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Introduction by the Organisers

The workshop was conducted jointly with a workshop in statigtical learning
theory. There was substantial interaction between the two goups, both formally
in terms of talks attended by members of both groups, as well & via informal
discussions. The intellectual themes which were presenteduring the workshop
are described below.

Sensor nets and engineering applications:

In the opening talk R. Ghrist spoke about the topology necesary to develop
methods for determining intruders have entered a net of sera's, and for counting
their number. Ghrist, jointly with V. de Silva and Y. Baryshn ikov, has developed
techniques based directly on homological calculations as &l as on integrals over
Euler characteristics which hold promise for implementabé algorithms. In order
for such algorithms to be maximally useful, one must developerror insensitive
methods, which will require more probabilistic methods to be included within the

algebraic topological framework.
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Combinatorial applications:

Several presentations at the workshop elaborated on the sybct of combinato-
rial algebraic topology. D. Kozlov has given a survey talk, which has set the
accents on the subject, tying together structures, methods and applications, as
these are present at the current state of the development. Tiks by R. Jardine and
M. Raussen concerned the combinatorial and computational spects of homotopy
theory, nding applications of such abstract notions as Quillen's closed model cat-
egory. K. Knudson gave an interesting account of connectios between persistent
homology and discrete morse theory. Finally, the talk of E. Babson dealt with
more probabilistic aspects and served as a bridge to the prestations of M. Kahle
and P. Bubenik.

Dynamical systems:

K. Mischaikow and S. Day spoke about the use of algebraic todogy to under-

stand the qualitative structure of dynamical systems. Misdaikow introduced his

paradigm of building databases of dynamical systems basednochoices of param-
eter values. His methods permit the construction of partitions of parameter space
within which the qualitative structure remains the same. In addition, Conley index

methods, or rather their computational versions, are used ¢ prove the existence
of xed points, recurrent points, and invariant subsets wit hin a given region in a

spatial domain.

Data analysis:

G. Carlsson and V. de Silva spoke about applications of varios kinds of diagrams
to understand the qualitative geometric nature of data sets For example, persis-
tence diagrams allow one to recover Betti numbers of subleVeets of a probability

distribution, multidimensional persistence allows one tostudy sublevel sets of var-
ious functions as well, and the analysis of structure theorms for certain kinds of
guivers permits one to extend the bootstrap methods to cluséring, Betti numbers,

as well as to perform dynamic clustering (i.e. clustering oer time). There are now
viable computational methods for all of these applications

Probabilistic methods:

M. Kahle and P. Bubenik spoke about the beginnings of stochasc algebraic topol-
ogy. Work at the level of zeroth Betti numbers has already bea carried out by M.
Penrose, under the heading of \geometric random graphs". Wht is now needed
is an extension of this work to higher dimensional homology goups, as well as to
the barcodes which arise in persistent homology. Ultimatey}, precise results along
these lines will open up the possibility of direct evaluatian of signi cance of various
gualitative observations given a null hypothesis.

There were also several talks more centered at applicationsuch as vision recog-
nition (J. Giesen) and material science (R. MacPherson).
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All things considered, the workshop was a great success in ri@s of scientic
interaction, both within this group, as well as with the researchers in statistical
learning theory, as was witnessed by many involved discussns, which often lasted
well into the late evenings.
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Abstracts

Fundamental Groups of random 2-complexes
Eric Babson
(joint work with Christopher Ho man and Matthew Kahle)

The random graph G(n; p) is the probability space of all graphs on vertex set
[n] := f1;2;:::;ng with each edge inserted independently with probability p. One
frequently considersp a function of n and asks whether a typical graph inG(n; p)
is likely to have a given monotone property asn ! 1 . We say G(n; p) almost
always has property P if lim,; P(G(n;p) 2 P) = 1, which we sometimes
abbreviate as "a.a." A famous result of Erdds and Renyi [Erdds and Renyi, 1959]
is that p = log n=n is the threshold function for the connectivity of the random
graph. More precisely, they showed the following.

Theorem 1. [Erd)s and Renyi, 1959] Let I (n)!'1 asn!1 . If p=(logn
I' (n))=n then G(n; p) is almost always disconnected, and ip = (log n + ! (n))=n,
G(n; p) is almost always connected.

Nathan Linial and Roy Meshulam recently exhibited a 2-dimensional homolog-
ical analogue of Theorem 1. They de ned the random 2-dimenginal simplicial
complex Y (n; p) to be the probability space of simplicial complexes on veréx set
[n] and edge set [2] , With each 2-face appearing independently with probabilily
p.

Theorem 2. [Linial and Meshulam, 2005a]Let ' (n) !'1 asn!1 . If p=
(2logn ! (n))=nthen almost alwaysH1(Y;F;) 6 0, and if p=(2log n+! (n))=n
then H1(Y;F,) = 0 almost always.

Meshulam and Wallach later extended this result toH1(Y;Fq) for any prime g
and proved analogous results for random higher dimensionaimplicial complexes
[Meshulam and Wallach, 2006].

In this article we address the analogous question for 1(Y (n; p)). We show that
the threshold for vanishing of 1(Y (n;p)) is approximately p= n =2, in contrast
to the Linial-Meshulam threshold for homology of roughly p= n *.

Theorem 3. |f
3logn + ! (n) '
n
where! (n)!'1 ,then 1(Y(n;p)) = flga.a.

The proof of Theorem 3 is based on showing that once every paiise intersec-
tions of vertex links is connected, every triangle bounds arembedded disk. Then
every cycle can be factored as a product of triangles, sincené underlying graph
is complete, and by simplicial approximation, every loop ishomotopy equivalent
to a product of cycles.

Our main result shows that the exponent 1=2 in Theorem 3 is best possible.



1610 Oberwolfach Report 29/2008

Theorem 4. Forany > 0if

D n
n 1=2

then (Y (n;p)) 6 f1g and is hyperbolic a.a.

Our proof of Theorem 4 is geometric in spirit and relies on gearal notions
of negative curvature due to Gromov. In particular, we show that when p is in
this range, Y (n; p) is hyperbolic in the sense of satisfying a linear isoperinmec
inequality.
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Statistical persistent homology
Peter Bubenik
(joint work with Gunnar Carlsson, Peter T. Kim, Zhiming Luo)

from some manifold, which we assume was obtained, with err@r, from some prob-
ability density. We would like to use the sample to recover, & best as possible,
the topology of the underlying density.

First we need to say what we mean by the topology of the underling density.
Let (M;g) be a compact, connected Riemannian manifold, with a dominéng
measure (the invariant measugg which in local coordinates is jgjdxy::dxq).
Let f : M ! [0;1]suchthat |, fd = 1. This probability density gives an
increasing ltration of M by sublevel sets

M r=fx2Mjf(x) rg:

This induces an increasing ltration on C (M), the Morse ltration : F,(C (M)) =
C (M ), from which we can calculate thepersistent homology[3, 4]. This is what
we earlier referred to as the topology of . Of course, the study of other invariants
on M; , is possible.

In order that we may do statistics, we need to assume thaf = f belongs to a
family of densities

ff j 2 g

where is the parameter and is the parameter spacewhich can be nite dimen-
sional (the parametric case), or, in nite dimensional (the nonparametric case).

Our goal is to nd an estimate " of so that the persistent homology off » is
close to the persistent homology of .

For a basic example, consider the following unimodal densiés on the unit
sphereSP 1, called von Mises-Fisher densities:

f. (xX)=c expf x' g;

where 2 SP 1 21[0;1), and ¢ is a normalizing constant. Using the Morse
ltration on C (SP 1) with f. , we see that the only non-trivial persistent ho-

mology occurs in degrees 0 ang 1. Here we encode the persistent homology in
a set of intervals called abarcode

off; )="f[ce ;1]gand , «(f; )= flce ;1 ]o:

Let X = (X1;X2;:: :angbe a sample onSP 1 according to the von Mises-Fisher
density f. . Let X = % Xi be the sample mean. The maximum likelihood
estimators are given by:

X - e ()
A= _—_and = A_1(jiXij), where A = =z
iXi o (1X1)) p( ) ea()

with | denoting the the modi ed Bessel function of the rst kind and order
Using the estimator * we obtain the following estimates for the persistent homolgy
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of the Morse ltration in degrees O andp 1:
offan)=flcee ;1 ]gand , 1(fan)= flcee ;1 g
The large sample asymptotics are given by
P_— .1 .
n(* )!dN(O,A—g()) as n!'l

where N denotes the normal distribution. To measure how close our @snators
i (f~) to the true parameter ;(f ), we use the least symmetric di erence metric
on the space of barcodes. We obtain [1]
c

EDCi(frn) i ) Pz

Now let us consider the more interesting nonparametric case For simplicity,
takef : M ! R tobe aMorse function with distinct critical values. Here we encode
the persistent homology using thepersistence diagram[2]. Let D,(f ) denote the
persistence diagram for the degre@ persistent homology ofC (M) Itered using
the sublevel sets of . Let dg denote thebottleneck distance[2] between persistence
diagrams.

The bridge between topology and statistics is provide by theStability Theo-
rem [2]. Takef to be an unknown function and f* to its statistical estimator.
Then, by the Stability Theorem,

dg (Dp(f);Dp(f)) k f  fky :

We would like to be able to solve the following Data Analysis Problem Let

f on a compact manifold M. Find an estimator f* that minimizes kf  fk; and
calculate the asymptotics asN ! 1

For now, we consider the closely relatedsaussian White Noise model which is
easier to work with. It remains to show that the two problems are equivalent. Let
M be a compact, connectean-dimensional Riemannian manifold with Riemannian
metric (; ) and volume elementd! . Consider the Helder class of functions on
M,

(;L)= f:MI RjjE(x) f(Mi L (Xy) xy2M ;

where 0< 1.

Our result is the following. In the white{noise model,

Eds (Dp(f*);Dp(f)) C -;

2 Ty
as"! 0,where - ="?log(" ?)and C = L™= +m) % e
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Topological Methods for the Analysis of High Dimensional Da ta Sets
and 3D Object Recognition

Gunnar Carlsson

It is well understood that the analysis of high dimensional data sets of various
kinds is a task which is of crucial importance to modern scienes and engineering.
Data is being produced at a rate which is much greater than ourcapacity to
analyze it, and furthermore traditional methods for analysis are often inadequate.
One particularly useful set of methods which has been deveped are thegeometric
ones, i.e. methods which rely on the introduction of a metri¢ or notion of distance,
on the set of data points. The distance is often re ecting an ntuitive notion of
similarity, in that points which are a small distance apart are regarded as similiar.
Methods based on these ideas are the multidimensional scalj and locally linear
embedding methods, which nd low dimensional visual represntations of the data
in question, and R. Coifman's notions ofdi usion distance and di usion mapping .
Inducing a metric can then permit the introduction of geometric methods from
pure mathematics which can be quite useful in making sense dhe data. It is
then interesting to ask what methods from geometry are partcularly well adapted
to data geometries. In considering this question, it is usaifl to keep in mind the
following two points about distances frequently used in stuying data.

