resolution blowup and QAC spaces is an inductive

one. Once we constructed a QAC space, we can go on and consttucresolution
blowup space for an iterated cone-edge space with higher d#ép singularities {
thus a depth induction. As such, to prove a Fredholmness result on a QAC sace
(X, g), one rst need to show that the restriction of the operators on each slice
behaves well in the limit, meaning one needs to prove a spedt convergence result
for the resolution blowup spaces ¥, h ) which come with the QAC package. This
spectral result is based on the Fredholmness of the correspding operator on the
lower depth QAC spaces used to constructY, h ), and this is the inductive step
for its proof.
Theorem 1 (Spectral Convergence) Let (Y,h ) 2 D be a resolution blowup space.
Let L be a generalized Laplace operator acting on the sections of a geometric vector
bundle. Assume that each model operator on the lower depth QAC spaces appearing
in the deconstruction of Y is positive, and that O is not a L?-eigenvalue. Then
the spectrum of L converges to the spectrum of the Friedrichs extension of the
limiting operator Lo on (Yo, ho).

The analogue of (3) in the QAC context is the following:

Theorem 2. Let (X, g) be a QAC manifold with radius functions (p,w). Let L
be a generalized Laplace operator on X twisted by some geometrical vector bundle
E. Then

(6) L:pw H2(X,E)! p 2w Z2L?%X,E)

Is a Fredholm operator provided 6 is not an indicial root for L, and T is so that the
lower depth operators on the corresponding QAC spaces are positive and do not
have 0 as a L2-eigenvalue.
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The proofs of these two theorems are interlinked, and they ganductively. The
rst inductive step in the proof of Theorem 1 { the case of a relution blowup space
corresponding to a space Yo, hg) with isolated conical singularities { was proved
in the PhD thesis of Rowlett [6]. Then the general case (assumg Theorem 2) was
presented in [5]. Note that in the context of the scalar Laplacian acting on QALE
manifolds (a special class of QAC manifolds), the proof of Tleorem 2 appears
in Joyce [4]. Since it is based on the maximum principle, his pof cannot be
generalized to the case of systems. In the process of provinkheorem 2 we also
prove a similar result for weighted Helder spaces.
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Generalized gluing for Einstein constraint equations
Lorenzo Mazzieri

CMC solutions and conformal method. It is well known [2] that short time

vacuum solutions for the Einstein hyperbolic system on a Loentzian (m + 1)-

dimensional manifold (Z,y) may be obtained from solutions of the Einstein con-
straint equations on a m-dimensional space-like Riemannian submanifold M, g)

of Z. In fact the solutions to the constraints form a suitable setof vacuum initial

data for the hyperbolic Cauchy problem (for further details see [1]). More pre-
cisely, when we are talking about a solution of the constraits we refer to a triple
(M, g, ), where M is a smooth manifold andg and are symmetric (2 , 0) tensors
(respectively the induced Riemannian metric and the secondundamental form),

verifying the relationships

Q) divg d(trq) = 0 ,
. . 2 _
2) Rg i g+trg) " = 0.
where divy and trg are respectively the divergence operator and the trace opator
computed with respect to the metric g and Ry is the scalar curvature of the
metric g. In the case we are looking for constant mean curvature (CMC)solutions
of the constraints (i.e. whent :=tr 4 is a constant) the system above becomes
equivalent to an uncoupled system by means of the so called normal method.

Following [2], and [3], one can split the second fundamentaform into trace
free and pure trace part = P+ =g, where l is a symmetric (2 0)-tensor
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such that trgu = 0. Then it is convenient to consider the double conformal clange
g= u¥M Agandpy = u 2, where the conformal factoru is a positive smooth
function on M. It is now straightforward to see that g and verify the Einstein
constraint equations (1) and (2) if and only if the following holds for g, 4 and u

(3) trgu = O
(4) divgp = 0
(5) Licg(u) = O,

where Lic is the semi-linear elliptic operator given by

. . . m m 1 m +
(6) Licg(u) = gu+ cmRgU Cmjpjsu = + Cn 2 =

with ¢, = (m  2)/[4(m 1)]. Therefore, in order to produce a CMC solution
for the Einstein constraints it is su cient to provide a symm etric transverse (4)
traceless (3) tensor (briey TT-tensor) and the right conformal factor, it is to
say a solution of the Lichnerowicz equation (5). In this conext and because
of their physical meaning [1] the equations (1) (or equivalatly (4)) and (2) (or
equivalently (5)) are known as the momentum constraint and the Hamiltonian or
energy constraint respectively.

Strategy of the gluing and statement of the main result. In the spirit of
[3] suppose now to have two set of solutionsNl;, gi, Wi, U;), i =1, 2 to equations
(3), (4) and (5) with the same T and suppose that we construct the general-
ized connected sum of the compacm-dimensional manifoldsM; and M, along a
common isometrically embeddedk-dimensional Riemannian submanifold K, gk ).
This construction consists in excising a smalk-tubular neighborhood (i.e. a tubu-
lar neighborhood of sizee 2 (0,1)) of K in both the starting manifolds and in
identifying the di erentiable structures along the left ov er boundaries as explained
in [4]; also notice that in order to perform the generalized onnected sum we have
to require that the normal bundles of K in M3 and in M, are di eomorphic and
that the injectivity radius of K in M; and My, is grater than a positive constant.
The purpose is then to endow - in correspondence to each valuef € - the new
manifold M- = Mj [k}~ M, with a Riemannian structure g- and a symmetric
TT-tensor p- such that a solution u- to equation (5) can be found. As is typical
of the gluing results, the new solution has to preserve the iformation about the
starting solutions insofar as is possible. In our case the nmec g- will coincide by
construction with the metrics g; and g, away from the gluing locus. Moreover, as
the geometric parametere tends to zero, the metric g- tends to the metric g; on
the compact sets ofM; n K, with respect to the C? topology, for i = 1,2. The
TT-tensor p- too tends to ; away from the gluing locus, ase goes to zero. In ad-
dition, we can make the conformal factoru- as close to the constant 1 as we want,
by choosinge to be small. In this sense, we are allowed to look at the metri@-
and at the TT-tensor p- as an approximate solution of the system (1)-(2), which
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can be made exact by means of a small conformal perturbation- ' 1

(7) g = u" g,
(8) Teo= U

As already explained, the real advantage in considering CMCsolutions is that
one has an uncoupled system to solve (3)-(4)-(5) instead ofhie system (1)-(2).
In particular, once an approximate solution metric g- is available, the natural
way to proceed is to solve rst the equations (3) and (4), and ten to put the
solution p- in the equation (5) and solve this one foru-. Since the latter equation
is nonlinear and we wish to solve it by means of a perturbationargument which
allows us to chooseu- ' 1, we are led to linearize the Lichnerowicz operator
around the constant 1 and to consider the left terms as error érms. Among these
error terms, the squared norm ofp- plays a signi cant role. As a consequence of
this special role ofu- it is crucial to get an e-uniform bound for solutions of the
equation (4). In this form the momentum constraint is a linear system of partial
di erential equations and there is a standard two step procelure to produce trace
free solutions of it [5]. In our case we will proceed as follog« Starting with L
and p, and using suitable cut-o functions, we produce ag--trace free symmetric
(2,0)-tensor py, which in general is not a solution to (4) (notice that p actually
depends ong as long as it has to be trace free with respect to the metricg-).
The second step consists then in nding a correction terma- which repairs the
momentum constraint (i.e., divq. (L + o+) = 0). Since the system is largely
underdetermined, we may force the solution to have a speciahape. In particular
we look for a solution of the formo- = Dg. X, where X is a vector eld on
M and Dy is the so called conformal Killing operator for the metric g-. This
operator enjoys a nice algebraic property: it is the negatie of the formal adjoint
of the divergence, more precise\Dg = (Odivg) . As a consequence when we
perform the repair of the momentum constraint, we are inducel to consider the
elliptic self-adjoint operator Lg :=  [divy Dg = Dy Dg, known as the vector
Laplacian, and to solve the equation

9 Ly X = [divgp

with respect to eachg- metric, therefore providing the solutions with an a priori
e-uniform bound. The vector elds in the kernel of Dgy are called conformal Killing
vector elds, in fact their ow leaves the metric invariant u p to conformal changes.
For technical reasons, in order to deduce the-uniform estimate, we have to require
a non-degeneracy condition about the conformal Killing vetor elds of the starting
manifolds. The hypothesis we need is that there are no nontkiial conformal Killing
vector elds on either (Mq,g1) or (Mg, g2). Following the strategy summarized
above, we can prove:
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Theorem 1. Let (My, &1, T1) and (M2, &2, ~2) be two compact m-dimensional
CMC solutions to the Einstein constraint equations (1)-(2) having the same con-
stant mean curvature t and verifying the non-degeneracy condition and let (K, & )
be a common isometrically embedded k-dimensional sub-manifold with codimen-
sionn = m Kk 3. Then there exists a real value &g 2 (0,1) such that
for every € 2 (0,gp) it is possible to endow the e-generalized connected sum
M- = Mj I+ M, of M; and M, along K with a metric g~ and a second funda-
mental form ~- such that the triple (M-, g, =) is still a T-CMC solution to the
Einstein constraint equations. Moreover the new metric g tends to the starting
metric g in the C? topology on the compact sets of M; n K, for i = 1,2, as the
geometric parameter € tends to zero. The symmetric TT-tensor g does the same
away from a fixed tubular neighborhood of K (gluing locus) whose radius can be
chosen to be arbitrarily small.
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Spectral theory for Laplace-Operators on manifolds
with fibred cusp metrics

Jorn M uller

In this talk | am presenting the current state and goals of my PhD thesis.

