Arbeitsgemeinschaft

Ergodic Theory and Heegner Points

Oberwolfach 1.4-7.4. 2001

The following assertion is a special case of Marina Ratner’s theorem on the Raghunathan conjecture.

Theorem. Let p be a prime and let us consider a finite product

G = n∏ i=1 P GL_2(Q_p).

Let Γ = ∏_n i=1 Γ_i ⊂ G be a product of a family {Γ_i}_{i=1,...n} of noncommensurable, discrete, cocompact subgroups of P GL_2(Q_p). Let Δ^∼→P GL_2(Q_p) ⊂ G be the diagonal subgroup. Then the orbit of Δ on Γ\G is dense.

This theorem plays a crucial role in the proof of Mazur’s conjecture on Heegner points, by Cornut and Vatsal. This proof is at the center of the second half of this “Arbeitsgemeinschaft”. The goal of the first half will be to get some understanding of the ideas behind Ratner’s proof of Raghunathan’s conjecture.

Unfortunately, we had some problems to find an organizer for the first half of the programme, so I (G.H.) tried to do it myself. I found it very difficult to read Ratner’s papers, and I believe that it is almost impossible to give an outline of the proof in the most general versions of those theorems, which imply the above result as its special case. In the paper [Ra1] we find a proof of a theorem whose proof can be explained in 3 lectures or so. This proof contains some of the fundamental ideas of M. Ratner.

Last minute change After a first version of this programme was finished, Raghunathan pointed out that the paper [M-T2] contains a complete proof of Rathner’s general theorem, and is much more readable. Since there is some urgency to get the programme out, I indicate two alternative possibilities for lectures 7–10. Which one will be chosen will depend on the volunteers for one or the other solution.

PART I: RATNER’S WORK

Lectures 1–2: Statement of the main Results and applications, following [R5]. This should be two lectures on Monday morning explaing the Raghunathan conjectures and Ratners’s results. The Theorems 1-4 should be formulated. Some applications should also be discussed here, e.g., Oppenheim’s conjecture and the applications to rigidity results: [Ra4] Section 6, see also [Gh] 4.1 and 4.2.

Theorems S1 and S2 (p. 168 of [R5]) will both be needed in the second part (in a special case) and should therefore also be dicussed.

Lecture 3: Hedlund’s theorem.

The theorem of Hedlund says that, for any cocompact discrete subgroup Γ ⊂ SL_2(R), every orbit of the group U(t) = { ( 1 t 0 1 ) | t ∈ R } is dense. The proof is not so hard, it is outlined in [Gh, 2.2]. This in itself would be a short talk, but one should include a discussion of the non-cocompact case, which is more interesting, and helpful for studying Ratner’s papers (see [Gh] 3.1, 3.2, 3.3). At this point, Dani’s theorem in [Da1] should at least be mentioned. If one wants to say something about the proof of Dani’s theorem, the whole lecture may be even cover two talks.

Lecture 4: Ergodic properties of unipotent actions

[Ra1], section 2, Theorem 2.1 and 2.2.

Lecture 5: The (R)-property.

This is a crucial point and perhaps the most important idea in Ratner’s papers (it always comes back like an ergodic flow). Ghys makes some effort to explain this idea in [Gh] 3.1 and 3.2. (I think property (H) and property (R) are closely related.)

The person giving this talk ought to communicate with the speaker for lecture 3.

Lecture 6: Proof of theorem 4.1 and theorem 1 in [Ra1]. Good luck! — The ideas are nicely explained on the second half of p. 477.