Although short distances re ect a notion of similarity well , it is often the
case that long distances are not particularly well related b the problem
in question. For example, when comparing two genomic sequess, they
are de ned to be close if one can be obtained from the other by amall
number of substitutions. On the other hand, knowing that two sequences
are related by a particular large number of substitutions isnot so useful.
Quantitative comparison of short distances is often not so gni cant ei-

ther.
y‘ 1.8

In the above image, two comparisons of pairs of nearby pointsvhich
are far apart within the space does not, for the most part, sugest that
one pair is reliably more similar than the other.

These observations suggest that topological methods shadilbe useful in data
analysis, since topology studies qualitative properties bmetric spaces by ignoring
guantitative comparisons between distances, and insteadtsdies only the notion
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of a point being in nitely close to a subset. In this talk, we described three specic
ways in which topological methods can be imported into the amlysis of data.

(1) Homological signatures can be inferred using the methoaf persistent ho-

(2)

mology [4] and [7]. This technique was used to study particudr examples,
one from natural image statistics [3] and one from neurosciece [6]. The
method involves the study and classi cation of a family of diagrams of
vector spaces, called persistence diagrams. The method cde used to
produce a map describing the topological type of various sufets of data
sets, perhaps those of high density, as determined by a chacof density
estimator and a threshold for density. Below is a map obtaine for the
case of Mumford's data set of high contrast 3 3 image patches in natural
images.

eoe0 08

It shows how representations of patches can be mapped out tad on a

Klein bottle. The rectangular picture corresponds to the usual identi ca-
tion space model of a Klein bottle.
Simplicial constructions from topology can be used to deise methods
for visualization which in many situations are more exible and sensitive
than standard methods which are more strongly metric depenént. This
methodology, whose software realization is called Mappemnvas introduced
in [5], and was used in [1] to understand some questions in RNAolding.
Here is a picture which is output from Mapper.

/’ ‘ .-.. . .

The loop present in the middle of this diagram turns out to yield po-
tentially di erent folding mechanisms. This example illustrates the fact
that this method is capable of nding small features within a larger data
set. Sometimes these features will turn out to be artifacts,but this can
only be determined by returning to examination of the data.

(3) Topological methods can be introduced using di erent diagrams, so-called

zig-zag diagrams. These diagrams turn out to be interpretake as repre-
sentations of quivers, in fact of quivers of nite representtion type. They
can shed light on the stability and consistency of qualitative invariants
(such as the cluster decompositions) and the presence of Ips, as well as
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provide a useful summary for the understanding of dynamicalclustering.
This is discussed in [2].
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Zig-zag persistence
Vin de Silva
(joint work with Gunnar Carlsson)

1. Discrete invariants

It is well understood how to assign discrete algebraic invaants to continuous
topological spaces; this is the art of classical algebraicopology. These invariants
capture and quantify the intuitive topological properties of common objects: the
hole “in' a bagel; the cavity inside a tennis ball; the one-sled nature of a Mebius
band; the triplewise but not pairwise linking of the Borromean rings.

It is less well understood how to assign algebraic invariarg to statistical spaces;
by which | mean nite samples taken from a probability distri bution, perhaps con-
centrated on a simplicial complex or submanifold of some Euadean space. Con-
sider the simplest possible topological invariant, by, which counts the connected
components of a topological space. The corresponding statical quantity is the
number of clusters of a sampled distribution. This is much more slippery than
bp; in fact there exists a huge literature on clustering in staistics and machine
learning, and even an impossibility theorem, due to Kleinbeg [1].

Why are connected components easy, and clusters di cult? A smple explana-
tion is that the class Top of continuous topological spaces isliscrete, whereas the
classStat of discrete statistical spaces igontinuous in character. (One can evolve
continuously from a data set with two separate clusters to a dta set which has
only one cluster; whereas to reach a surface of genus 2 from artace of genus 1
requires a quantum leap.) Thus, discrete invariants (such a lkyp) occur naturally
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on Top , but are necessarily discontinuous when de ned orStat . Such invariants
are unstable.

2. Persistent homology

The theory of persistence provides a mechanism for overcomyg these di culties.
We wish to assign homological invariants (which are discres) to statistical spaces
(which vary continuously). The way around this is to decorate the homological
invariants with a continuous parameter. For instance, letX  Rgbe a nite set.
Replacing each point by a ball of radius , we candeneX = ., By() and
homology groupsH = H (X ). Whenever there is an inclusion X X,
and hence an induced mafH ! H . Thus we have a direct systemfH g which
we can regard as the primary homological invariant of the ponmt cloud.

The advantage of this framework is that homological cycles @r features) come
labelled with a real-valued lifetime: given 2 H its remaining lifetime is de ned
as inff j 2 ker(H ! H )g: A feature which persists over a long interval
[; ) is by default taken more seriously than a feature which pershes quickly.
Short-lived features are more likely to be artifacts of the @nstruction or of noise
in the data. If X is a topologically ambiguous con guration, then this may be
re ected by the presence of features whose lifetime is not ebrly short or long.

Two ingredients make these ideas e ective: a concise desption of the struc-
ture of the directed systemfH g, and an algorithm for computing this description.
Such a description and algorithm rst appeared in [4], with a more general alge-
braic treatment in [5]. The compact description comes from he fact that fH g
decomposes as a direct sum of one-dimensional summands, le@omprising a sin-
gle cycle ; which appears at time by (birth) and disappears at time d; (death).
Moreover, the summands are canonical, in the sense the the lbection of pairs
(b;d) is independent of the splitting. This description requires that we work
with eld coe cients, and we also assume that the vector spacesH are nite
dimensional (to avoid obvious pathology).

The multiset of pairs (b ; d;) can be regarded as a collection of half-open intervals
[ di) (the barcode description) or else as a subset d®? lying above the diagonal
X1 = X (the persistence diagram). It is now known that this object is stable under
perturbations of the underlying construction under very mild hypotheses [6].

The complete protocol for topological measurement can be samarised as fol-
lows. Given a statistical spaceX , represent the spacesg as simplicial complexes
Cech (X)) which are the nerves of the coveringX = | By(); then apply the
persistence algorithm tof Cech (X )g to obtain a barcode description of the family
fH g. There are several alternatives to the Cech construction (sch as Rips com-
plexes, witness complexes [7]) but all have the same qualit&e properties for the
purposes of this discussion.

The idea of using persistence in statistical topology appea to have occurred
independently several times. Two early references are [2]nd [3]. In the last
few years there has been considerable work in this area. Oneaent example is a
response [8] to Kleinberg's impossibility theorem.
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3. Zig-zag persistence

Persistent homology as described in [4, 5] works only for nésd (or at least
direct) systems of space$ X g. We propose a method for extending this paradigm
to more general 1-parameter families of spacefsX tg derived from statistical data.
Our main technical support comes from the theory of quivers.We note in passing
that 2-parameter persistence is known to be a hard problem [P even in the simplest
case of a bi ltration: there is provably no concise descripton of a system of vector
spaces of the formfH - g.

Consider a sequence of topological spaces?;:::; X" and maps pz;::i;pn
Each pi = fi or g takes one of two possible forms:f; : X! L1 X' (forwards)
org : X'l X' ! (backwards). For instance if everyp, maps forwards then we

Applying the homology functor (with eld coe cients) produ ces a diagram
of vector spacesfV! = H (X')g. In the language of quiver theory, this is pre-
cisely a quiver representation of typeA,. As with ordinary persistence, such
representations have a canonical decomposition into sumnmals. Each interval

elsewhere. This structure theorem can be proved directly, bt can also be seen
from the higher vantage points of Gabriel's theorem (which dassi es quivers with

a well-behaved decomposition theory) or Kac's theorem (whsh asserts that the
decomposition theory is in some sense independent of the @ictions of the maps
pi). See [10] for a general introduction to quivers.

Because the decomposition is canonical (up to isomorphism}he summands of
an A, -diagram of vector spaces can be calculated explicitly usipgreedy induction
along the index i. The situation is more involved when the vector spaces are
presented homologically, but the principle remains the sarm.

Now consider a 1-parameter family of nite setsX; R™. To de ne persistence

spacesY; = (X;) for a xed value of . There are no natural maps between
the Y, so we introduce interpolating space<Z; = Y; 1\ Y;. The inclusion maps
Zi' Y, 1,Z; Y, lead to a diagram with alternating arrows (or zig-zag

Yo Zi1!' Y1 ! Yo 1 Zn! Ya:

Applying the homology functor gives a quiver representation which can be decom-
posed into summands, giving us the desired barcode descripn.

When the Y; are represented asCech complexes Cecl{X;), each Z; is most
naturally represented as a bisimplicial complex Cech(X; 1;X;) contained in the
Cartesian product Cech(X; 1) Cech (X;). There are analogous bicomplexes for
the Rips and witness constructions.
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Symbolic Dynamics via Computational Topology
Sarah Day

With recent advances in computing power, numerical studiesof nonlinear dynam-
ical systems have become increasingly more popular. Howeaveerrors inherent to
such studies may obscure the dynamics or, at the very leastaise doubts about the
existence of numerically observed structures. Furthermoe, unstable behavior, an
intrinsic element of complicated systems, may be di cult to track even with very
careful numerical work. | will discuss techniques based onamputational alge-
braic topology, and in particular Conley index theory, which allow for the rigorous
detection of dynamical structures of various stability typ es.

I will focus on the application of these techniques to discree-time dynamical
systems given as continuous mapk : X ! X. The phase spac&X may be nite or
in nite dimensional, so long as it may be discretized in a naural way. Two exam-
ples are 2-dimensional Euclidean spac®? and the in nite-dimensional function
spacel ?. The maps themselves may also take many forms, but obtainingigorous
veri cation of the results requires the computation of bounds for truncation and
other errors inherent to the numerical study. These errors e ect a necessary loss
of information resulting from viewing the system at a xed re solution required for
a numerical study. The well-studied Henon map and the Kot-Scha er integrod-
i erence population model from ecology are two examples of @crete models for
which discretization and the corresponding error bounds mg be computed.

Sample results for the Hnon and Kot-Scha er models illustrate the use of the
topological tools. Our goal is to produce a semi-conjugacy étween the studied
system and a constructed symbolic dynamical system. The sybolic system then
serves as a (partial) catalogue of important structures cded invariant sets. In
joint work with O. Junge and K. Mischaikow on the Kot-Scha er model ([1]),
we used the techniques to locate (up to machine precision) ahrigorously verify
the existence of unstable periodic orbits, connecting orlis, and more complicated
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invariant sets{one with positive topological entropy (one measurement of complex-
ity) and another described by chaotic symbolic dynamics. Inmore recent work
with R. Frongillo and R. Trevino on the Henon map ([3]), we automated both
the initial numerical work and the processing of the Conley hdex information in
order to construct a semi-conjugate symbolic dynamical sym on many symbols,
yielding a high lower bound on the topological entropy.