A Riemannian manifold with a metric of bred cusp type can be considered as
a generalization of the geometric structure of a locally symrmetric space ofQ-rank
one. The structure at in nity of such a manifold X is determined by a Riemannian
submersionm: M ! B with q dimensional bres F as follows.

Let Z = R* M and equip Z with the metric g% = du®+ m gB + e 2ugFs,
where g® and g are the Riemannian metrics onB and on the vertical tangent
bundle, respectively. Then outside a compact setX is isometric to (Z, g%).

In my thesis | examine the spectral theory of the Laplace-opeator on di erential
forms P(X). The results then will be used to proof a Hodge-type theorem
i.e. to identify certain subspaces ofL? harmonic forms on X, and to represent
cohomology classes by singular values of generalized eig@ms.

The work bases mainly on methods developed and used by my ador Werner
Maller for example in [3] and [4]. The case of locally symmetic spaces has been
studied extensively by Ganter Harder, e.g. in [1].
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A di erent approach to treat the spectral theory of manifold s with bred cusp
metrics, the b and ¢ calculus by Melrose, is used in the PhD-thesis [5] of Boris
Vaillant. In [2] some Hodge-type theorems are proved, also sing methods from
¢ calculus.

In my talk | rst restrict myself to the case of the Laplacian on functions to
illustrate the approach. For example, using methods from sattering theory, it is
shown that the essential spectrum of is determined by the restriction of to
bre-wise constant functions. The spectral resolution of can be given explicitely
in terms of generalized eigenfunctions and_2-eigenfunctions. Many of the results
for functions can be generalized to the setting of di erential forms. In particular,
bre-wise constant functions have to be replaced by bre-wise harmonic forms.
Forms in their L? orthogonal complement are called \cusp forms".

At the end of the talk | explain the following result due to Wer ner Maller, which

| want to generalize to manifolds with bred cusp metrics:
Let X be a manifold with cusp ends, H P(X) harmonic L? forms on X. The
space of harmonic cusp forms is naturally isomorphic to the image H/(X) of the
cohomology with compact support in the usual (smooth) cohomology HP(X) under
the map HP(X) ! HP(X). Classes in the complement of HP(X) in HP(X)
can be represented by certain singular values (i.e. special values or residues) of
generalized eigenforms.
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On the uniqueness of certain families of holomorphic disks
Fr ederic Rochon

Since their introduction by Roger Penrose [6] (see also [1])twistor spaces have
proven to be very successful in the study of Riemannian mandlds with special
properties. They allow one to encode subtle geometric infanation into holomor-
phic objects. In this way, powerful tools of complex and algéraic geometry can
come into play and reveal in a rather unexpected way new propeies of the origi-
nal geometric situation. A recent example of such a phenomemn was discovered
by LeBrun and Mason [5] in their study of Zoll metrics on a compact surface.

In general, a Zoll metric on a manifold is a metric whose geodacs are simple
closed curves of equal length. The terminology is in honor oDtto Zoll [7], who
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discovered that the 2-dimensional sphereS? has many such metrics beside the
standard one. Later on, it was speculated by Funk [2] and proen by Guillemin
[4] that the tangent space of the moduli space of Zoll metricson S? (modulo
isometries and rescaling) at the standard round metric is ismorphic to the space
of odd functions f : S> I R. In particular, this indicates that the moduli space
of Zoll metrics on S? is in nite dimensional. The only other compact surface
admitting a Zoll metric, RP?, has a very di erent behavior in that respect since,
as was conjectured by Blasche and proved by Leon Green [3], &dmits only one
Zoll metric modulo rescaling and isometries.

Via the use of twistor theory, LeBrun and Mason were able in [$ to recover all
these results in a very elegant and novel way. In the case of thsphereS?, their
twistor correspondence associates to a Zoll metric 082 a family of holomorphic
disks in CP, with boundary in a totally real submanifold P CP, such that there
exists a di eomorphism ¢ : CP> ! CP» identifying P with the standard RP?
CP,. Moreover, it is such that each holomorphic disk of the famiy represents
a generator of H(CP,,P) = Z. For instance, the standard round metric on S?
corresponds to a family of holomorphic disks with boundary ying on the standard
RP? CP,.

In the case of the standard RP?2 CP,, one can check rather directly that
there is a unique family of holomorphic disks associated toti This is because
considering the involution

p: CP» ! CP,
[Xo:X1:X2] 7! [Xo:X1:Xz]

having the standard RP? as a xed set, we can double any holomorphic disk
D CP,with dD RP?andDndD CP,nRP? to obtain a holomorphic curve

= D[ p(D) CP..

In the case of a Zoll family, D has to represent a generator of H(CP,, RP?),
which means = CP; is a curve of degree 1 inCP,. Thus, is the zero locus
of a homogeneous polynomial of degree 1. Furthermore, the eaients of this
polynomial can be chosen to be real since() = . This indicates that D has
to be a member of the family of holomorphic disks correspondig to the standard
Zoll metric on S?.

However, in the more general situation where®  CP, does not come from the
xed set of an involution, the above argument has no obvious gneralization. In
principle, one could therefore imagine situations where tw distincts Zoll metrics
on S? would lead to two distinct families of holomorphic disks with boundary on
the same totally real submanifold P CP,. This would mean the totally real
submanifold P CP, would not be su cient to recover the Zoll metric from
which it comes from.

In this work, we rule out this possibility by showing that for a totally real
submanifold P CP, such that there exists a dieomorphism ¢ : CP, ! CP;,
identifying P with the standard RP?, there is at most one family of holomorphic
disks coming from a Zoll metric onS?. In particular, the twistor correspondence
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of LeBrun and Mason, which to a Zoll metric on S? associate a totally real sub-
manifold P CP,, is in some sense injective. In fact, we show that given such a
family, any holomorphic disk D CP, with 0D P, DnoD CP>nP and such
that it is a generator of H,(CP2, P) necessarily has to be a member of the family.

Our proof is by contradiction. We suppose that there is such aholomorphic
disk D CP> which is not in the family. Then we show that there exists a
holomorphic disk Dy in the family such that D and Dy, intersect transversally and
have a non-empty intersection inCP, nP. SinceD D and Dy have boundaries, the
intersection number one gets is not a homotopy invariant. Ou strategy is to look
at the lifts B and By, of D and Dy, in the blow-up (in the sense of Melrose)

tp, :=[CP,; P].

The family of holomorphic disks de ning a circle bration on a€p,, we have an
alternative way of blowing down €P,. Let

a:€Ep,1 Y

denote the corresponding blow-down map. In this blow-down pocedure, each disk
becomes a sphere, so eliminating the boundary. We can also tga sphere out of
D by deforming it before blowing down with a. Doing it carefully, we can insure
that the intersection number between B and B, remains positive. One can also
check that the corresponding spheresx(B) and a(By) in the blow-down picture
are homologous. By construction, the oriented intersectio number of these two
spheres will be positive, which leads to a contradiction, sice the self-intersection
number of the corresponding homology class is shown to be eguto zero.

Using this uniqueness result, we are able to use the contintyi method to obtain
a partial result concerning the existence of families of hamorphic disks arising
from a projective Zoll structure. This includes some situaions where the totally
real submanifoldP ~ CP5 is not necessarilyC! -close to the standardRP?>  CP».
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Schrodinger evolution and geometry
Jared Wunsch

Consider the initial value problem for the time-dependent Shredinger equation
(ioc+(1/72)+ V=0
Wjtzo = Yo 2 LZ(X)
onR X, where (X, g) is a Riemannian manifold, V is real-valued, and
= g=dd

is the (nonnnegative) Laplace-Beltrami operator on X. This equation describes
the (nonrelativistic) quantum evolution of a particle movi ng on X.

The e ects of the geometry of the underlying manifold X on the qualitative
nature of the solutions Y can be subtle. OnR" (with V = 0) we have the \local
smoothing estimate”

1) KWK 20 pnizzrry  Ckbok.

This estimate tells us that on average in time, Y is half a derivative smoother than
its initial data [10, 19, 22]. Likewise, if we measure reguldaty in LP spaces, we
have the Strichartz estimates

(2) KWk aqospLerry  CKWoK, 2.

for certain values ofp, q [21, 13]

That these estimates may fail on manifolds is easy to see. Fanstance, if X
is compact, the H® norm is conserved under the evolution, so (1) cannot possi-
bly be valid. More precisely, a theorem of Doi [11] states, losely speaking, that
it cannot hold in a noncompact manifold with trapped geodescs. By contrast,
both estimates (1), (2) continue to hold with only an epsilon derivative loss in
various settings with mild trapping, including the exterior problem with Dirichlet
conditions outside two strictly convex obstacles [4], asymtotically Euclidean man-
ifolds with a single hyperbolic closed geodesic [8], and asyptotically Euclidean
manifolds with hyperbolic dynamics on a trapped set, subjetto a condition on
the topological pressure [9, 16]. Estimates (1) and (2) are lao known to hold
without loss in a wide variety of geometric situations, including on asymptotically
Euclidean spaces and even asymptotically conic spaces [2D, 15, 18, 3], and on
Euclidean space with a potential having one or more poles ofrder zero [7, 12]. Re-
sults on hyperbolic space have recently been obtained by sexal authors [1, 2, 17].
By contrast, the role of trapping in Strichartz estimates remains somewhat ob-
scure, especially given that Burg-Gerard-Tzvetkov [6] have obtained an estimate
with derivative loss that holds even when X is compact.