Note that the proof of the theorem for solvable groups is much easier than that of the general case. The next step would be to discuss the proof of Theorem 1 (Main Theorem) in [Ra2]. I think that these proofs simplify considerably when specialized to the case we are interested in:

Thus we want to apply the Main Theorem to the case Γ\G and the unipotent flow given by the group U(t) = { ( 1 t 0 1 ) | t ∈ Q_p } ⊂ Δ. We have several advantages over the general case:

i) The quotient is compact, hence the closures of orbits are compact as well. Therefore assertions like theorem 2.1 and 2.2 from lecture 4 become obvious. ii) If we succeed in finding a diagonal element a ∈ T (Q_p) = { ( a 0 0 a^{−1} ) | t ∈ Q^×_p } ⊂ Δ, where a is not a unit, in the group Λ, then we can use the same arguments as in Lecture 3 to show that the two unipotent radicals

U_+, U_− ⊂ G = n∏ i=1 P GL_2(Q_p)

are contained in Λ, and this is certainly enough.

Now, (ii) should be doable by following Ratner’s arguments in [Ra2] 3 and translating them to the p-adic context:

Lectures 7–10: Specialize to our concrete situation and translate [Ra2] 3. – 4. into the p-adic context.

I think the point is the decomposition 3.6. In our special situation, this is not difficult to write down. Formulate the basic Lemma 3.1. If we now succeed in proving theorem 4.1, then we are through.

One might not need 4 lectures for the proof, and accordingyl part I may be done before the end of Wednesday morning. If this happens, part II may be slightly expanded, with the help of the experts present. This will be decided in Oberwolfach.

Alternative for Lectures 7–10: Discuss the proof given in [M-T2] and [M-T3]. Its general strategy is discussed in the Comptes Rendus note. No further subdivision of these lectures can be offered so far.

PART II: MAZUR’S CONJECTURE

Lecture 11: The arithmetic of definite quaternion algebras and Gross curves.

This talk presents algebraic and class field theoretic ingredients for the constructions of the subsequent talks.

(a) Imaginary quadratic fields, orders, ring class fields and their connection with CM elliptic curves, anticyclotomic extensions and characters. — [Cox], [Serre], and a little bit of [Mazur]. Care should be taken to avoid repetition with lecture 14 where classical Heegner points will be defined; talk 10 only presents their natural fields of definition. (b) Definite quaternion algebras, maximal and Eichler orders, orientations, embeddings of K and conductors. — [Vign].

(c) Gross’s curve attached to a definite quaternion algebra and its connected components, Hecke operators. ”Gross points” (= analogues of Heegner points on Gross’s curve) and their conductors, Galois action. — [Gross], [BD2], [V1].

(d) Normal form, tree structure, rewriting the set of connected components Γ^′\T , where Γ is the subgroup of elements of norm 1 in R[1/p] . The commensurator of Γ. Galois action on normal forms — [V1, sec. 3], [BD3].

Lecture 12: Gross’s formula, statement and beginning of proof of the main result in the definite case.

Gross’s formula is the analogue for Gross points of the Gross-Zagier theorem. The talk also states the basic non vanishing result for L-values in the “definite case” which will follow from Ratner’s theorems. — References for almost everything treated here are [Gross], [BD2], and in particular [V1], [V2], esp. sections 4 and 5.

(a) The function ψ : Cl(B) −→ Z; the special value formula.

Theorem. Let K be an imaginray quadratic field with prime discriminant D not dividing N, and let p be a prime number not dividing 2NDh_K . Then L(g, χ, 1) ≠ 0, for almost all ring class characters χ of p-power conductor.

(b) First reduction of the proof: write χ = χ_t · χ_w (tame and wild part), and consider only χ’s with fixed χ_t. — The Galois conjugacy of the special values was proved by Shimura, see [Shim]. The proof does not have to be reproduced in this lecture. (c) “Regularized Heegner points” (in the terminology of [BD2]), theta elements. Define the theta element θ = θ(χ_t). — [V2].

(d) It suffices to show that: for all n >> 0 there exists χ_w of conductor p^n such that χ_w(θ) ≠ 0. (e) Evaluate ∑ χ_w(θ) the sum being taken over all χ_w of conductor p^n, and express the result in terms of the points P̃^τ_n , P̃^τ_{n−1}, where P̃_n is a certain regularized Heegner point of conductor p^n, with predecessor P̃_{n−1}, and τ is in the tame group.