In this work, the constructed symbolic dynamical system, orsubshift of nite
type, is speci ed by a directed graph. Verifying that all allowed periodic symbol
sequences (cycles in the directed graph) correspond to otisiin the original system
requires both computation and interpretation of the Conley index. Continuity and
compactness arguments allow us to extend the result from altycles in the graph to
all in nite paths, thereby proving the semi-conjugacy to th e constructed symbolic
system. Since the directed graphs we are interested in oftecontain in nitely many
cycles, there may be an in nite list of indices to check. Obtdning the results in
[3] relied on developing and automating a procedure for redecing this in nite set
of computations to a nite list.

Related topics and possible extensions include:

(1) Detecting spurious solutions{ studying the relationship between the nu-
merics/simulations alone and the topological information given by the
Conley index.

(2) Optimization of the algorithms for automated construction of subshifts d
nite type on many symbols and topological entropy bounds.

(3) Applications to broader classes and families of discrete dynamical systes
and interpretation of the results.
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Euler Calculus
Robert Ghrist
(joint work with Yuliy Baryshnikov)

Consider the problem of using a network of sensors to count tgets. For reasons
of power conservation and simplicity in design, sensors arassumed to be minimal:
targets cannot be localized or identi ed, but merely counted. This presents the
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problem of aggregating all the redundant data over the netwak in order to return
an accurate count.

We formalize the problem as follows. Fix an o-minimal structure on subsets of
Euclidean space [10] (e.g., one may restrict to piecewis@kar, or semi-algebraic,
or subanalytic sets): these are xed as the \tame" sets in whda follows. Assume
that W is the target space , where a nite number of targets T reside. Assume
a dense collection of counting sensors, parametrized assensor space X. The
sensing relation is the subsetS W X given by S = f(w;x) : a target at w
is seen by a sensor akg. The sensor eld on X returns a counting function
h: X I N given by h(x) = the number of targets seen by sensoix.

Each target T activates some collection of sensort X | the berof S
over T under projecton W X 7! W. Call this ber the target support . The
following theorem gives a means of enumerating targets wittminimal assumptions
on the shape or size of the target supports.

Theorem 1 (Baryshnikov-Ghrist). Given h : X | N the counting function for
fU g a collection of tame target supports inX with uniform Euler characteristic:
(U)=N 60 forall . Then

(1) # = = hd:

The theorem and proof uses a calculus based on Euler characistic  viewed
as a measurad . The history of this calculus is convolved: it appears in indoate
form in the works of Blaschke [2], Hadwiger [6], Groemer [5]and Rota [7], all of
which view the Euler characteristic as a scale-invariant vduation on polyhedra.
In the 1980s, Viro [11] (based on MacPherson's work on sheaskand Schapira [8]
(based on Kashiwara's work on sheaves) independently fornlated a rich integral
calculus based on Euler characteristic. Most recently, theEuler calculus has been
rediscovered as a foreshadowing ohotivic integration [3, 4].

A few de nitions su ce to set up the calculus. By the o-minima | Triangulation
Theorem [10], any tame set admits a partition into the homeonorphic image of a
(not necessarily closed) simplicial complex. Thegeometric Euler characteris-
tic of a tame space is de ned as

X )3
(2) (A= (1™ = ( DdimHM (A);
k=0

where denotes the simplices in a triangulation ofA and HZ™ denotes theBorel-
Moore homology of A. The geometric Euler characteristic is a homeomorphism
invariant.

Let CF(X) denote the class ofconstructible functions on X: functions
h:X ! Z of compact support whose level sets are tame. Thé&uler integral
is the pushforward , d :CF(X)! CF(fptg) = Z induced by the trivial map
X! [3 ptg. It has an explicit construction: any h 2 CF(X) can be expressed as
h = cl forf gg coIIectioB of (sets homeomorphic to open) simplices and
fc gcoecients. Then | hd = ( pdm ¢ .
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As this integral operator is expressed as a pushforward, itespects all the gluing
and restriction operations implicit in sheaves of construdible functions: it really is
gh integration theory. To wit, since (A[B) = (A)+ (B) (A\ B), one hasthat

x hd s invariant under how h is decomposed [11, 8]. Much more is knowable
and known, including a Fubini theorem, convolutions, integral transforms, and
duality [9, 3].

Given this calculus, the proof of Theorem 1 is trivial.

Proof.

Z Z ¥ Z X
3) hd = 1y d = 1y d = (U)= N#:
X X X

Unfortunately, sensors do not yet come in the continua Theoem 1 assumes:
they come in discrete networks. Intuition from numerical analysis suggests that,
given a discrete sampling of an integrandh, one shoulg use the piecewise-linear
interpolant hp as a good approximation toh. However, , d does not take real-
valued functions as an argument. Rota [7] and those followig de ne integration
for R-valued integrands; however, in that theory, integrals of @ntinuous functions
always vanish. We propose the following de nition.

Given a tame mappin%h X I R (the graé)h of h is a tame set), de ne

4) hbd c= lim 1 bnhcd :
X nll n x
This limit exists, is well-de ned, and gives a plethora of canputational formul ,
including some deep relations to Morse theory | the integral of a Morse function
is an alternating sum of critical values of h, graded by the Morse index. Unfor-
tunately, the integral operator is no longer linear. In recanpense, we do have the
following:

Theorem 2 (Baryshnikov-Ghrist). Let h 2 CF(R") be a constructible upper
semi-continuous function whose chambers are all codimer®i-0 in R". Then, for
a su ciently ne and regular triangulation of R", the PL interpolation hp_ of h
over the vertex set of the tri%ngulation satizs es

(5) hpr d = hd:
R" R"
This allows one to begin the process of developing numericanalysis, signal
processing, lters, and expectations for the topological ntegration theory of Euler
calculus.
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Surface Reconstruction
Joachim Giesen

(joint work with Tamal K. Dey, Bardia Sadri, Edgar A. Ramos, M adhusudan
Manjunath)

Given a smooth closed surface embedded intdR®. Let P be a nite sampling
of . The surface reconstruction problemasks to reconstruct from P, i.e., to
compute a piecewise linear surface © interpolating P that is isotopic to and
geometrically close.

There are sampling conditions on P such that the surface reconstruction prob-
lem can be solved. A popular condition introduced by Amenta, Bern and Epp-
stein [1] is based on the medial axis of . The medial axis M () is the closure of
the set of all maximal, empty, open balls in R®. Empty means that the ball does
not intersect , and maximal means the ball is not contained in another empty,
open ball. The local feature sizeis the functionf : ! Ry ;x 7! d(x;M ()), and
P is an"-sampling of if forall x 2 thereisa p2 P with d(x;p) "f (x). In
the following we require P to be an"-sampling with su ciently small "> O.

One way to get a isotopic reconstruction of from P is based on the approx-
imation of the distance function d : R® ! R.;x 7! d(x; ) by dp : R® !
R:;x 7! d(x;P). The gradient of d at x 2 R?® is de ned as as follows: let
N(x)=fy2 jd(x;y)= d(x; ) gandB(x) be the smallest enclosing ball oN (x)
with center ¢ 2 R® and radiusr 2 R . If x 2 conv(N (x)), then r 4 (x) = o0
where conv(N (x)) is the convex hull of N (x). If x 2 conv(N (x)), then x is called a
critical point of d . The gradient of d can be approximated by the gradientr g,
of dp . It can be shown [3] that the critical points of dp are either very close to
(in terms of ") or close toM (). The two types of critical points can be separated
algorithmically [3]. The stable manifold of a critical point c is the closure of all
points that ow into c under the gradient ow of r 4,. The union of all stable
manifolds of critical points close to essentially provide an isotopic reconstruction
of if > 0is small enough.
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So far guarantees known for smoothly embedded surfaces caminbe extended
to surfaces with sharp edges and corners. Empirically one @erves that isotopic
reconstruction is often possible in practice and that makirg a computed isotopic
piecewise linear approximation °to tighter gives geometrically better results. A
surface is calledtightly embeddedif any hyperplane cuts it into at most two pieces.
Tight surfaces minimize the total absolute Gaussian curvatire for the topological
type of . When aiming for a tighter surface this observation leads to the problem
to minimize the total absolute Gaussian curvature of °while keeping the topolog-
ical type and the vertex setP. For a variant of this problem NP-hardness has been
shown [2]. A probably weaker goal is to minimize the absolutéGaussian curvature
locally, i.e., to move a vertexp 2 P such that absolute Gaussian curvature of ©
at p is minimized. Note that the Gaussian and absolute Gaussian wrvature of
a piecewise linear surface °is concentrated in the vertices of % The problem
to minimize the absolute Gaussian curvature locally can be bstracted as follows:
given a piecewise linear embedding@ of S* into R® such that the vertices of C have
rational coordinates. Find a point q 2 R® n C such that piecewise linear surface
that contains one triangle with vertex qfor every edge inC has minimum absolute
Gaussian curvature. We have shown [4] that in generaly is not constructible,

coordinates of the vertices ofC, where E; is obtained from previous expressions
by addition, subtraction, multiplication, division or tak ing of k'th roots. We im-
plicitly construct a polygon C whose vertices have rational coordinates and for
which a unigue minimizer q exists, and show that the coordinates ofq are not
constructible.
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Local persistence: homotopy theory of lItrations
J.F. Jardine

Suppose thata; bare real numbers, and thata <b. A lItration of a simplicial set
X is a simplicial set-valued functor

F (X):[a;b! sSet
de ned on the poset [a; b, with t 7! F{(X) fora t b, such that
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Fe(X) =lim ot Fs(X) forall t 2 [a;h],

F(b)= X.
Examples include theCech and Rips complex constructions, de ned on an interval
[a; bl wherea is a small positive number andbis large. In persistence applications,
Fa(X) is a discrete set of points,Fp(X ) = X is a big contractible space, and the
vertex functor F¢(X)o = Xo is constant.

The idea of \persistent homotopy theory" is to nd homotopic al features of
the lItration steps F;(X) that survive (or are de ned) along subintervals of [a; b).
Persistent homology theory concerns the functorg 7! H (F¢(X)).

For a ltration F (X), if | [a; b is a subinterval, say that a persistent ho-
mology class onl in Hy(F (X)) is a family of classes { 2 H, (F{(X)) such that

¢ 7' to under the map

Hn(Fe(X)) ! Hp(Feo(X))

forall t t%n I. In other words, a persistent homology class orl is an element
of
lim H, (F¢(X)):
t21
The assignment
I 7! lim H, (F¢ (X))
t21
de nes a contravariant functor on the category Int[a; bl of open subintervals of
[a; b], with inclusions. One similarly de nes persistent classs in h(F (X)) on | for
all homotopy functors h, such as homotopy groups.
Observe that there could be a non-zero element 2 Iimt2| Hn (Fi (X)) in the
kernel of the map
lim Hn (Fe (X)) ! Hn (Fs(X))
t21
for somes 2 |, in which case would be persistently 0 on some open subinterval
of I.
There are various ways to study Itrations F (X), or more generally to study
functors Y : | ! sSet as homotopy theoretic objects, wherel is some interval.
Here are two related constructions:

1) The category sSet' consists of all functorsY : |1 | sSet taking values in
simplicial sets and all natural transformations between them.