The propagation of singularities for solutions to the Schedinger equation in-
volves more than merely the wavefront set, as can easily sedrom the fact that the
fundamental solution is smooth fort 6 0. It turns out to be the asymptotic behav-
ior at in nity (in particular, the oscillation) of the initi  al data that determines the
wavefront set of the solution at time t. In particular, Hassell-Wunsch [14] showed
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that if we take a solution to the Schredinger equation on an asymptotically conic
manifold with no trapped geodesics, then it is WF,(e" s=21 o) that determines
the wavefront set of  at time T. Here, WF,. denotes Melrose's \scattering wave-
front set,” and the connection to WF(((T)) is via a \sojourn relation" relating
the cotangent bundle of X and the (rescaled) cotangent bundle at in nity.
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The invertible double construction for general first order elliptic
di Lerential operators

Matthias Lesch
(joint work with Bernhelm Boo {Bavnbek, Chaofeng Zhu)

1. The invertible double of a Dirac operator revisited

Let M be a smooth compact connected riemannian manifold with boudary
and let D be a Dirac type operator onM acting between sections of the hermitian
vector bundle E. A natural question is whether D has an extension to an elliptic
or even invertible operator on the closed doubleM = M [ @v M obtained by
gluing two copies of M along their common boundary. In fact, if all structures
are product near the boundary there is a nice answer to the prblem which can
be found, e.g., in the book by Boo and Wojciechowski [3].

Proposition 1. Assume that all structures are product near the boundary. Then
D and D can be glued together to obtain an invertible elliptic operator B =
D[ @u( D) on the closed double M.

Sketch of Proof. Since all structures are product near the boundary there is a
collar [0,€) 0M on which D takes the form (is unitarily equivalent to)

d
1 D, =J —+B,
( ) jcollar dx
with J, B independent of the normal variable. The normal symbolJ is a unitary
bundle endomorphism with J2 = | and the tangential operator B is a rst

order self{adjoint elliptic di erential operator on 0M. Furthermore, the (formal)
self{fadjointness of D and B imply JB = BJ.

The unitary map sending a sectionf over [0,€) dM to Jf( .)over( €,0] oM
conjugatesD and D. Hence if we useJ as a clutching function for the bundle
E then indeed® = D[ @m ( D) is an elliptic operator with smooth coe cients
on the double.

To prove that B is invertible assume that Bf = 0. Denoting the two di erent
copies ofM in Y by M we then haveD(fjy ) =0 and Green's formula gives

) hfem, favi = NI(fiv _)jem, (fiv, )jewi
= mij_,ij+ i h ij_,ijM+ i =0.

Thus f;gu = 0. The weak unique continuation property of Dirac operators then
implies f = 0.

The weak unique continuation property exactly means that onthe connected
manifold M there are no nontrivial solutions of Df = 0 which vanish on the
boundary, cf. e.g. [2] and the references therein.

For general Dirac operators in the non{product case one cantsl extend the
collar a bit and deform to the product situation. The resulti ng operator will still
be invertible; however it will neither be an exact double norwill it be canonical.
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The invertible double is used for the construction of the Catleon projector.
This is a pseudo{di erential idempotent (R.T. Seeley [9, 10]) with range being the
space of Cauchy data forD. \Construction of the Caldeon projector" here means
to provide a formula in terms of D such that mapping properties and dependencies
on the data become transparent. See Theorem 2 below.

For more general elliptic operators, in the literature an invertible elliptic exten-
sion is often assumed \for convenience". Although a geomeit invertible double
is not available in general, we will see below that there is avays a nice boundary
value problem which provides an \invertible" double.

2. General first order elliptic operators (no product assumption)

Let now M be a smooth compact connected riemannian manifold with boudary
andletA: ! (M,E)! 1 (M, F) be a rst order elliptic di erential operator
acting between sections of the hermitian vector bundles€, F.

The goals of the current project are

A canonical \invertible double" construction. The quotati on marks are
used since in general we cannot expect weak UCP to hold. For tiEls see
Theorem 1 below.

A canonical (and in a sense optimal) construction of the Cal@ion projec-
tor.

At the end we will point out a couple of applications.

As above we separate variables in a collar of the boundary andrite
d
3) Ajcollar = J(X) ax B(x) , Jo:=J(0),Bo:= B(0),

where J(X) is a smooth family of bundle morphisms andB(x) is a smooth family
of rst order elliptic di erential operators on M.

Put
4) A=A ( AY,
acting on sections ofE F. A! denotes the formal adjoint of A. We choose
a bundle morphism 2 Hom(E;gm, Fjem) and impose the following boundary
condition of A:

L
The two most important cases are =(J,) *and,ifJo= Jy, = Jojdoj .

In both cases the endomorphism], is positive de nite.

Theorem 1. Assume that J, is positive definite. Then

(1) & is a realization of a local elliptic boundary condition (in the classi-
cal sense of Shapiro-Lopatinski), hence & is a Fredholm operator with
compact resolvent.

(2) ker& = Zo(A) Zo(A'),cokerk = kerA = Zy(Al) Zo(A).
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Here Zo(A) = u 2 L?(M,E)jAu = 0,ujgm = 0 is the space of \ghost
solutions". By elliptic regularity it is easy to see that Zy(A) is a nite{dimensional
subspace of ' (M, E) and hence does not depend on the choice of a Sobolev
regularity for u. Zp(A) = f0g if and only if weak UCP holds for A. We note in
passing that, although it is generally believed that weak UQP does not hold in
general, we do not know of an example of a rst order elliptic d erential operator
A with Zp(A) 6 f0g. The known counterexamples to UCP, cf. e.g. [7], do not
apply in an obvious way.

If the operator A is formally self{adjoint then for := JgjJoj ! the double &
is self{adjoint.

From Theorem 1 the Caldeon projector may be constructed in the usual way.
Let

f f
(6) r f+ = f | ij+ =f jom
and denote by [Cithe L?{dual of 1 It is well{known that [Imaps the Sobolev
spacelL2(M,...) continuously into Lg 1=,(0M, . .) for s > 1/2 and consequently
[CmapsL2(0M,...) continuously into Lg 1=»(M,...) for s < 0. These constraints
on s cause some technical di culties.

Definition 1. Let A ! be the pseudoinverse of the operator A .
PutK == r &1'[J,,Cs = LK,, C = I[K.
Theorem 2. Under the assumptions of Theorem 1 and under the additional tech-
nical assumption that the commutator [Bf,J, ] is of order O we have:

(1) Fors 1/2 the operator K. maps L2(0M, E) continuously into

L2,, ,(M,E)\ kerA.

(2) C are complementary idempotents with
Uiam 2 szAU =0 ,
rangeC = ! uyeu2 L?jA'u=0 .

rangecC.

(7)

If =( Jy) !then C are orthogonal projections.

More interesting than this result, which looks pretty simil ar to what one gets
from geometric invertible double constructions respectiely invertible non{canoni-
cal closed extensions, is the method. Namely, an approxjain to K. near the

boundary is constructed from the operator Q. (X) := ﬁ e X (A Bo) dA
Here is a contour which encircles the eigenvalues oBy in the right half plane
and such that <z, ' 1 if z, is on with jz,j!'1 . Q4(0) is the positive

sectorial spectral projection of Bo which has recently been discussed by Ponge [8].
A crucial observation is that the tangential operator By is not an arbitrary elliptic
operator. Rather the ellipticity of A implies that By it,t 2 R, is elliptic in the
parametric sense. This is much stronger than ellipticity.

The approximation to K, constructed from Q.. allows to control the error when
replacing C. by the sectorial projection of By.

Applications of our results are:
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Proof of the Lagrangian property of the Cauchy data space in geat gen-
erality.

The continuous dependence of the Caldeon projector on thenput data.
This has consequences for the so{called Spectral Flow Theem, cf. [1, 4,
5, 6].

A generalization of the Cobordism Theorem to rst order formally self{
adjoint elliptic operators.

Details will appear soon.
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A surgery formula for the smooth Yamabe invariant
Bernd Ammann
(joint work with M. Dahl, E. Humbert)

1. Historical overview

For a compact Riemannian manifold (M, go) of dimensionn 3 we de ne the
conformal Yamabe invariant to be 7

Y (M, [go]) := inf

92

Scal, dv¢
gol ™
where [go] denotes the set of all metrics conformal tog and of volume 1. The
solution of the Yamabe problem (see e.g. [10] for a good oveew) states that this
in mum is always attained. The scalar curvature of the mimim zing metric satis es

Scal Y (M,[go]). Itis not dicult to show that
Y(M,[go]) Y(S")=n(n L)wn
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where S" denotes the sphere with the standard metric, and wherew, = Vol( S").
The smooth Yamabe invariant, also called Yamabe number or Swen's o-
invariant is then de ned as

o(M) =sup Y (M,[go]) 2 (1 ,Y(S")]
[9o]
where the supremum runs over all conformal classegd] on M.

The o-invariant is positive if and only if M carries a metric of positive scalar
curvature. Calculating o-invariants in the positive case is also di cult. The rst
examples have been calculated by Schoen [12, Section 2] wheone sees that
o(S" ' s = Y(S"), and the same method vyields forS" 1~S!, the non-
orientable S" ! bundle over S!, that o(S" 1~S!) = Y (S"). By Kobayashi's
surgery formula [8] it is also clear that the g-invariant of connected sums of above
manifolds have the valueY (S"). It is conjectured [12, Page 10, lines 6{11] that all
guotient of round spheres satisfyo(S"/) = (#) 2=ny (S"), but this conjecture
is only veried for RP23 [5]. An extended Aubin's Lemma enabled the complete
characterization of all 3-dimensional manifolds witha(M) > o(RP 3), see [1]. The
smooth Yamabe invariant of o(CP?) was calculated in [9] and [7]. With similar
methods the o-invariants of some several other Kahler manifolds could le deter-
mined.

As smooth Yamabe invariants are di cult to calculate explic itly, estimates are
very helpful. An important class of estimates can be proven wth the help of
surgery formulas. Let : Sk Bn kI M be an embedding. We de ne

M ==Mn (s B" [ Bk1 sn k!

and we say that M, is obtained from M by k-dimensional surgery along . Con-
nected sums are examples for O-dimensional surgery along m@onnected mani-
folds.

Theorem 1 ([8]). If M, is obtained from M by O-dimensional surgery, then
o(My) o(M).

The next theorem states that monotonicity still holds in the casec(M) 0 for
k2f1,...,n 3g.

Theorem 2 ([11]). If M, is obtained from M by k-dimensional surgery, 1  k
n 3, then

o(M,) minfao(M),0g.
Using results from bordism theory and from [14] this impliesthat all simply con-

nected manifolds of dimension 5 haveao(M) 0. On the other hand positivity
of (M) is preserved under surgeries of dimensiok 2f 1,...,n 3g.

Theorem 3 ([6],[13]). If M, is obtained from M by k-dimensional surgery, 1
k n 3, and o(M) > 0, then we also have a(M, ) > 0.
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2. New surgery formula for o

In [4] we prove a surgery formula for the o-invariant that is stronger than
Theorems 1, 2 and 3 together.

Theorem 4. Let0 k n 3. There is a positive constant .« depending only
on n and k such that
o(M,) minfa(M), k9

if M, is obtained from M by k-dimensional surgery. Furthermore 0= Y (S").

We will not give a detailed proof in this short announcement, but restrict to
a short sketch of the method used herein. Details will be pubthed in [4]. The
theorem directly follows from the following:

Theorem 5. Suppose that M, is obtained from M by k-dimensional surgery.
Then for any metric g on M there is a family of metrics g , 6 2 [0, 1], on M,
such that

minfY(M,[g]), nkg liminf Y (M, [g ]) |im'S:)JIOY(|V|k 9D Y (M, [g).

These metrics are very similar to the metricsg described in [2] and the metrics
g described in [3]. The inequality

Iim'sng(Mk (9D Y(M,[g])

in Theorem 5 can be shown by standard cut-o arguments. The oher inequality,
namely
minfY (M,[g]), nxg liminf Y (Mg ])

is much harder to show, but it is the important one for proving Theorem 4.

For showing this inequality we study minimzers of the Yamabe functional of
(M ,[g ]) for a sequence ofd ! 0. A sophisticated blow-up analysis for such
minimizers is worked out. The arguments of [3] can only be apled for 2k < n 2,
hence completely new tools have to be developped to treat thgeneral case. We
see that the sequence either concentrates in the partNl, ,[g ]) that is locally
conformal to (M n ( Sk f 0g),g). In this case we obtain convergence to a solution
of the Yamabe equation on M n ( SK f 0g), g) that can be extended to a solution
on (M, g) and we derive

Y(M,[gD) liminf Y (M .[g ]).

Or the minimizers concentrate on the new \handle" and then blowup analysis
provides a solution of

Q) Lu= )\jujﬁu

on (P(n,k),Hk):= S" k1 (BX* hy) for a suitable K 2 [ 1,0]. Herehk is
\the" complete metric of sectional curvature K 2 [ 1,0] on the ball Bk*1 . For
example B%*! , hp) is isometric to euclidean space andBX*1  h ;) is isometric to
the hyperbolic space.
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We de ne
Y(P(n,k),Hk):=inf A2[0,1 ]
where A runs over all valuesA 2 (0,1 ) for which there is a positive function
u2L! (P(nk)\ C2.(P(nKk)), kukL 2n =1 solving (1) on (P (n, k), Hk ). and
we obtain

I%)c
Y (P(n,k),Hk) Iimigf Y (M ,[g]).

Other blowup arguments show

k= inf  Y(P(n,k),Hk) >
n,k K 2|r[] 1;0] ( (n1 )1 K) O
and Theorem 5 follows.
As (P (n,k),Hk ) is conformal to S" nfp;, p2g, one can see that .o = Y (S").

3. Topological applications

We consider pairs M, T) where M is a compact spin manifold and wheref
M ! B is continuous. Two such pairs (My, f1) and (M, f,) are spin bordant
if there exists an n + 1-dimensional manifold W with boundary M [ M, with
amapF : W ! B such that the restriction of F to the boundary yields f;
and f,. It is implicitly required that the boundary carries the ind uced orientation
and spin structure and M; denotes M; with reversed orientation. Bordance
is an equivalence relation, the corresponding equivalencelasses are denoted by
[(M, )] and the set of equivalence classes is, (B ). Disjoint union de nes a sum
on ,(B) which turns it into a group.

We say that a tuple (M, f) with £: M ! B is a my-bijective representative of
[(M,T)] if M is connected and if the induced mapf : mi (M) ! s a bijection.
Any equivalence class in (B ) has a m;-bijective representative.

Now we de ne

n = mlnf n;ly«-- n;n 3g>0,
o(M) :=minfa(M), 0.
Proposition 1. Let n 5. Let (M1, f;) and (M, ;) be compact spin manifolds
with maps fi : M;j ! B . If (M, f;) and (Mg, f,) are spin bordant and if f5 is
Ty -bijective, then
o(M1) o(Myp).

Henceo de nesawell-denedmap ,(B) ! R. We conclude from the surgery
formula.

Theorem 6. Lett 0. Then the sets
G(t):=f[x]2 o(B) jo(x)>1tg

and
G(t):=f[x]2 n(B) jo(x) tg
are subgroups of ,(B) .
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The theorem admits | among other interesting conclusions | t he following
application. For p 2 N we write p# M for M#  # M whereM appearsp times.
We already knowa(p# M) ao(M) if a(M) O.

Corollary 7. Suppose M is a compact spin manifold with a(M) 2 (0, ). Let
p and g be two relatively prime positive integers. If o(p# M) > o(M), then
o(g# M) = a(M).
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Computing characteristic classes of noncommutative spaces
Henri Moscovici
(joint work with Alain Connes)

The Chern character for K-homology cycles overC -algebras was introduced
by Connes [1], by a formula which essentially gave birth tocyclic cohomology. In
particular, the Chern-Connes character provides the total characteristic class of
a noncommutative space €f. [2]), encoded by the datum of aspectral triple. In
the case of spectral triples with the meromorphic continuaton property, this total
characteristic class was given docal (in the sense of Bohr's correspondence prin-
ciple) formulation in [3]. Moreover, for the hypoelliptic spectral triple representing
the transverse geometry of a general foliation, the local fonula has been used to
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express the Chern-Connes character in terms of classical gmetric characteristic
classes of foliations ¢f. [4]).

After brie y reviewing these basic facts, the talk focused o the appropriate
de nitions and means to compute the characteristic classeof noncommutative
spaces described bywisted spectral triples. The latter notion, recently introduced
in [5], is a variant of the usual one which allows to treat type Il situations, when
the underlying algebra of noncommuting "coordinates' adntis only a KMS-state
instead of a trace.

More precisely, with o denoting an automorphism of A, an ungraded o-spectral
triple (A, H, D) is given by an action of A in the Hilbert space H, while D is a self-
adjoint operator with compact resolvent and such that the twisted commutators
d a:=Da o(a)D areboundedforalla2A.

A graded o-spectral triple is similarly de ned, with the additional d atum of a
grading operator y =y 2 L(H), y? = I, which commutes with the action
of A and anticommutes with D, i.e. ay = ya, 8a2A, Dy = vyD.
A Lipschitz-regular o-spectral triple is one that satis es the additional condition
jDja o¢(a)jDj are bounded foralla2A.

Example: codimension 1 foliations. To simplify the presentation, we re-
strict to a complete transversal and take for the algebraA of ‘transverse coor-
dinates' the crossed product of the algebraC! (S') by a group of orientation
preserving di eogorphisms, whose elements can be is represted as nite sums of
the form a-= a U ,with the productrule U f=(f oU , U U =
U . Then A = C! (S!) [hcts on the Hilbert space H = L?(S?) by the

-representation

(MFU )OO = F(x)0(x)* &(0(X)), 8E2H, x2R/Z

d

in the role of D one take the operator Il 3¢ and the automorphisma 2 Aut( A) is

de ned on the monomials generatingA by o(gU )= %% gu . Both bound-
edness properties listed above are easily seen to hold: theisted commutators

D n(a) m(o(a)) D and jDj m(a) m(o(a)) jDj
are bounded for all a 2 A . Furthermore, the canonicazl state on A,

®(fU )=0 if 961, and ¢(F)= f(x) dx

R=zZ

isac !-trace, i.e. satises ¢(ab) = d(bo 1(a)), 8a,b2A.
Quite surprisingly, in spite of the twisting, the Chern-Connes character of a
generalo-spectral triple is still given by a \straight" cocycle in cy clic cohomology.

Theorem 1. Let (A, H, D) be a graded o-spectral triple such that D 12 L™ for
some even n 2 N. Then the (n + 1) -linear forms on A

o, (@,...,a")=Tr D (D a° o)D) D YD a" o(@")D )
are cyclic cocycles in Z"(A), and for any idempotent €2 = e 2 My (A) one has
Index D *a(e )D = . (e...,€).
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In the Lipschitz-regular case the twisted spectral triple can be e ectively \un-
twisted" by simply passing to its \phase" F = DjDj !. Indeed, in that case the
commutators

[F.a] = jDj * (Da o(a)D) (jDja o(a)jDj)F
are compact operators, for alla2 A..