The injective model structure on sSet' has for weak equivalences (respectively
co brations) all maps Y ! Z for which all maps Y(t) ! Z(t),t 2 I, are weak
equivalences (respectively inclusions) of simplicial set Injective brations are
de ned by a right lifting property.

Application: to construct the homotopy inverse limit holim | X of an | -diagram
X 1! sSet, take an injective brant model | : X I Y (ie. trivial co bration
such that Y is injective brant) and set

holim,; X =Ilim Y:
|
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2) The open subintervals of g; b are the subintervals of the form [; c), (d; €) and
(f; b], along with the empty set, and these are the objects of the pset Int[a; b] of
open subintervals, where the morphisms are inclusions. Caring families of open
subintervals are de ned in the usual way, and we get a Grothendieck topology on
Int[ a; b]. The corresponding sheaf category on Ing; b] is equivalent to the standard
sheaf category for the topological spacesa] b

Suppose thatX :[a;b! Set is a set-valued functor de ned on the poset §; b.
Suppose thatl  [a;b] is an open subinterval. De ne

lim X (1) =lim Xj;
where X j, is the composite functor

I [a;b]!X Set:

Then the assignmentl 7! lim X (1) de nes a presheaf limX on Int[a; b], and we
have the following:
lim X is a sheaf on Intp; b).
Let (lim X); be the stalk of the sheaf ImX at t 2 [a;b. Then we have
the following:
1) (lim X)¢!~ ,Iims<t X(t)if t 2 (a;b, and
2) (lim X)a = X ().
There is a model structure on the categorysPre (Int[ a; b)) of simplicial presheaves
on Int[a; b, for which a co bration is an inclusion of simplicial presheaves, and a
weak equivalence is a mapX ! Y which induces weak equivalenceX ! Yy of
simplicial sets in all stalks. Fibrations for this theory are called global (or injective)
brations, and the weak equivalences are called local weakauivalences.
We have the following:
If Y :[a;b! sSet is afunctor, then lim Y is a simplicial sheaf on Intfa; b].

A weak equivalence (or co bration) Y ! Z in sSet/®P! induces a local
weak equivalence (or co bration)

ImY! limZ

of simplicial sheaves on Intf; b.
If F (X):[a;b! sSet is a ltration of a space X, then

(imF X)) ' Fe(X):

Suppose thatY = F (X) : [a;b ! sSet is a lItration of a space X, and let
j :Y ! Z be afunctorial injective brant model in sSet!®?!. Then the induced
map
j limY! |lm Z
is a local weak equivalence of simplicial presheaves on lat[b], and the restricted
map
Jh o Xpet Zj
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is an injective brant model for the restriction of X along the inclusionl [a;b],
for each open subinterval of &:h).
There is a spectral sequence

EX9=1im P( qY)=1lim P( 4qZ)) 4 p(im,2Z);

involving the higher derived functors lim} of inverse limit.
The simplicial presheaf limZ on Int[a; bl may satisfy descent (there are good
reasons for expecting this), but in general it has a functoral injective brant model

i:limz! W
in the model structure for simplicial presheaves on Inth;bl. The map i induces

weak equivalenced(X) = Y(t)! W; forall t2 [a;h.
Finally, there is a descent spectral sequence with

EYY = HP([a;b]; ~(im Y)) ) ¢ pW([a;h):

where the E,-term is composed of sheaf cohomology groups for the spaee p| with
coe cients in homotopy group sheaves. This spectral sequece is global sections
of a presheaf of spectral sequences on lat[b], for the homotopy groups of the
spacesw (I).
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Geometric random complexes
Matthew Kahle
(joint work with Gunnar Carlsson, Persi Diaconis)

There has recently been exciting activity in understandingthe topology of point
cloud data. However, there is a feeling that we are still in ned of detailed null
hypotheses to carefully compare with real world situations

One step in this direction was some recent work by Steve Smaleet. al. on
understanding what happens when we build theCech complex on points uni-
formly sampled from a compact manifold embedded in Euclidea space. Their
main result is to estimate the number of epsilon-balls necesary to take before
one completely covers the manifold, and hence can compute éhhomology of the
manifold by working with the nerve. This was further extended to the situation
where the points are assumed to be sampled uniformly, but edcwith an unknown
Gaussian error term. This second analysis is more di cult, 9nce, in particular,
the distribution does not have compact support.

A dierence in our approach here is that we consider all posdile values of
epsilon, and not only the ones which are large enough that wean completely
recover some underlying space. In practice, it is clear thatone needs a robust,
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multi-scale approach to understand, for example, the homadgy of point cloud
data. For this reason, there is much current research cent&d around persistent
homology. This is part of our motivation to study even small values of epsilon {
to get a clearer picture of the \signature" of random points.

The main problem we study is the following. Take n points, sampled indepen-
dently and identically distributed according to a standard normal distribution on
RY. Connect pairs of points by an edge of their distance is lesshan r(n), and
build the Vietoris-Rips complex of this graph. The basic question is what we can
say about the topology of such a complex as: approaches in nity. For example,
what can one say about the expected size of the Betti numberstc.?

There are four main regimes of interest. These regimes havelraady been
identi ed by random geometric graph theorists, particular ly by Matthew Penrose
in his book \Random geometric graphs.” From our point of view here, only the
1-skeleton of our complex has been studied in detail, but wealy heavily on the
detailed calculations that have already been done for sub@ph counts, etc., in
geometric random graphs.

Sparse regime: When the radius is small enough, the underlgg graph consists
of almost as many connected components as vertices. THe-vector is decreasing,
and the dimension is nite, but increasing. Subgraphs of arbtrary large order
start appearing. In particular, subgraphs representing the boundary of thek + 1-
dimensional cross-polytope appear for everk, and as isolated components. These
represent nontrivial k-dimensional homology classes, and in fact they dominate
k-dimensional homology.

What is perhaps surprising is that homology appears in arbitarily high dimen-
sion, even whend = 2. Basically, the dimension of k-dimensional homology is
growing as a power ofn, and the exponent approaches one as the radius grows
toward the critical regime.

Because we have good control over the structure of these corgxes, and by
using Poisson and normal approximation theorems for subgnah counts, we can
prove strong laws of large numbers for the Betti numbers.

Another upshot is that although we show Betti numbers can graw arbitrarily
large, we know exactly what the classes look like, so it is egsto see that the
persistent homology is extremely small by factoring throudh the Cech complex.

Critical regime: This is sometimes called the thermodynamc limit, since it is
where percolation appears. In this regime, we are able to caimue the argument
from above, and the expectation for every Betti number is graving linearly with
n.

It is known that a giant component appears in this range. It would be interesting
to know if there are higher dimensional analogues of the giar it is plausible that
they each have their own threshold here, even whed = 2.

Dense regime: Just as the Betti numbers increased as the ragh approached the
critical regime, now they start to decrease. In this regime there is a spatial phase
transition between \dense" and \sparse" regions. In the derse region, a discrete
Morse theory argument shows that the complex is contractibé. In the sparse



1628 Oberwolfach Report 29/2008

region, there are many isolated components, and we can repeshe argument
from the sparse regime. A little care is required at the boundéry between these
regions.

Connected regime: Eventually the radiusr(n) is large enough that every ver-
tex has at least one edge. In this same range, we see that t@éech complex is
homotopy equivalent to a star-shaped domain in the plane. Snilarly, one can use
Morse theory to show that the Rips complex is contractible.

This seems to give a relatively complete picture of the rate b growth of the
Betti numbers of Gaussian random complexes. Many of the teahiques used here
(and even some of the results, as stated) are applicable to gndensity function,
and not just normally distributed points.

One notable feature of these results is that they actually tdl us quite a lot about
persistent homology. First of all, they give strong evidene that persistence should
give us a much better picture than homology on its own, since lhe persistence bars
should all be quite short. This is intuitively clear, but we are not aware of any
results in that direction. Second, the results show that the most natural thing
to check when measuring the length of a persistence bar is nahe dierence
between the two endpoints, but the ratio. This might be the most interesting
aspect of this research in terms of applying the ideas to realorld implementations
of computational homology.

Persistent homology and discrete Morse theory
Kevin P. Knudson

Let K be a nite simplicial complex equipped with a ltration
=K Ko K1 Kn=K:

We assume that each subcompleX.; is obtained from K; by attaching a single
simplex: Kiz1 = K[ i+ . In this talk we explore the relationship between
the persistent homology pairing of Edelsbrunner{LetschefZomorodian [1] and
Forman's discrete Morse theory [2]. In what follows, we use lie notation <

to indicate that is a codimension-one face of.

The basic idea behind persistence is the following. As simpes enter the com-
plex K homology classes are created or destroyed. If a classis born at lItration
level i and dies at levelj, we say thepersistenceof isj |1 1. This concept is
useful in topological data analysis as homology classes thpersist for long inter-
vals may be considered to be real features of a point cloud wla those that live
for short intervals may be regarded as noise.

The persistence pairing is de ned using homology withZ=2-coe cients. Say the
simplex has dimensionk. When enters the complex, one of two events occurs.
Either creates a newk-cycle, or it destroys a k 1)-dimensional homology class.
In the rst case, we call positive and in the second case it is calledhegative This
allows one to pair the simplices ofK in the following way. Given a simplex
consider the list of positive simplices in@ . Say is the youngest simplex in@ in
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the sense that it entered the ltration at the latest stage. | f is not already paired
with one of its cofaces, then we pair and . If is paired with some © then we
may write @ in terms of @° and some other positive simplices, and we then pair

with the youngest in this list of positive simplices, unlessit is already paired.
We iterate this procedure until an unpaired positive simplex is found (which must
occur since we always search backwards in the Itration). A @mplete description
of the algorithm may be found in [1]. Denote the resulting colection of pairsf ; g
by P. Note that it is possible that is not a face of in such a pair.

Forman's discrete Morse theory is meant to mimic the smooth heory on an
arbitrary simplicial complex (or more generally a regular cell complex). The most
convenient formulation of this theory is in terms of discrete vector elds on the
complex. Adiscrete vector eld V onK is a collection of pairs of simpliced§ < g
such that each simplex ofK is in at most one pair in V. A V-path is a collection
of simplices

0< 0”2 1< 1”2 > r< 2 r+1,

where eachf ; < g2 V. Such a path is calledclosedif +; = ¢. The vector
eld V is a gradient if there are no closedV -paths. A simplex in K which does
not appear in any pair in V is called critical, while those which are paired are
called regular. The usual theorems of smooth Morse theory have their analages
in the discrete case; in particular, if V is a discrete gradient onK, then K has
the homotopy type of a CW-complex with one cell of dimensionp for each critical
simplex of dimensionp.

Now suppose we have a ltered complex as above, and we produeepersistence
pairing P. For the pairsf ; gin P, there are two possibilities: either < or
is not a face of . De ne a discrete vector eld Vp on K by

f;, g2V, < andf; g2P:

If a simplex is unpaired by P or if a simplex is paired with another simplex not
containing it as a face, then the simplex is critical for Vp .

Theorem 1. Vp is a gradient vector eld on K.

Note that simplices not included in P correspond to homology classes in the
complex K. If two non-adjacent simplices are a pair inP, then the persistence
of the associated homology class is probably somewhat largand we may want
to view them as de ning some topologically interesting feaure. There will be
gradient paths between them, however, and we expect the fawing to be true.

Conjecture 2. If f; g2 P are such that is not a face of , then there is a
single gradient path from to in the vector eld Vp.

Since the cells and do not correspond to homology classes iK , the existence
of a single gradient path joining them implies that we may carcel the cells (see
[2]), thereby simplifying the vector eld. In general, thou gh, this procedure is
computationally expensive, which we should expect in lightof the result of Joswig
and Pfetsch [3] which asserts that the construction of optinal discrete gradients
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is NP-complete (the persistence pairing runs in polynomialtime, so cancellation
must be complicated).

Now, supposeV is a discrete gradient onK . A useful way to visualize this is to
modify the Hasse diagram ofK in following way. Recall that the Hasse diagram
of K is the directed graph whose vertices correspond to the simpes ofK , and
there is an arrow from to if < . We modify the Hasse diagram by reversing
the arrows for everyf < g2 V. SinceV is a gradient, the resulting directed
graph G has no directed loops. There is therefore an integer-valueéunction f
on the vertices of G which is strictly decreasing along every directed path. We
may assume that the absolute minimum off is 0. Given such anf, we de ne a
ltration of K by setting K; to be the subcomplex generated by (1 ;i]. This
may lead to multiple simplices entering at one time, but we mg order the simplices
in such a way that we may still talk about the persistence paiiing associated to
this Itration. We therefore obtain a persistence pairing P;y 4. Of course, this
also depends on the choice of the functio , but we expect the following to hold.

Conjecture 3. SupposeP is a persistence pairing onK . Then with the correct
choice off , we haveP;y, 1q = P.

Of course, we cannot expect to havé/p,,, , = V for an arbitrary gradient V.
Indeed, the easiest example of this i3/ = ;, in which every simplex is critical.
Since any associated persistence pairin;y. ¢ Will contain a pair of adjacent
simplices (in particular an edge and one of its vertices)Vp,, , 6 ;.
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Combinatorial Algebraic Topology: Structures, Methods, a nd
Applications

Dmitry Kozlov

Combinatorial Algebraic Topology is a contemporary eld of mathematics which
concerns itself with computing invariants in Algebraic Topology for combinato-
rial cell complexes by combinatorial means.

Here, by combinatorial cell complexes we mean CW complexeshich are com-
binatorial locally, i.e., having simple cell attachments, for example - simpkial or
prodsimplicial complexes, as well agylobally, which means that their cells are in-
dexed by various combinatorial objects, such as graphs, pétions, permutations,
various combinations and taking boundary is described by a embinatorial rule for
the indexing objects, for example - removing vertices in grphs, merging blocks in
partitions, relabeling, etc.
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We also say that the computation is done by combinatorial meas if it is mostly
done by using matchings, orderings, labelings, et cetera,ot simplify or to com-
pletely eliminate algebraic computations and topologicaldeformations.

We would like to distinguish the following aspects of this theory:

discrete structures are derived as models for topologicalpaces,

there exist many constructions of cell complexes with discgte structures
as input,

using standard Algebraic Topology tools uncovers ties betwen discrete
structures,

properties of discrete structures are distinguished by howvell they behave
with respect to Algebraic Topology.

There are also numerous applications stemming from the facthat the study
of discrete structures yields information about the topolagy of the original spaces
and vice versa. The main reference for this eld is the recentimonograph by the
speaker, [4].

The talk was divided into three parts, which were called structures, methods
and applications respectively, which contained an example or two of each.

|. Structures

1. Acyclic categories.
A category is calledacyclic if every non-identity morphism

is not a loop
has no inverse.

To an acyclic categoryC we associate a regular trisp (C).
The category of intervals | (C) (aka factorization category, edgewise subdivi-
sion) of an acyclic categoryC is de ned by:

the set of objects ofl (C) is the set of morphisms ofC;

for two objects m; and m, of I (C), the set of morphisms from m; to
my in 1(C) is indexed by all pairs (; ) such that ; 2 M (C) and
ma = my )

where the composition rule inl (C) is the standard trapezoidal combination rule.

Theorem. For any acyclic categoryC, the regular trisp ( | (C)) is a subdivision
of the regular trisp ( C), i.e., we have

(1(C); (C)

2. Witness complex.

De nition.  The abstract simplicial complexW (A;B), called the withess com-
plex, consists of all subsets B such that for every there exists a point
w in A that \witnesses" in the following sense: every point in is closer tow
than every point in B n
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The points in A are calledlandmark points, and the points in B are calleddata
points. Usually one assumes that there are many more data points thalandmark
points.

Reformulation in the language of Combinatorial Algebraic Dpology.

Every landmark point x induces an order on the data points: sort with respect
to their distances to x. Every such ordering can be visualized as a path in the
Hasse diagram of the Boolean lattice: start from the point narest to the chosen
landmark point, proceed to the union of the two closest onesthen to the union of
the three closest ones, and so on. The witness complé¥ (A; B ) is the maximal
abstract simplicial complex whose face poset is containechithe union of these
paths.

[l. Methods: Poset maps with small bers

De nition. A partial matching M on the Hasse diagram of a poseP is called
acyclic if there does not exist a cycle

by d(b) b d(b) by d(bn) by
wheren 2, all b 2 P are distinct, and (a;;b) 2 M for all i.
The unmatched elements are callectritical , their set is denoted by C(P; M ).

Proposition. A polyhedral complex is collapsible if and only if the posef () |
ffg allows a complete acyclic matching.

De nition. A poset map' : P! Q is said to havesmall bers if for any
q2 Q, the ber ' 1(q) is one of the following:

empty - a single element - two comparable elements.

The bers of cardinality 2 yield a partial matching M (" ).

Theorem. (DK, 2007) ( Acyclic matchings via poset maps with small bers)
For any poset map with small bers' : P ! Q, the partial matching M (' ) is
acyclic. Conversely, any acyclic matching onP can be represented asM (' ) for
some poset map with small bers .

De nition. A poset map with small bers' : P ! Q is called a collapsing
order if ' is surjective as a set map, andQ is a chain.

De nition.  For an acyclic matchingM on a posetP we de ne the posetU(P; M)
as follows:

the set of elements oU(P;M) is M [ C(P;M);

the partial order is the transitive closure of the elementay relations given
byS; u Sp, for S1;S, 2 U(P; M), if and only if x y, for somex 2 S,
Yy 2S,.
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Theorem. (DK, 2007)  (Universality of U(P;M))
For any acyclic matching M on a posetP, we have:

(1) the partial order on U(P;M) is well-de ned;

(2) the induced quotient mapq : P ! U(P;M) is a poset map with small
bers;

(3) the linear extensions ofU(P;M) are in 1-to-1 correspondence with col-
lapsing orders for M ;
this correspondence is given by the composition of the quetit map q with
a linear extension map.

De nition. A poset bration (aka Grothendieck construction) is a pair (B; F),
where

B is a poset - thebase of the bration;
F = fFx0gx2s IS a collection of posets, indexed by the elements &f - the
bers .

The total space is the posetE(B;F) = [ x28Fx, with the order relation:
in E(B; F) ifeither ; 2 Fy, and in Fy, forsomex 2 B,or 2 Fy,
2 Fy,andx>y inB.

Theorem. (DK, 2007) (Decomposition theorem)
For an arbitrary poset bration (B;F), where F = fF,0x2g, and an arbitrary
posetP, there is a 1-to-1 correspondence between

poset maps' P! E(B;F);
pairs (; fg«Ox28), Where and gx are poset maps : P! B and gy :
Y(x)! Fy, for eachx 2 B.

Under this bijection, the bers of ' are the same as the bers of the maps .

Theorem. (DK, 2007) (Patchwork theorem)

Assume that' : P ! Q is a poset map, and that we have acyclic matchings
on subposets 1(q), for all g2 Q. Then the union of these matchings is itself
an acyclic matching onP.

[1l. Applications: Complexes of graph homomorphisms

The applications which we have presented in this talk went abng the following
logical scheme.

graph G ! topological spaceX (G)
#
combinatorial topological

properties of G properties of X (G)
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The main idea was to introduce a cell complex related to the seof graph
colorings of a xed graph. Recall that for two graphs T and G, a graph homo-
morphism from T to Gisamap :V(T) ! V(G), such that for every edge
(x;y) In T the pair ( (x); (y)) is an edge inG. It is an easy observation that G
is n-colorable if and only if there exists a graph homomorphism : G ! K.

Furthermore, the composition of two homomorphisms ; : Gy ! G, and is
again a homomorphism , 1:G3;! Ggs, hence we obtain the categoryGraphs
with graphs as objects and graph homomorphisms as morphisms

A cell in HonfT; K,) is an assignment of subsets off]] to vertices of T, such
that an arbitrary choice of one color per list yields an admisible coloring of T.

Generalizing we replaceK ,, with an arbitrary graph G, and see that

the vertices of G are the colors;
homomorphismsT ! G replace the valid colorings.

Homcomplexes enjoy several nice properties:

(1) The cells in Hon{T; G) are products of simplices: every cell is a product
of jV (T)j simplices of dimensiony (x)j 1forx 2 V(T). Hence,Hon{T; G)
is a prodsimplicial complex.

(2) HontT; ) is a covariant and Hont ;G) is a contravariant functor from
Graphs to Top. In particular, the group Aut(T) A ut(G) acts on
Hon{T;G). When G is loopfree and 2 Aut(T) ips an edge, the in-
duced map ¢ HonfT;G) is xed point free.

Introducing characteristic classes as obstructions to gra ph colorings.

Recall that a CW complex X is called aZ;,-space, if Z, freely acts onX. In
this case there exists a continuousZ,-map : X ! Si . The induced quotient
map :X=Z,! RP! is up to homotopy independent of the choice of . This
induces a map of algebras

‘H (RPY:Zy) ! H (X=Z2:Z5),

which is independent of the choice of . Let z be the generator ofH 1(RP? :Z,).
Then

wi(X )= (2)
is called the Stiefel-Whitney class . These classes are functorial in the following
sense: if : X ! Y isaZ,map, and €:X=Z,! Y=Z, is the induced map
between the quotient spaces, then

€ (wi(Y)) = wa(X):

Stiefel-Whitney characteristic classes were recently aplped by Eric Babson and
the speaker to settle the following conjecture (more geneidy

W) 2(HonfCopr+1;Kp)) =0
holds).
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Lowasz Conjecture:
HomiCyr+1 ;G) is k-connected 3 (G) k+4:

See [1] for details. Roughly, the proof is based on spectraeguence computations
coupled with using topological obstructions as follows.