Theorem 2. Let (A,H,D) be a o-spectral triple with D * 2 L™ . Then the
linear functional defined by a Dixmie£ trace Tr, : L1 1 C,

a2A7 ¢@= abD " :=Tr,(aD "),

isao "-trace on A:  ¢(ab) = ¢(bo "(a)), 8a,b2A. More generally, for
any bounded operator T 2 L (H),

Trn(To "(@D ")= Trn(@aTD "), 8a2A.

When the o-spectral triple (A, H, D) is Lipschitz-regular, the same hold true when
D " is replaced by jDj ".

As a step in the direction of extending the local index formukh to twisted spectral
triple, we can construct the analogue of the local Hochschil cocycle that gives the
Hochschild class of the Chern character in the untwisted cas.

Theorem 3. Let (A, H, D) be a graded o-spectral triple suchthatD 2L ™! for
some even n 2 N. Then the (n +Zl) -linear form on A

p. (@%al,...,a"):= ya’d (o }al)) d (o "(@")D "

is a Hochschild cocycle in Z"(A,A ). In the ungraded case, for a o-spectral triple
of odd summability degree which is Lipschitz-regular, the corresponding Hochschild
cocycle is defined by the expressi%n

p. (@%al,...,a"):= a%d (o Ya')) d (o "(@"))jDj ".

To illustrate this result, it is instructive to compute the a bove Hochschild cocy-
cle for the Dirac spectral triple over A = C! (P1(R)) [P$L(2,R). The Dixmier
trace, which is given by the Wodzicki-Guillemin residue, can be explicitly evalu-
ated in this case. One thus obtains that the Hochschild cocyle p. is actually
cyclic and, up to a coboundary, is proportional to the transverse fundamental

cocycle tTa 2 ZCY(A), .

Ta(fU ,gU ) fo (dg),

R=Z

0, if g6 g L

The facility of the above mentioned exercise stands in shargontrast to the
rather forbidding amount of computations required to get the explicit form of the
local index cocycle for the (type Il and 4-dimensional) lift of the above spectral
triple to the frame bundle (cf. [4, Appendix]).

resp. Tw(fU ,gU)
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Adiabatic Limit, Bismut-Freed Connection and Real Analytic Torsion
Form

Xianzhe Dai
(joint work with Weiping Zhang)

For a complex at vector bundle over a bered manifold, we consider the 1-
parameter family of certain deformed sub-signature operatrs introduced by Ma-
Zhang in [12]. We compute the adiabatic limit of the Bismut-Freed connection [5]
associated to this family and show that the Bismut-Lott analytic torsion form [7]

shows up naturally under this procedue.

1. Adiabatic limit, higher invariants and transgression

Adiabatic limit refers to a geometric degeneration when metic in certain direc-
tions are blown up, while the remaining directions are kept xed. Typically, the
underlying manifold has a so called bration structure (or ber bundle structure).
That is

Z! M! B,
where 1 is a submersion and the typical ber Z' Z,= 1 %(b), for b2 B. Given
a submersion metric onM:

g=Tgs *+ 0z,
the adiabatic limit refers to the limit as [ 0 of

g = [Pmgs + 0z.

This is rst introduced by Witten in his famous work on global gravitational
anomalies [15].

Witten considered the adiabatic limit of the eta invariant o f Atiyah-Patodi-
Singer. Full mathematical treatment and generalizations ae given by Bismut-
Freed [5], Cheeger [8], Bismut-Cheeger [2], Dai [9] among lm¢rs. The adiabatic
limit of the eta invariant gives rise to the Bismut-Cheeger éa form, a canonically
de ned di erential form on the base B. The eta form is a higher dimensional gen-
eralization of the eta invariant as it gives the boundary cortribution of the family
index theorem for manifolds with boundaries [3, 4], [13, 14] The degree zero com-
ponent of the eta form here is exactly given by the eta invariats of the bers. The
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nonzero degree components therefore contains new geometinformation about
the bration.

Another important geometric invariant is the analytic tors ion. The adiabatic
limit of the analytic torsion has been considered by Dai-Metose [10]. In contrast
to the case of the eta invariant, the adiabatic limit here does not lead to a higher
invariant. This is because the associated characteristiclass is the Pfa an, a top
form which kills any possible higher degree components atiisg form the adiabatic
limit.

It should be noted that there is a complex analogue of the anaftic torsion for
complex manifolds called the holomorphic torsion. Its adidatic limit has been
considered by Bismut-Berthomieu [1]. It does give rise to tle holomorphic torsion
form of Bismut-Kehler [6]. The di erence with the real case comes from the fact
that the characteristic class here is the Todd class|a stable class (which then
contains di erential forms of lower degree).

There is another way to view the higher invariants, namely via transgression.
The eta form transgresses between the Chern-Weil represeative of the family
index and its Atiyah-Singer representative. Similarly, the holomorphic torsion
form is the double transgression of the family index in the conplex setting. This
is precisely the view point used by Bismut-Lott [7] to de ne the real analytic
torsion form, a higher dimensional generalization of the aalytic torsion. It is a
canonical transgression of some odd cohomology classes.

2. Adiabatic limit, Bismut-Freed connection and real analytic
torsion form

Letm: M ! B be asmooth ber bundle with compact ber Z of dimensionn.
We denote bym =dim M, p =dim B. Denote by T Z the vertical tangent bundle
of the ber bundle, and choose a splitting of TM: TM = THM TZ. Let F be a
at complex vector bundle with the at connection r © and an hermitian metric
h" on M. Denote by

w(F,h")=(hF) X(r FhF)

the endomorphism valued 1-form.
Let E = [, E' be the smooth in nite-dimensional Z-graded vector bundle
over B whose ber overb2 B isC? (Z,, (( T 2) F)iz,). Then exterior di er-

entiation dM on M is a at superconnection of total degree 1 onE:
d =d% +r F+ip,
and
¢ “=0, rEd =o.

HereT is a T Z-valued horizontal 2-form
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Let Nz be the number operator ofE, i.e. Nz acts by multiplication by k on
Cl (M, (T Z) F). Foru=>0, set

Cl?: uNZZZdMu Nz=2 CSOZ u Nz=2 dM uNz=2’

1 1
Cu= 2(CO+C, Dy=3(CY <.

Then
C —IO—UDZHE;e po(T), D? =+
v pz 2"u -
u 1 1
Dy= — d? Z +Zp E,NF —b(T).
e TR
Let (14, h ) be a Hermitian complex vector bundle overB. Consider
X0 1 X
D F= clea)el 5 bedo F.hF (&),
a=1 i=1

- X 1 X
B F= be)eE + 5 clea)w F,h™ (ea)
i=1 a=1
1 X
1 b(T (f ,f ))b(f )b(f ).
;=1
These two operators are closely related taC, and D, via quantization.
For any real number r, de ne

D Fm=bD"F+P I " F

This family of operators was introduced by Ma-Zhang [12] in heir new proof of

Bismut-Lott's result. Now we de ne
l +1 —1 2
S(FYN = 5 Tre® ' FD " Fre ' T gt
0

This is well de ned, and, when the at vector bundle F over M is berwise
acyclic, that is H (Zp,Fjz,) = fOg on each ber Z,, b 2 B, d(F)(r) is just the
imagnary part of the Bismut-Freed connection for the determinant line bundle of
D F(r).

Finally, we denote by 6(F) (r) the invariant when the metric is the adiabatic
metric g .

Theorem 1. Under the assumption that the flat vector bundle F over M is fiber-
wise acyclic, the following identityzholds,

}Iimé(F)(r): L TB,r '® ch(u,r )T,
210 B

where z,

h 2 zi dt
T, = ®Trs NDZell**)0i <
0
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Up to scaling, T; is the positive degree component of Bismut-Lott's real anaytic
torsion form.

References

[1] A. Berthomieu and J.-M. Bismut, Quillen metric and higher analytic torsion forms, J. Reine
Angew. Math. 457 (1994), 85-184.

[2] J.-M. Bismut and J. Cheeger, n-invariants and their adiabatic limits. J. Amer. Math. Soc.
2 (1989), 33-70.

[3] Bismut, J.-M., Cheeger, J.: Families index for manifolds with boundary, superconnections
and cones. I. J. Funct. Anal. 89, 313-363 (1990)

[4] Bismut, J.-M., Cheeger, J.: Families index for manifolds with boundary, superconnections
and cones. 11. J. Funct. Anal. 90, 306-354 (1990)

[5] J.-M. Bismut and D. S. Freed, The analysis of elliptic families, 11. Comm. Math. Phys. 107
(1986), 103-163.

[6] J.-M. Bismut and K. Kohler, Higher analytic torsion forms for direct images and anomaly
formulas. J. Algebraic Geom. 1 (1992), no. 4, 647-684.

[7]1 J.-M. Bismut and J. Lott, Flat vector bundles, direct images and higher real analytic torsion.
J. Amer. Math. Soc. 8 (1995), 291-363.

[8] Cheeger, J.: n-invariants, the adiabatic approximation and conical singularities. J. Di[_]
Geom. 26, 175-221 (1987)

[9] X. Dai, Adiabatic limits, non multiplicativity of signature and Leray spectral sequence. J.

Amer. Math. Soc. 4 (1991), 265-321.

[10] X. Dai and R. B. Melrose, Adiabatic limit, heat kernel and analytic torsion, preprint.

[11] X. Dai and W. Zhang, Adiabatic Limit, Bismut-Freed Connection and the Real Analytic
Torsion Form, in preparation.

[12] X. Ma and W. Zhang, Eta forms, torsion forms and flat vector bundles. To appear in Math.
Ann.