Assume that (G) k+3,thatis 9' :G! Ky+3. The functoriality of the
Homconstruction yields a Z,-map

tHONCor+1;G) ! HONCor 41 ; K43 ):

On the other hand, when Hon{C;, +1 ; G) Is k-connected, there exists aZ,-map

: S'a‘+1 I' HonfCy 41 ; G). For the characteristic classes we get

0= WK™ (HonfCore1 ; Kkez)) | WK (HonfCor41;G)) | whk* (SK*1) 6 0;

which yields a contradiction.
Further spectral sequence computations were also used by ¢hauthor to derive
the following result.

Theorem. (DK, 2005) For integers (r)n; n, such that ml 5 n 4, we have

b(mM2)=3c
¥ (Hon{Cm;Kn); Z) = @ Atmin A Bmin ;
t=1
where
A _ Z(tn 3t) Z(tn 3t+1); if nor m+ t odd,
tmno T Zo(tn o 3t+1); if n.and m + t even,
and 8 )
< Z% 3(nk m); if m=3k;
Bmn =, Z(nk m+2); ifm=3k+1,
© Z(nk  m); ifm=3k 1L

So, for example, we have
19 (HoniCe;K4);Z) = Arsa Bea= Z(1) Z(2) Z3(2)= z(1) Z%(2);
19 (HonfCs;Ke); Z) = Avgs  Azss Bae =
Z(3) Z(4) Z (7)) Z(10).

The author has also developed the following homology testsof graph color-
ings. Recall that the Stiefel-Whitney height of a non-empty Z,-spaceX is the

maximal h(X), such that WT(X)(X) 6 0. The following is true in general.
Theorem. Let X be a non-emptyZ,-space of nite Stiefel-Whitney height, then
1#h(X)(X;Z,) 60.

Hence we get

Theorem. (DK, 2006) Let T be a graph with aZ,-action ipping an edge, such
that

(1) T is a Stiefel-Whitney test graph: h(HonT; K )) = n (T),

(2) & (Hon(T;G);Z,)=0, fori d,



1636 Oberwolfach Report 29/2008

then (G) d+1+ (T).
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The Geometry of Materials
Robert MacPherson

1. Cell Complexes Arising from Materials.

The structure of two di erent sorts of materials leads to a cell decomposition
of a region of 3-space:

Metals and ceramics are generally divided into individual eystals, typi-
cally of size 10 ° meters, which are the cells of a cell complex.
Foams are a cell complex whose cells are the individual bubés.

Both of these situations have interesting two dimensional aalogues, which give
cell decompositions of a region of 2-space:

In very thin sheets of metals and ceramics, the grains are esatially two
dimensional.
Bubbles trapped between two parallel sheets of glass are essially two
dimensional.

The structures of these cell complexes are key to understamag many of the prop-
erties of the material. The cell complexes are very large andomplicated. New
ideas in topology are probably needed to understand them adgpiately.
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2. Time Evolution.

In all of these situations, the cell complex evolves over tire. In the case of
metals and ceramics, individual atoms jump from being part d one crystal to
being part of a neighboring crystal. In the case of foams, aimolecules di use
through the liquid separating one bubble from the next one. As a result of this
time evolution, some cells become smaller and disappear, sbe average cell size
becomes larger. This process is sometimes called coarsanin

There is a standard mathematical model for this time evolution. In the case of
a metal or ceramic, this model can be informally summarized ¥ saying that the
cell decomposition evolves according to C grad A whereC is a constant depend-
ing on the material and the temperature, and A is the total area (or length in
2 dimensions) of all the grain boundaries separating adjacde grains. The idea is
that the grain boundaries have an energy cost proportional o their area, which is
decreased over time. Made mathematically rigorous, this mdel stipulates that the
grain boundaries move by mean curvature ow (curvature ow in 2 dimensions),
and that adjacent grain boundaries meet at 120 angles. Like most mathematical
models, this one is an approximation. More accurate models wwuld involve the
complication of an energy cost that varies with the orientation of the boundary.
However, this model is already very accurate for many materls. There are in-
teresting mathematical questions that are not understood @en for this for this
model.

Foams evolve according to a di erent model which we won't go n to here.
However, the results stated below hold for foams as well.

3. Growth of an Individual Cell.

A fundamental result in the eld is the formula for the growth of an individual
grain, due to von Neumann (1952) and Mullins (1956).

The von Neumann - Mullins Relation for Grains in Two Dimensio ns.
Assuming the model for grain evolution described above, rag of change of the area
A of an individual grain is given by

dA
i K(n 6)

where n is the number of 0-cells around the grain,K is a constant depending on
the material and the temperature, andt is time.

In joint work with David Srolovitz, we generalized von Neumann - Mullins result
to higher dimensions. First restate the two dimensional von Neumann-Mullins
relation as follows:

Restatement of von Neumann - Mullins. The rate of change of the area
of a grain G in two dimensions is

Z—? = K (Lo(Go) 6Lo(G))
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wherelL o denotes the Euler characteristic andGq is the union of the 0-dimensional
cells aroundG.

This is the same formula, because. o(Gg) = n and Lo(G) is 1 sinceG is a cell.
(Actually, we've already gained something by this restatenent. It is possible to
set up conditions where an individual grain has holes in it. Then, Lo(G) is no
longer 1. The restated formula is the correct one, in this sitiation.)

The three dimensional analogue is then is the following:

Three dimensional von Neumann - Mullins relation. (joint with D.
Srolovitz) The rate of change of the volumeV of a grain G in three dimensions

IS

(?j_\t/ = K (L1(G1) 6L1(G))

where L, denotes themean width and G, is the union of the 1-dimensional cells

around G. (The quantity L1(G1) is just the sum of the lengths of the 1-dimensional
cells inG;.)

The mean width L1(G) a measure of length associated t@. It is one of a series
of measures from integral geometry that go by various namesiquermassintegrals’,
\intrinsic volumes", \Minkowski functionals”, or \Hadwig er measures". The initial
one, Lo(G) is the Euler characteristic, and L;(G) scales asi dimensional area.
These measures have an extensive literature of characteations, formal properties,
and algorithms for computation that we won't go in to here.

4. Universality of the Long Time Limit.

Almost all materials scientists believe the followinguniversality conjecture: For
generic initial conditions, the cell complex of grains evoles toward a universal
(random) cell complex, de ned up to a scaling factor. This universal cell complex
should be independent of the material. If a cell complex is akady universal,
then with further time evolution, it stays universal, but sc aled in accord with the
increase of the average grain size. This universality congure is certainly not
proved. | don't even know a mathematically precise formulaion. However there
is a lot of evidence for it as a phenomenon - both from numeridesimulations and
from physical experiments.

Assuming the conjecture, the universal cell decompositiorby grains is a very
important object. All real metals and ceramics are likely to be in this universal
state, because early in their formation the temperature washigh so the evolution
was fast. However, very little is known about it.

Enumerative Combinatorics of Cell Complexes. The universality conjec-
ture implies that quantities associated to the cell complexshould have a universal
distributions. The subject of enumerative combinatorics d cell complexes studies
several such quantities obtained by counting faces of varies dimensions (the \f-
vectors"). These quantities are subject to identities caled the Dehn-Sommerville
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relations. Using these identities we nd that for a two dimensional complex of
grains

hThe number of vertices on a grain =6

where hXi means the expected value oK .
In three dimensions, the situation is more interesting. Thee is one free param-
eter F.

hThe number of faces on a grain= F

Then Dehn-Sommerville relations yield:

hThe number of edges on a grain=3F 6

hThe number of vertices on a grain =2F 4

. 12
hThe number of edges on a fade= 6 =

What can we say about this quantity F for the universal cell decomposition by
grains? We have one rigorous result:

Theorem.
1339
~ 1+2:13C
where C is the average of the integral of the Gauss curvature over a fae of the

cell complex. Here, the precise values of the constants are:

1
2.13=1+
3cos 1(1=3)
1339=2+ 2
=777 3cos 1(1=3)

| call 13:39 this Coxeter's number, because Coxeter gave a plausiliji argument

that F should be this number. One can think of our theorem as a rigoros ver-
sion of Coxeter's argument. In fact, simulations and expenmments show that F is
between 135 and 14 for the universal cell complex in three dimensions, G our
theorem can be read backwards to say that the average Gauss uature over a
face is negative.

Other Questions.  One contribution that pure mathematics could make to the
study of universal cell complexes is to identify what the interesting invariants to
study are (just as the mean width, the Gauss curvature, and the invariants from
enumerative combinatorics mentioned above came from pure athematics). This
raises new mathematical questions, such as the following:
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Are there interesting (quantum) invariants of cell decompasitions of a man-
ifold with boring global topology, such as a ball in three spae? (This would
be analogous to the phenomenon that there are very interestig invariants
of a one manifold embedded in a three manifold with boring tomlogy.)

Is there a hierarchy of invariants in the style of enumerative combinatorics
of which the f-vectors discussed above are the leading itermithe hier-
archy? (For example, counting how many 3-cells haven 2-cells as faces
might be in the next order of the hierarchy.)

What are interesting metric invariants of such cell complexes? Obvious
examples are the volumes of 3-cells, the areas of 2-cellsgcetHowever there
should be more interesting metric invariants, perhaps usig the ideas of
persistent homology.

Stability of Clustering Methods
Facundo M emoli
(joint work with Gunnar Carlsson)

Despite being one of the most commonly used tools for unsupeised exploratory
data analysis and despite its extensive literature, very litle is known about the
theoretical foundations of clustering methods.

Standard clustering methodstake as input a nite metric space (X;d) and out-
put a partition of X . Kleinberg [2] discussed this situation in an axiomatic wayand
identi ed a set of reasonable properties of standard clusteéng schemes, namely,
scale invariance, richness and consistency. He then provenh the same spirit of Ar-
row's impossibility theorem, that no clustering scheme saisfying these conditions
simultaneously can exist.

Datasets can exhibit multiscale structure and this can rencer standard cluster-
ing algorithms inapplicable in certain situations, see Figire 1. This motivates the
use ofHierarchical clustering methods.

.,;,.;':?? s

[

Figure 1. Dataset with multiscale structure.
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In a similar spirit to Kleinberg's theorem we prove that in th e context of hier-
archical methods, one obtains uniqueness instead of non-istence.

1. Hierarchical clustering: formulation

Given a nite metric space (X;d), a hierarchical clustering methodf returns a
nested family of partitions, or dendrogram (a.k.a. persistent set) of X :
f(X;d) 2D (X)

whereD(X) = f(X; )] :[0;1)!P (X)gs.t.