[13] R. Melrose and P. Piazza, Families of Dirac operators, boundaries and the b-calculus. J.
Di Cerkntial Geom. 46 (1997), no. 1, 99-180.

[14] R. Melrose and P. Piazza, An index theorem for families of Dirac operators on odd-
dimensional manifolds with boundary. J. Di [erential Geom. 46 (1997), no. 2, 287-334.

[15] Witten, E.: Global gravitational anomalies. Comm. Math. Phys. 100, 197-229 (1985)

Recent advances in Index formula
Richard B. Melrose

| was asked to present an overview of index theorems and fornhuin this talk.
This is rather a daunting task since there are so many varians { including at least
the following

Single/Family

Dirac/pseudodi erential/product-type
Elliptic/subelliptic/Heisenberg
K-theory/cohomology

Equivariant, transversally elliptic

Higher

Boundary/Corner, Complete/Incomplete
Algebraic

Twisted by Azumaya
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C

and combinations thereof! In fact there are a lot of things it would be desirable
to report on. For instance, it would be nice to discuss the rehtionship between
the various proofs of the index theorems and formul . These fll into classes in-
cluding the Local index for Dirac (..., Getzler, Quillen, .. .), Embedding (Atiyah-
Singer, ...), K-homology (Kasparov, ...), Asymptotic morphism (Connes, Hig-
son, Trout), Homological (Fedosov, ...) and it is now possilke to describe the
relationship between them; however | will not do so!

Rather, from personal interest, | decided to concentrate orone thing that is still
not well understood. Namely, the general (and in fact very geeral) index formula
for pseudodi erential cases rather than the better-undersood Dirac setting. The
main point | emphasized was that there is now the possibility of rather explicit
formul, following ongoing work with Pierre Albin and Fed eric Rochon, which
is closely related to theorems on the index in K-theory [1] ad [4]. This work is
in the context of manifolds with boundary. Rather than talk o nce again about
the various algebras of pseudodi erential operators whichare known on a man-
ifold with boundary, | chose instead to limit attention to a | ess well-known, but
very similar, setting of product-type pseudodi erential o perators associated to a
bration. The sorts of questions | addressed were rst attacked (for the circle) by
Nicola and Rodino, [5], although in a somewhat di erent context. The similarity
of the results in these two apparently quite di erent settin gs can be attributed
to the fact that both correspond to "second level' algebrasn which part of the
‘symbol' is a pseudodi erential operator.

First, consider the setting of the Atiyah-Singer index theorem. Let¢: M ! B
be a bration of compact manifolds, E = (E*,E ) ! M a Z,-graded bun-
dle, P 2 ™(M/B;E) a family of elliptic operators on the bres and o(P) 2
Ct (S (M/B);hom(E) Np,) the principal symbol { invertible by assumption.
ThenR 2 ! (M/B;E) exists such that null(P + R) C ! (B;C' (M/B;E™"))
is a bundle and the cohomological (so not complete, like thendex in K-theory)
obstruction to existence ofR°2 ! (M/B;E) such that P + RCis invertible is
the Chern character of the index superbundle

inda:nom (P) = Ch(null( P + R)) Ch(null(P + R )) =
inde.nom (P) = (@ m) (Ch(a(P)) » Td(M/B)) 2 HE"(B).

Following Quillen, but with modi cations by Pierre Albin an d myself, for a
real vector bundle W ! X take the chain spaceC! (X; ) C1! (Sw; 1),
SW = (W n0y )/R* and dierential D = d Od
naturally isomorphic to H.(W). The Chern-Weil character of the K-class of the
symbol, essentially as described by Fedosov [2], ts very miely into this formalism.
Be aware that | have set 2ti = 1 and m = 0 here. Take a graded connectionr

. The cohomology is then
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with curvature w = r 2. The base and (regularized) “odd' Chern characters are

o = STr(exp(w)) 2 Ct (M; evem
Z 1
B = tr o (r 0)e"® dt2C! (S (M/B); °%),
0
wherew(t) = (1 tws +to 0 o+ t@1 t)(o ir 0).

Then, in terms of the chain complex above, Ch¢, E) = [( a,B)] 2 H*™(T (M/B).
To get an explicit Atiyah-Singer formula represent the Todd class Td(M/B) in

the same way as the Chern character of the creation complex oNNM N M for

the normal bundle of an embeddingM 0 B RN consistent with the bration.

Then, essentially as in [2] 5

iNd¢:hom (P) = A Td(M/B).
Stm=B )

For a nested pairY; ! Y, ! X of embeddings the spaces of "product-type'
or ‘marked' conormal distributions, 121 (X Y, Y>,; E), are well-de ned. These
are completely coordinate independent and have a long, andosnewhat tortuous,
history into which | will not go. Product-type pseudodi ere ntial operators have
kernels of this type. For a bration ¢: M ! B set

Lnt;m D(M;E): |m%(|\/|2,M2;Diag(|\/|);H0m(E) R)

where M? is the bre diagonal.

These have composition and boundedness properties similao the usual pseu-
dodi erential operators on appropriate Sobolev spaces. Tlre are two symbols
homomorphisms with valuesa 2 C! ([S M, ¢ S B];RY RM" hom(E)) and b 2
ct (S B;¢p ™(M/B;E) RmS, respectively the usual and the base symbols.
They are restricted by thg condition a(b) = a;g If bzoth are invertible then

(APS) ind(A) = Ch(a) » Td(M) 1 (n(b) + 1)
St™ 2 srg
which | am thinking of as a version of the Atiyah-Patodi-Singer formula.

The eta form here is a regularized version of the form3 considered earlier,
obtained by replacing the bundles by the in nite-dimensional bundles overB (and
henceS B) of sectionsZ

1
n(b) = T b X(r be"® dt2ct (S (B); °U).
0
The trace functional has been replaced here by a regularizetrace functional,
which means thatn need not be closed.

The form T is a transgression form, which depends on more than top symbol
data. Even its existence is not obvious, but follows from a renement of the proof
of the Atiyah-Singer index theorem itself. To do this the standard arguments
need to be carried through smoothly and in one step, the prodat formula for
the index, this is not done classically. Using product-typeoperators this can be
done smoothly (see [3]). Still a better understanding oft would be helpful! Even
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without this better understanding, the "APS' formula can be interpreted as a
formula in relative cohomology much as before.
Consider an iterated bration ¢ : M! B, ¢ :B ! D. A ‘fully elliptic’

family P 2 3" E'(M/D; E) can be perturbed by a family of smoothing operators
so the null spaces form a bundle and then ingx (P) is again the full obstruction to
the existence of such a perturbation to an invertible family. The standard Atiyah-
Singer theorem, asserting the equality of this "analytic' ndex and a topological
index de ned through embedding, does not apply but the symba pair (a, b) de nes

a classd(a,b) 2 K(T (B/D)) and

This is a form of "quantization commutes with almost everything.

My claim here is that the formula above is a model for several heorems for
boundary calculi which should soon be forthcoming. Namely ér Boutet de Mon-
vel's transmission calculus (work with Pierre Albin, following results of Fedosov),
for the scattering calculus (relatively easy), for the zerocalculus (corresponding
to conformally compact geometry) with Pierre Albin, for the cusp and bred cusp
calculi { the hardest case { in work with Feceric Rochon. T his should all extend
to manifolds with corners, although less is known for the monent.
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Index theory for manifolds with cusps
Gilles Carron
(joint work with Werner Ballmann, Jochem Braning)

The geometric set-up. We consider a complete non-compact Riemannian
manifold (M, g) with nite volume and pinched negative curvature :

volg(M) <1 and b* K a? <.

Since the work of Eberlein, Heintze & Im-Hof [6],[7], the gemetry at in nity of
such manifold is well understood : outside some compactsd M, U = M nK
is di eomorphic to )0,1 ( N whereN is a compact manifold equipped with the
metric

g=(dt)*+ h
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where (h); is a smooth family of C! metric on N. We moreover know that
h, *hy 2 L and that
e hy hy e @ho.
For sake of simplicity, we will assume thatN is connected, that isM has only
one end.
The analytic set-up.  We consider onM a geometric Dirac operator D :
Cc! (M, E) L C! (M,E) where E! M is a Cliord bundle. On U, we have
L?(U,E) = L2(E;)dt where E; = Ejtig n -
In [1], Ballmann and Bmaning had introduced a unitary at co nnexionr on
Eju such that
r Levi Civita — r +S
where S is uniformly bounded : kSk - < 1 . This connexion has onlyC° co-
e cient and the atness of r has the following meaning : 't -parallel transport
depends only on homotopy class of curves."
Let T := 0; be the radial vector eld on U, we can decompose

K
D=T. rr Z+A

where Kk = tr h, 'h, and A; : C1(E;) ! C! (E,) is a Dirac type operator

with only C° coe cients. It is easy to check that the operator T. r 1 5 IS

symmetric on C3(U, E). Using the connexionr we have another decomposition :
K
D=T. r+ §+At+Bt

where X
A= T. Eir g,
|
where (E;); a local orthonormal frame of (N, hy). A; is a kind of Dirac operator
but is not necessary symmetric. MoreoverB; is a zero order operator which is
uniformly bounded.
Some spectral theory. In [2], we obtain a result which implies the following

Proposition 1. Let k =dimker r and denote
Ao()  Au(t) .. A(D)

be the spectrum of the operator A; Ai. then Ao(t) = Ag(t) = ... = A¢ 1(t) and
“mt!l )\k(t) =1.

SinceA; = A; + B; and By is uniformly bounded, we can decompos&?(E;) in
a low energy part and a high energy part :

L2(Ey) = H + H{
where dimH/ = k and in this decomposition A, is diagonal :

Al 0

AZ g A
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where Al is uniformly bounded and AP is invertible with lim {11 JA{] 1=0. Let
P be the orthogonal projection onto H{ and let
K
D':=PDP =P, T. r1 > + Al
is a Dirac type operator acting on C1(R. , CX). We can recover a result of J. Lott
[10]

Theorem 1. Let speg D' be the subset of real number A 2 R such that there is a
sequence 0, 2 C3(R+,CK) with suppo, [p,1 [, kopk =1 and limp;  kDa,
Aopk = 0. Then we have the equality :

speg D' = specyD.

Finiteness of the L? kernel : we also obtain a generalisation of a result of J.
Lott [9]

Theorem 2. For any w 2 R, the space

fo2 L2.(M,E),Do=0 & Ujojze " dvoly < 19

has finite dimensional. In particular, the L? kernel of D is finite dimensional.

The result of J. Lott was that the space of L? harmonic forms has nite di-
mension. In fact we show a Poincae inequality : forw > 0 large enough :

802 C4(U,E) . .

joj?e “dvolg jDaj%e “'dvolg jDaj?dvolg
U u U
in particular D satis es the non parabolic at in nity assumption that was in tro-
duced in [5].
Some index formulae. We turn to index computation, we assume that E and
D areZ, graded:E=E* E and

D= D°+ DO . C!(M,E*) C'(M,E )! C!(M,E*) C!(M,E).

We assume that 062speg. D, then the operator D* : D(D*) ! L2(E ) is
Fredholm and his index is
ind D* =dimker D* \ L%(E*) dimkerD \ L%(E ).

Our goal is to express the index ofD* as a local contribution coming from the
index density of D* and a contribution of the end. An important tool to do this
is the splitting formula :

ind D* =ind Dy +ind D
where Dy is the operator D* with domain given a the Atiyah-Patodi-Singer
boundary condition :

D(Dx)= fo2 HY(K,E"), Q o(0j@k) =09
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where Q o is orthogonal projection onto the non positive eigenspace foAq. And
similarly for D} :

D(D{))=fo2 HY(U,E"), Q-0(0jek) =09

where Q-o = 1d Q o is orthogonal projection onto the positive eigenspace of
Ap. There is a problem in our setting, this splitting formula is known only in
the smooth realm and the operatorsA; have only C° coe cients. An important
tool to show such a spitting formula for the index is a result d regularity for the
Caldeon projector, see for instance [4]. In [3], we have otain

Theorem 3. Let C= faojgk,0 2 L?(U,E)& Do =0g, then we have C H 172,
and let C be the orthogonal projection onto the closure of C\ L?(Ep), then C =
Q-0+ E where E : H 721 H=,

This result (and a similar result concerning the regularity of the Calderon pro-
jector associate to solution ofDo = 0 on K is then used to show that the splitting
formula for the index is true in our case. And we obtain severaresults

Theorem 4. For w > 0 large enough and without any assumption on spegyD,
then

. Z
AMACTT —dimfo2 L3, (M,E),Do=0& jof’e "dvoly <1g

U
z
dimfo 2 L3.(M,E),Do=0& joj?e""dvoly < 1g
)

Theorem 5. With thg assumption that 0 62pe¢ D, we get

o 1.
indD* = |\/lmD++étI!|lmn (A)

1 . . ) .
3 dimker . D"* dimker . D" |

where D" are the  part of the operator D' and ker_. D" are the set of L?
solution of the ODE D" ¢ =0 . Moreover n"®(A; ) is a formal quantity which
is the eta invariant of high energy part the geometrical operator A; induced on
ftg N when submanifold ftg N M is smooth ; in general the definition of
this quantity is the same as definition of Hilsum concerning the eta invariant of
Lipschitz manifold [8]
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Index theory on conformally compact manifolds
Pierre Albin
(joint work with Richard Melrose)

Conformally compact metrics have been involved in many recet studies in confor-
mal geometry and the AdS/CFT correspondence in physics. Ths talk was a report
on recent work on the index of pseudo-di erential operatorsnaturally associated
to these metrics.

Let X be the interior of a manifold with boundary and let x be a smooth
non-negative function on X that is equal to zero precisely at the boundary with
only a simple zero there (i.e., a boundary de ning function). A metric g on X is
a conformally compact metric if x>g extends to a smooth metric onX. In nite
volume hyperbolic metrics without cusp singularities are examples of conformally
compact metrics.

Natural di erential operators associated to these metricsare examples of zero
pseudo-di erential operators (so called because they aressociated to the vector
elds that vanish at the boundary). This calculus was introd uced in [7] and [8]
where it was shown that the essential behavior of these opetars is controlled by
two model operators, the princial symbol and the normal opeator. For an operator
A of order zero acting on sections of a bundlée, the rst is a straightforward
extension of the classical principal symbol,

a(A) 2Ct (S X,End(E)),

while the second is a smooth family of pseudo-di erential ogrators (in the b,c
calculus [6], [1]) acting on an interval bundle over the boumary,

N(A)2Ct S aX, p.(l,E) .
As advertised these determine whether or notA is compact (if and only if they
both vanish) or Fredholm (if and only if they are both inverti ble).

Consider a bration M! B whose bers are manifolds with boundary. In
the paper [1] we investigated the group of stable homotopy esses of families
of Fredholm zero operators on the bers of@, K(¢). We were able to identify
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this group with the relative topological K-theory group of t he vertical cotangent
bundle,
K(p) = K(T M /B),

by showing that every class A] 2 K (@) could be represented by a family of zero
pseudo-di erential operators & with N (&) = Id and o(&) = Id near the boundary.
One interesting consequence of our results in [1] is that in raer for a family
of zero pseudo-di erential operators A to be Fredholm it is necessary that the
Atiyah-Bott obstruction of its principal symbol vanish (ju st as in the study of
local elliptic boundary problems). A second interesting cansequence is the families
index theorem for the zero calculus which we obtain by doublng the bers across
their boundaries, extending & as the identity to the double, and then applying the
usual Atiyah-Singer families index theorem.

This is great as far as it goes, but if now we want a formula for he Chern
character of the index bundle it would be in terms of (&) and we would much
rather have one in terms of @(A),N (A)). We nd this improved formula in [2].

]
First recall the situation for a bration of closed manifolds M9 ! B and
a family of Fredholm pseudo-di erential operators P acting on a graded vector
bundle E= E* E . The symbol of P determines a classd(P)] 2 K{(T M¥B)
and hence a class Cig(P)) 2 H&*"(T M¥%B). To write down a formula for this
class, notice that the complex

d O
Tt d

computes H. (T M¥B) (cf. the de nition of relative cohomology in [3]). Then
for a choice of graded connectiomr on E we obtain a representative of Chg(P))
as

= Kt mYB) K(s MYB), D:=

Ch(E), En(a(P)) 2C®*", Ch(E)=tr(e'*) tr(e' ),
Z

Eh(o(P)) = 1tr olroe® dt
0

WO =1 D, +to lo,o+tl t) o ro’

wherew are the curvature forms forr restricted to E (and we have left out all
factors of 2mi). This formula is a slight reinterpration of a formula of Fedosov [5]
that, for instance, allows us to dispense with cut-o functions. It follows that a
representative of Ch(IndP) 2 Hze"e“(B) is given by

Ch(IndP) = Eh(a(P))Todd(MYB).
StM =B

Returning to the bration M! B of manifolds with boundary and the family A
of Fredholm zero pseudo-di erential operators acting on a gaded bundle E over M,
we know that the joint symbol (a(A), N (A)) determines a class inK(T M /B)
and hence its Chern character a class iH*"(T M /B) which we will describe
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using only (c(A),N (A)) and a choice of graded connectiorr on E. This data
allows us to de ne Ch(E) and th(o(A)) as before, we will also need the even Chern
character of the indicial operator of A, 1,(A) (the normal operator of N (A) as an
element of the b-calculus),

e (1,(A)) = Ri@é:h@M = (I(A) 2 (1),

and an eta-form (in  °94(S aM/B))
Zl
NINA)Y= @ H*Tr N N O + T (N )e'vV(ON b dt
0

which involves (a slight variation of) the renormalized trace introduced by Melrose
and Nistor [9].

Viewed as a whole, these Chern forms represent a classk#¢'*"(T M /B) once
this group is written down in an appropriate way. Indeed, we de ne

= kx kKtsm/B) X 1) k13(s oM/B)
d

0
D= % T[S M=B d §
mig d
vl omg! d
(with a compatibility condition at the boundary) where v' is a certain push-
forward map from Sg,,M/B to S dM/B and we show that this complex computes

the cohomology groupsH. (T M /B). Then we show that a representative of
Ch(a(A),N (A)) in C*e" is given by

Ch(a(A),N (A)) = Ch(E), En(a(A)), Eh™"" (1,(A)), n(N (A))

Finally we use this representation together with a natural push-forward map to
get a formula for the Chern character of the index bundle ofA as an element in
even(B)
z

Ch(IndA) = Eh(o(A))Todd(M/B) + n(N (A))Todd(oM/B).
StM=B SL@M=B
In closing we mention that [2] contains a similar treatment of the scattering
calculus which models asymptotically locally Euclidean maifolds (where the K-
theory computations were carried out in [10]) and the Boutet de Monvel calculus
(where the K-theory computations were carried out in [4] andthe index formula
is due to Fedosov [5]).
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Smooth K-theory
Ulrich Bunke
(joint work with Th. Schick)

The main objective of the talk was to report on [BS07]. Smoothextensions of
generalized cohomology theories recently became an impamt tool for setting up
eld theories with di erential form eld strength on the one hand [Fre00], [FHOO],
and for capturing secondary geometric and analytic data in poblems of global
analysis on the other hand [CS85], [Lot02], [Bun].