(2) There existsty s.t. (t) is the single block partition for all t  to.
(3) If r sthen (r) renes (s).
(4) For all r there exists"> 0s.t. (r)= (t)fort2[rr +"].

We represent dendrograms (= rooted trees) asultrametric spaces: a metric
space K;u) is an ultrametric space if and only if for all x;x%x%2 X,

max(u(x;x%; u(x%x%)  u(x;x%:
For n 2 N let X,, (resp. U,) denote the set of all metric spaces (resp. ultra-metric
spaces) withn points. Let X =t , 11X, denote set of all nite metric spaces and
U=t, 1U, all nite ultrametric spaces. Then, a hierarchical clustering method
can be regarded as a map

T:X!1U

s.t. Xp 3(X;d) 7! (X;u)2Up,n2N.
There is a canonical construction: LetT : X !'U be given by (X;d) 7! (X;u )
where

u (x;x9% :=min max 1d(xi;xiﬂ )X = Xp;iiiXe =X
P20

.....

This construction yields exactly single linkage clustering [1].
For X 2 X let sep(X;d) := min g xod(x; xO).

Theorem 1. Let T be a clustering method s.t.

QT fpag °y = fp;ag °, forall > 0.
(2) WheneverX;Y 2 X and :X ! Y are such that for all x;x°2 X we
havedy (x;x9 dy( (x); (x9), then it also holds

ux (x9  uy( (x); (x9)

for all x;x%2 X, whereT(X;dx)=(X;ux) and T(Y;dy)=(Y;uy):
(3) Forall (X;d) 2X,

u(x;x% sepX;d) for all x 6 x°2 X
where T (X;d) = ( X;u).
Then T=T .
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1.1. Metric stability of T . We also obtain the Proposition and Theorem below
asserting metric stability and asymptotic consistency of the method T . We use
the notion of Gromov-Hausdor distance between metric spaes, [3].

The Gromov-Hausdor distance dgn (X;Y ) between compact metric spaces
(X;dx) and (Y;dy) is dened to be the inmal " > 0 s.t. there exists a met-
ricdon Xt Y with d = dx andd, = dy for which the Hausdor distance

X X Y Y

betweenX and Y (as subsets of K t Y;d)) is less than".

Proposition 2.  For any nite metric spaces (X;dx ) and (Y;dy)
don ((X;dx );(Yidy))  den(T (X;dx);T (Y;dv)):

Fix a nite set X . For a symmetric functon W : X X ! R* let L(W) denote
the maximal metric on X less than of equal toW, i.e.

xn
L(W)(x;xo) = min W (Xi;Xi+1 )] X = Xoj:ii;Xm = X
i=0
for x;x%2 X.

Theorem 3. Assume(Z;dz) is a compact metric space. LetX and X °be any two
nite sets of points sampled fromZ and r;r°> 0 such thatZ [ x.x B(x;r) and
Z [ xoxoB(X%r9. Let dx = dzj, , and dxo = dzj o (o Let T (X;dx) =
(X;ux) and T (X% dxo) = (X %uxo). Then,
(1) (Finite Stability) dgn ((X;ux);(X%uxo)) (r+ r9:
(2) (Convergence/consistency) Assume in additionthatZ =t ,AoZ whereA
is a nite index set and Z are compact, disjoint and path-connected sets.
Let (A;da) be the nite metric space with underlying setA and metric
given byda := L(W) where

. — - : . 09 A-
W(: 9: L 0dz(z,zo) for ; 92 A:

Let T (A;da)=(A;ua). Then, asr ! 0 one has
deH((X;ux);(Ajua)) ! O

An extended version of this work has appeared in [4].
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Building a database for the global dynamics of multi-parame ter
systems

Konstantin Mischaikow
(joint work with Z. Arai, W. Kalies, H. Kokubu, H. Oka, and P. P ilarczyk)

The global dynamics of a nonlinear system can exhibit structires at all spatial

scales, for example, the fractal structures associated tohaotic dynamics. The
same phenomenon can occur with respect to the parameters, #t is, global dy-

namical structures can change on Cantor sets in parameter gge. From the point

of view of scienti c computation, only a nite amount of info rmation can be com-
puted, and therefore, any computational characterization of global dynamics of
a multiparameter system can be expected to represent a dram& reduction of

information. Nevertheless, the computation of global dynamical information is an

important problem for applications, which leads to the quegions of how to charac-
terize global dynamical structures and how to identify charges in these structures
in practice. The fact that this is a nontrivial task has been made clear by the work
of the dynamical systems community over the last century.

Identifying and classifying the qualitative properties of models over a wide
ranges of parameter values is of fundamental importance in lany disciplines. For
biologists the question of the preservation of qualitativestructures over large ranges
of parameter values is of considerable interest. This quegin is in some sense con-
trary to the classical topic of singularity or bifurcation t heory, where the focus is
on understanding how the dynamics changes. The fact that magopics of interest
in systems biology are dynamic in nature suggests the need f@ comprehensive,
yet e cient method for cataloging the global dynamics of nonlinear systems. In
other words, a method is desired which computationally consucts a database of
global dynamical behavior of a speci c system over a range gbarameters.

The starting point for our computational methods is Conley's topological ap-
proach to dynamics. We shall argue that Conley theory provices an appropriate
theoretical base for designing algorithms in computation& dynamics and demon-
strate that these ideas can be used to design an e cient comptational framework
for constructing databases of global dynamics of specic sstems over multiple
parameters. While the methods we propose are general, we ubtrate them us-
ing a two-dimensional version of an overcompensatory Lesi population model
g: R? R*! R?given by

Xt 4 (aXa+ 2X)e Slxatx2)
X2 PX1

where the fertility rates decay exponentially with population size.

The database takes the form of a continuation graph. The nodse contain the
information about the continuation classes and the edges idicate the connectiv-
ity (in parameter space) of the continuation classes. The cnotinuation classes are
associated to regions in parameter space and consist of adipcdirected graphs,
called Conley-Morse graphs. Each node of a Conley-Morse goh is associated
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with a Morse set and its Conley index. The continuation graph provides a com-
pact easily queriable description of the global dynamics oer the entire range of
parameter spaces.

Trace spaces: Organization, Calculation, Applications
Martin Raussen

A topological approach to the study of concurrency phenomea in theoretical
Computer Science has led to the de nition of Higher Dimensimal Automata: The
main interest, both mathematically and in concurrency, is in the study of directed
(d)-paths in a pre-cubical complex (and more generally, a dspace) up todirected
homotopy (d-homotopy). These d-paths can, in general, not le reversed; hence
algebraic topological invariants of the spaces of d-pathsi a d-space may vary with
the selection of start and end points. For technical reasonsit is often advisable
to divide out (weakly) increasing reparametrizations; the quotient objects are the
so-called traces { whence the title of the talk.

In a given d-spaceX, let T(X)(x;y) denote the space of all d-paths starting at
x and ending aty with the CO-topology. If X is a pre-cubical complex, we show
that this space is metrizable, separable, locally contradble, locally compact and
that it has the homotopy type of a CW-complex.

Apart from the number of components of such a trace space thabften can be
calculated using a Seifert-van Kampen type theorem due to Meco Grandis, not
much has been known in general about the topology of d-path otrace spaces. We
use a version of the Vietoris-Begle theorem due to S. Smale tarrive at additional
information, e.g.:

Decomposition: Suppose given a collection of disjoint \layers"
Ly;ii;Lbn 1 X in a d-space X with additional properties (satis-
ed by the geometric realization of a pre-cubical complex). If the set
of layers is unavoidable from x to y { in the sense that every d-path
can be decomposed into d-paths that start in one layer, end imanother
without touching any of these or other layers in between { then the space
T(X)(x;y) of traces in X from x to y is (at least weakly) homotopy
equivalent to a union of bered product of spacesT(X )(L;;Li+1).

Reachable sequences: If, moreover, T(X)(Xi;Xj+1) IS either empty or
(weakly) contractible for every x; 2 Li;x; 2 L; belonging to subsequent

layers, then T (X )(x;y) is weakly homotopy equivalent to the subspace of

in these layers. In particular, for a nice spaceX , the in nite dimensional
trace spaces can often be identi ed with a subspace of a nitedimensional
space.

Piecewise linear traces: If X is the geometric realization of a precubical
complex, one may consider thepiecewise linear (geodesic) d-paths inX
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that are linear on each cell (including its boundary). The space of piece-
wise linear tracesT| (X )(X;y) is (at least weakly) homotopy equivalent to
the space of all tracesT (X )(x;y). It can be subdivided into \cube paths"
containing all PL-d-paths that are contained in a given seqwence of subse-
guent cubes. Such a cube path turns out to be a product of simptes, and
Ti (X)) comes thus equipped with a prodsimplicial combinatorial $ructure.
Since cube paths can be ordered by their length in \rounds", bigher)
connectivity computations as in the work of Herlihy et al. seem promising
along these lines.

Moreover, the following topics have been dealt with:

Arc length: In a pre-cubical complex, there is a natural notion of arc-length
(I1) and natural parametrization; this makes it possible to represent every
trace by a canonical d-path. It is not dicult to see that arc | ength is
preserved under a d-homotopy.

Variation of invariants: A categorical organisation of the algebraic topo-
logical invariants of trace spaces with varying end points gving rise to a
decomposition of the parameter space, that has to be viewedsaa subspace
of X X.
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Computational Algebraic Topologya la Eilenberg-Mac Lane
Pedro Real

By Computational Algebraic Topology we mean an area of Comptational Mathe-
matics dealing with the e ective and e cient construction o f algebraic topological
invariants for discrete or continuous objects. Eilenberg ad Mac Lane in the six-
ties of the last century develop a framework for Algebraic Tgology mainly based
on the notions of simplicial sets and chain homotopy equivadnces. This setting
which gives preference to chain homotopy operators in combatorial ambiance is
suitable for developing computational algebraic topologcal work related to A(1 )-
algebra cohomology computation. As example of this modus agrandi, we show an
application in Digital Volume Processing. More concretely a binary digital (voxel-
based) volume is seen from an geometric-algebraic point ofiew as a special chain
homotopy operator acting on every cell of the polyhedral cotinuous analogous
associated to the volume. Discrete Morse Theory and Homolagal Perturbation
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Theory can be integrated to this framework in a straightforward and algorithmic
manner.

Local Scale Selection for Large High Dimensional Data
Gurjeet Singh
(joint work with Gunnar Carlsson, Facundo Memoli)

We introduced a method called Mapper (in [3]) for the qualitative analysis, sim-
pli cation and visualization of high dimensional datasets with respect to Iter
functions de ned on the dataset. In many cases, data coming from real aplica-
tions is massive and it is not possible to visualize and disege structure even in
low dimensional projections. The method can be used to redwechigh dimensional
datasets into simplicial complexes with far fewer points whch can capture topolog-
ical and geometric information at a speci ed resolution. Ou construction provides
a coordinatization of the data by providing a discrete and canbinatorial object, a
simplicial complex, to which the dataset maps and which can epresent the dataset
in a useful way. We propose an extension tdlapperin the form of a method that is
able to extract di erent scale dependent views of the data. This method is a scale
detection procedure in which we compute a graph that encodeall the multiscale
structure present in the data as viewed w.r.t a function presribed on the data.