Let N be aZ-graded vector space oveR. We consider a generalized cohomol-
ogy theory h with a natural transformation of cohomology theories ¢ : h(B) !
H(B,N). Let ( B,N):= ( B) rN.

Definition 1. A smooth extension of the pair (h,c) is a functor B ! ﬁ(B) from
the category of compact smooth manifolds! to Z-graded groups together with natural
transformations

a) R:A(B)! 4= (B,N) (curvature)

b) 1:A(B)! h(B) (forget smooth data)

c) a: ( B,N)/im(d)! f(B) (action of forms) .
We require that these transformations satisfy the following axioms:

i) The following diagram commutes

f(B) ——LA(B)
R c
[ U]

a=0 (B, N) -X—IH(B, N)

1possibly with boundary
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i)
(1) R a=d.

iif) a is of degree 1.
iv) The sequence

2) h(B)!° ( B,N)/Zim(d) * A(B)!" h(B)! 0.
IS exact.

The smooth integral cohomologyB 7! K(B,Z) rst introduced in [CS85] is
the smooth extension of the pair H(...,Z), i), with the canonical i : H(B, Z) !
H(B,R). In general, the existence of smooth extensions has been®hin in [HS05].
In the special case of ordinary cohomology uniqueness is kno [SS], [Wie]. In
other examples, e.g. compleX-theory, there exist non-isomorphic smooth exten-
sions, see [Wie].

If h is a multiplicative cohomology theory, then one can considea Z-graded
ring N over R and a multiplicative transformation c¢: h(B)! H(B,N).

Definition 2. A smooth extension fi of (h, c) is called multiplicative, if fi together
with the transformations R, I, a is a smooth extension of (h,c), and in addition

(1) fi is a functor to Z-graded rings,
(2) R and | are multiplicative,
(3) a(w)[ x= a(w” R(x)) for x2 A(B) and w 2 ( B, N)/im(d).

The smooth extensionH(..., R) of ordinary cohomology H(. .., R) with coef-
cients in a subring R R is multiplicative in a unique way.

In [BSO7] we introduce a geometric/analytic model of a multiplicative smooth
extension of the pair (K, ch), where K is complex K-theory, and ch is the Chern
character. A cycle for a smoothK-theory class overB is a pair (E, a), where E is
a geometric family (see [Bun]), anda 2 ( B)/im(d). Addition of cycles is de ned
in the obvious way by the disjoint union of families and the sum of forms. For the
relations: the pair (E, a) represents the trivial smooth K-theory class if E admits
a taming E such that n(&) = a, where n(g) is the eta form, see [Bun] for the
notion of a taming.

The most interesting operation with smooth K-theory is integration. In [BS07]
we introduce the notion of a smooth K-orientation of a proper submersionm :
W ! B. Then we construct the push-forwardm : K(W) ! K(B) which has all
expected properties:

(1) itis compatible with the push-forward on the level of top ological K-theory
and on forms,

(2) it satis es a projection formula and commutes with pull- backs

(3) it is functorial with respect to the composition of smoothly K-oriented
maps.

It was shown in [Wie] that the pair ( K, ch) has a unique extension, if in addition
to the structures discussed above one requires a push-fornaalong the bundles
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S! B! B with the corresponding subset of the properties above. Thismplies
in particular that our model of K is canonically isomorphic to that of [HS05] (here
we disregard the multiplicative structure).

The second main construction of [BS07] is a lift of the Chern baracter to a
multiplicative transformation

h:R@B)! A(B,Q)

which induces a rational isomorphism. The main theorem is tke following index
theorem:

Theorem 1. If m: W ! B is a smoothly K-oriented proper submersion, then the
following diagram commutes

R (W) M(W, Q) ,

K
1

;b
R(B) —1A(B,Q)

R
w=B

R
where i (X) == 5 ,/3\\[ X,

smooth cohomology, and A 2 A(W, Q) is a lift of the A-class of the vertical bundle
of m determined by the smooth K-orientation.

denotes the integration over the fibre in rational

This theorem subsumes and generalizes previous results ofdt94], [Bera],
[Berb], [Bis05].
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The eta invariant and the equivariant index theorem
Ken Richardson
(joint work with Jochen Bmaning, Franz W. Kamber)

Let E be a Hermitian vector bundle over a closed, Riemannian mandld M, such
that a compact Lie group G acts on (M, E) by isometries. Letp: G! U (V) be
an irreducible unitary representation. Let D: ( M,E*)! ( M,E ) be a rst
order, transversally elliptic, G-equivariant di erential operator. We assume that
near each singular stratum ;, D can be written as the product

1
D= Z r(E@+FDjS D i,

where r is the distance from ;, where Z; is a local bundle isomorphism, the
map DjS iIs a purely rst order operator that di erentiates in the uni t normal
bundle directions tangent to Sy j, and D i is a global transversally elliptic, G-
equivariant, rst order operator on the stratum ;.

Following is the main result ([2]).

Theorem 1. (Equivariant Index Theorem) The [p] part of the equivariant index
of D is

ind (D) = Ao (x) X
g’lo:G
. Z
1 X nyl : | '
X Wb ps L ose C Al
i;j;a;b My, e
where

1) 1, is the equivariant blowup of the principal stratum of M. That is, o is
the fundamental domain of the principal stratum of M after blowing up and
doubling along all singular strata in its closure to produce the G-manifold
M, whose orbits fO  : x 2 MJg form a fiber bundle;

(2) fi is the equivariant blowup of the singular stratum ;

(3) Ay (x) is the Atiyah-Singer integrand, the local supertrace of the ordinary
heat kernel associated to the elliptic operator induced from D° (blown-up
and doubled from D) on the quotient M3/G, where the bundle E is replaced
by the bundle E defined as E (Oy) =Homg V ,L?(Oy,E) .

(4) For an irreducible representation o, : Hi ! U (W ,) of H;, A;° b:is simi-
larly the local supertrace of the ordinary heat kernel associated to the ellip-
tic operator induced from D 19 1 (blown-up and doubled from D i, where
[Hi] is the isotropy type associated to the stratum ;) on the quotient /G,
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where the bundle E , B, is replaced by the space of invariant sections
over each orbit;

®B) n Dis“ IS the eta invariant of the operator DiS+ induced on any unit
normal sphere Sy ;, restricted to sections of type [3.
(6) h D>’ s the dimension of the kernel of D", restricted to sections of

type B. |
(7) n;, m," and y., are defined by the equations
M

Res@)=  n gj; yh, = multiplicity of o in 0a  Op;
j
my' = multiplicity of oy in E j ,
with the o;,0,,0p being irreducible H; representations.

(8) 9, is the bundle over ; induced from the H; representation that is a
direct sum of n  copies of W .

A consequence of the theorem above is the following formulafrom [3]) for the
index of a foliation-equivariant transverse Dirac operata Dy restricted to basic
sections on a Riemannian foliation M, F). See [5] and [4] for de nitions.

Theorem 2. (Ba%ic Index Theorem for Riemannian foliations) We have

indp (Dy) = _ Aogp (X) A
MOZF Z
1 X 1 S+; S+; :
+ > i; vy n b +h D, MiF_Ai;b (X) fixj,

where the sum is over all strata M; of M,F and over all irreducible representa-
tionsp:0O(g)! U (V) (only a finite number occur), where

(1) {1, is the fundamental domain of the principal stratum of the foliation
after blowing up and doubling along all singular strata;

(2) M; is the fundamental domain of the singular stratum M; after blowing up
and doubling M; along all singular strata properly contained in the closure
of M;;

(3) The other notation is similar to that in the last theorem.

In the following section, we explain the meaning of the equigriant index mul-
tiplicity ind (D).

1. What is the equivariant index?

As in the last section, suppose that a compact Lie groupG acts by isometries
on a compact, connected Riemannian manifoldM, and let E = E* E be a
graded, G-equivariant Hermitian vector bundle over M. We consider a rst order
G-equivariant di erential operator D = D* : (M,E*)! ( M,E ) which is
transversally elliptic, and let D be the formal adjoint of D* .
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The group G acts on (M,E ) by (gs)(x) = g s g 'x, and the (possibly
in nite-dimensional) subspaces ker ©) and ker(D ) are G-invariant subspaces.
Let p: G! U(V ) be an irreducible unitary representation of G, and let x =
tr (p) denote its character. Let ( M,E ) be the subspace of sections that is the
direct sum of the irreducible G-representation subspaces of M,E ) that are
unitarily equivalent to the p representation. It can be shown that the extended
operators

Ds:H® ME* | H*! M,E
are Fredholm and independent ofs, so that each irreducible representation ofG
appears with nite multiplicity in ker D . Let a 2 Z* be the multiplicity of p
in ker(D ).

We de ne the virtual representation-valued index of D as in [1], as

ind® (D) := at a [p],

where [p] denotes the equivalence class of the irreducible repres@ation p. The
index multiplicity is

1
, s _ , :
ind (D):=a" a = Wlnd Dj(me -y (mE )
In particular, if pg is the trivial representation of G, then

where the superscriptG implies restriction to G-invariant sections.

There is a clear relationship between the index multiplicities and Atiyah's equi-
variant distribution-valued index ind 4 (D) (see [1]); the multiplicities determine the
distributional index, and vice versa. Because the operatorDj . +) | ( me -

is Fredholm, all of the indices ind® (D) , indg (D), and ind (D) depend only on
the homotopy class of the principal transverse symbol oD.
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