In the simplest case,Mapperbegins with a sample from a metric spaceX , and a
continuous real valued functionf : X ! R, to produce a graph. This function can
be a function which re ects geometric properties of the dataset, such as the result
of a density estimator, or can be a user de ned function, whit re ects properties
of the data being studied. In the rst case, one is attempting to obtain information
about the qualitative properties of the dataset itself, and in the second case one is
trying to understand how these properties interact with int eresting functions on
the dataset. The basic idea behindMappercan be referred to agpartial clustering,
in that a key step is to apply standard clustering algorithms to subsets of the
original dataset, and then to understand the interaction of the partial clusters
thus formed with each other. That is, if U and V are subsets of the dataset,
and U\ V is non-empty, then the clusters obtained fromU and V respectively
may have non-empty intersections, and these intersectionare used to construct a
simplicial complex.

In more detail, assumef : X ! R is given together with an open covering
fU g »a Of its range, for a nite index set A. Then ff (U )g .a forms an
open covering ofX . For each we consider the decomposition of (U ) into
its path connected components f (U ) = [1_, V(;i ) wherej is the number
of connected components ofJ . Let W = fWFg op be the set of allV(;i ) for

all i j and 2 A. Note that jBj = >a) - Next we construct the
nerve N (W) of the covering W, i.e. the simplicial complex with vertex set B and
where a familyf o;:::; kg spans ak-simplexin N (W) ifandonlyif W ;\ W |\

222\ W, 6 ;. The practical counterpart of the operation of decomposing a set
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Figure 1. (a) The data is sampled from a noisy circle, and the
function used isf (x) = jjx  pjj2, where p is the leftmost point
in the data. The dataset is shown on the top left, colored by tre
value of the function. We divide the range of the function into 5
equal intervals and a 20% overlap between subsequent inteals.
For each interval we compute the clustering of the points lyng in
all the preimages of the intervals. Finally we connect the dlisters
with edges whenever they have non empty intersection. At the
bottom is the simplicial complex which we recover; its vertices
are colored by the average function value. (b) Application d
Mapperto shape simpli cation. The horse shape is colored with
the function f which we choose to be the average geodesic distance
to all other points on the shape (blue is low and red is high). The
output of Mapperis a graph, its vertices being colored by the
average function value of the points in the corresponding alster.

into its path connected componentsis of course clustering. We show two practical
examples of application ofMapperin the Figure 1.

Instead of using a functionf : X ! R, one can use a functionf : X ! Z,
where Z is any topological space e.gZ could be R? or S. In the rst case, one
produces a two dimensional simplicial complex, together vith a natural map from
the dataset to it. In the second case, one constructs a graph #h a map from the
graph to a circle. Roughly, our construction amounts to a gerralization of the
Reeb graph(see [1]) associated with the Iter function.

In the practical implementation of the procedure one must dal with some
clustering algorithm. Our procedure is not tied to any particular choice. In our
experiments, however, we choose to work with single linkagelustering. Regardless
of the clustering algorithm one picks, it is always necessarto estimate certain pa-
rameters (thresholds) that ultimately determine the number of clusters recovered.
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In the case of using a hierarchical clustering procedure and function f : X !
R, we propose a procedure that detects spatial coherence ofélscales in the partial
datasetsf (U ) to obtain a coherent choice of parameters. This proceduresi
called the scale space procedureRoughly, we construct ascale space graphwhich
encodes all the scale dependent information in the datasetelative to the function
f. This graph is a layered, directed and planar graph. Refer toFigure 2 for an
example.

Figure 2. This is the scale space graph corresponding to the
shape and the Iter function shown in Figure 1(b). The lter w as
divided into 30 intervals; there is a layer of vertices corrsponding
to each interval. A path (like the red path shown here) picks a
vertex from each layer which represents a threshold for eaclayer.
A path in this graph which picks one vertex from each layer carbe
used to generate oneMapperoutput. The Mapperoutput shown
in Figure 1(b) corresponds to the red path shown here. The set
of all paths in this graph represent the set of all possibleMapper
outputs. One can assign weights to the edges in this graph and
search foroptimal paths.
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(Multidimensional) Persistence
Afra Zomorodian
(joint work with Gunnar Carlsson and Gurjeet Singh)

Persistence refers to one type of multi-scale analysis: the technique oidentifying
features by analyzing geometrichistories of data. The key notion is that features
persist through history while noise is short-lived. In this talk, we review two the-
ories of persistence: persistent homology [9] and multidimnsional persistence [2].
We also discuss algorithms for both theories, including reent work [1].

We model scienti ¢ data as a set ofd-dimensional points S augmented with
n 1 real-valued functionsf; : S! R,1 j n 1, dened atthe samples, for
n > 1. Our representation for such data is a multi ltered complex. A topological
spaceX is multi ltered if we are given a family of subspace$X ,g,, whereu 2 N"
and X, X such that for u;wy;w,;v 2 N", the diagrams

Xy __IIx Wy

1) |
Xw, —IIX,

commute wheneveru  wi;w, V. We call the family of subspacesf X, g, a
multi Itration

To generate multi ltrations, we rst capture the multi-sca le connectivity of S
with a one-parameter family K of cell complexes. There are a variety of tech-
niques for constructing such complexes, such as th€ech Rips-Vietoris [5], and
witness [4] complexes. These techniques give scale function :K ! R, whereK
is the complex at maximum scale nax, and ( ) is when cell entersK. Extend-
ing the functions f; piecewise-linearly overK, we may dene F: K ! R", where

of F: Ky =f 2K jF() u2 R"g: Excursion sets are also callecsublevel
sets and are inspired by Morse theory. These complexes form an-dimensional
multi Itration [2]. Note that cell entersK, at u= F( ) and will remain in the

complex forallu F( ). We call this property 1-critical.

When S does not come with functionsf;, we simply have a one-dimensional
multi ltration or a  Itration . The theory of persistent homology captures the
homology of a lItration. In any dimension, this homology corresponds to a graded
R[t]-module, whereR]t] is the ring of polynomials with indeterminate t over ring
R. Over elds k, K[t] is a principal ideal domain (PID) , so a consequence of the
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standard structure theorem for gradedk|t]-modules gives the full classi cation:

M P
(2) 'Ft] VR,
i=1 j=1

where  denotes an -shift upward in grading. The classi cation gives us n half-
in nite intervals [ ;1 ) and m nite intervals [ j; ; + n;). The multiset of n+ m
intervals is a complete discrete invariant. We call this muliset the persistence
barcode

This algebraic framework also enables us to derive an algahm for persistent
homology directly from the standard reduction algorithm in algebraic topology [6].
The persistence algorithm has complexity ( n®), although it has shown a linear
running time in practice. While initially de ned for simpli cial complexes, the
theory extends to singular homology, and the algorithm extends to a broad class of
Itered cell complexes. A genericimplementation of this algorithm is part of Plex ,
a library of Matlab routines developed at Stanford University for manipulating
simplicial objects [8].

The theory of multidimensional persistencecaptures the homology of a multi I-
tration. In any dimension, this homology corresponds to ann-graded A, -module

terminates over a eld k. Unlike its one-dimensional counterpart, A, is not a PID
and A, -modules have no structure theorem. Nevertheless, we esthgh a full clas-
si cation of this structure in terms of three invariants. Th e rstinvariant, o(M)is
the multiset of generators for the free approximation ofM . The second invariant,

1(M) is the multiset of generators for the free hull of M. These invariants have
intuitive meaning as analogs of the left and right endpoints of the intervals in a

barcode, respectively. Unfortunately, we show that there § no way to match these
endpoints consistently as the remaining invariant correspnds to the set of orbits
of an algebraic group action on an algebraic variety. Unfortinately, such as set is
not, in general, an algebraic variety. The number of orbits nay be uncountable,
giving us a continuous invariant.

Multidimensional persistence shows that no complete dis@te invariant exists
for parametrized data. To capture persistence information we have proposed a
new discrete invariant by extending the group de nition of p ersistent homology.
For each pair u;v 2 N" with u v, Xy Xy by denition, so X, | X,y.
This inclusion, in turn, induces an injection ;(u;v) at the ith homology level
Hi(Xy) ! H;i(Xy) that maps a homology class inX, to the one that contains
it in X,. The ith persistence moduleis the image of ; for all pairs u v. The
ith rank invariant is (u;v) = rank ;(u;v). for all pairs u v 2 N", where ;
is the injection de ned above. We prove that the rank invariant is equivalent to
the persistent barcode in the one-dimensional case, so it isomplete when it can
be [2]. Unlike the barcode, the rank invariant extends to higher dimensions as an
incomplete but useful invariant.

For an n-dimensional multi ltration of m cells, a naive computation of the rank
invariant gives an O(m?"*3) time algorithm. To store the rank invariant, we also
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require ( m?") space. Neither is feasible. We have recently utilized algithms
from computational algebraic geometry for direct computation of multidimensional
persistence [3]. For 1-critical multi ltrations, the boun dary operator is a linear
homomorphisms between freen-graded free chain modules oveA,, and may be
written as a matrix. To compute homology, we have three tasks all of which may
be translated into problems within algebraic geometry.

(1) Compute the boundary module (im@:1): Intuitively, this is analogous
to computing the range spaceof the matrix for @1 . In this case, this
is the submodule membership problem (SMP)This problem is solved by
computing a Gmbner basis for the submodule using theBuchberger algo-
rithm. We may then check membership using the division algoithm for
multivariate polynomials.

(2) Compute the cycle module (ker@): As before, this is analogous to thenull
space of the boundary operator's matrix. With multivariate polyn omial
entries, the problem is equivalent to computing the syzygy submodulg3].
This problem is solved usingSchreyer's algorithm

(3) Compute the quotient H;: All we need to do is test whether the generators
of the syzygy submodule (cycles) are in the boundary submoda. This is
an instance of the SMP problem as in our rst task.

While the above algorithms exist, they are not widely used fo analysis due to
their complexity. The SMP problem is a generalization of the polynomial ideal
membership problem (PIMP) at the ring level, and PIMP is already Expspace -
complete, requiring exponential space and time [7]. Howewe our current work
shows that in our setting, the algorithms are poly-time, requiring O(n’) time
and O(n*) space. This signi cant reduction is due to the additional structure
coming from the multigrading as the matrix entries are homogneous monomials.
This time and space bound still imply that computation is out of reach for large
datasets with our current algorithms.

Open questions include e cient algorithms for computing th e rank invariant,
de ning alternate discrete invariants that contain persistence information, and new
theories of persistence for other classes of data, such asriymic data, as discussed
by Vin de Silva in this workshop.
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