(f) From the above, obtain a criterion for the non-vanishing in terms of distribution of the vectors (P̃^τ_n )_{τ∈G1} and (P̃_{n−1})_{τ∈G1} .

Lecture 13: Surjectivity of reduction.

This is first talk where the application of Ratner’s theorems occurs.

(a) The basic non-commensurability of the groups Γ and Γ_τ , for τ in the tame group. — This is done both in [V1] and in [Cor1, §3.5], see also [Cor2].

(b) Proof of the surjectivity of the reduction map (to the connected components, via Ratner and group theory. — See [V1], combined with [Cor1, §3.6], [Cor2, §6.3] (cf. [V1, §4.8], [V2, §5.10].

Remark. Contrary to what will be seen in the proof of Mazur’s Conjecture, more than the simple surjectivity is required for the definite case: one wants to prescribe the images of P̃ τ_n and P̃_{n−1} simultaneously. Furthermore, one needs to know that any desired pattern occurs at level p^n, for every n >> 0. To get this, one has to use Ratner’s theorem on uniform distribution of 1-parameter subgroups.

Lecture 14: Heegner Points and Modular Curves.

This talk prepares for the second application of Ratner’s theorems. — Care should be taken to avoid repetition with lecture 10.

(a) Elliptic curves over fields and their endomorphism rings, classical theory of complex multiplication in characteristic 0 (j-invariants and ring class fields, fields of definition for finite subgroups). Supersingular elliptic curves. — Any book on the arithmetic of elliptic curves, for instance by Silverman; for the classical CM-theory: [Cox], esp. chapter 2, and [Serre].

(b) The modular curve X_0(N) over C and over Z[1/N], including its modular interpretation. CM points and Heegner Points: Fields of definition, Galois action. Description of the supersingular locus. Bijection between isomorphism classes of (N, N)-inclusions of left R-lattices in B (where R is a maximal order in the quaternion algebra B), and the set of supersingular points: [J ⊂ I] → [E^I → E^J ]. Since ^B^∗ acts transitively on these inclusions (on the right), one finally obtains: ^R′^∗\ ^B∗/B∗ −→ Xss_0 (N)(F_{ℓ2} ) b̂ → [EI0^^b → EJ0^^b] where J_0 ⊂_{(N,N)} I_0 is a fixed inclusion of left R-ideals, and R^′ = O_r(J_0) ∩ O_r(I_0) is the intersection of two maximal orders in specified order, i.e., an oriented Eichler order. — [Rohrlich], [KM], [Cor1, §§1 and 2], see also [Cor2].

Lecture 15: Mazur’s Conjecture for classical Heegner points.

The second arithmetic application of Ratner’s theorems. The source is [Cor1], or [Cor2]. (a) Statements of results: Mazur’s Conjecture and various corollaries. — See introduction of [Cor2]; cf. [Mazur], [Bertolini], last section of [NS], and [Nek].

(b) Preparing the proof: indexing the family L; finiteness of torsion over all ring class fields; it suffices to show that there are many points in the image, and then: that there are many points in the reduced image. — [Cor1], or [Cor2].

(c) The geometric part of the trace. — [Cor1], esp. [Cor1, §5.1]; see also [Cor2], esp. [Cor2, §9.2].

(d) The chaotic part of the trace: Description of the reduction map

RED : L −→ X^{ss}_0 (N^′)^R(F_ℓ2 ).

The map one finally winds up with is the same as in lecture 13 above, and is therefore surjective. — [Cor1, §3], or [Cor2, §6.2].

Lecture 16 and 17: The parity conjecture. This is Nekovář’s corollary from the previous results.

(a) Euler systems over ring class fields — the main result of [BD1]. Possibly also Lemma 2.1 of [Nek] (summary of Iwasawa theory). — Note. The resuts of Bertolini and Darmon carry a number of presumably unnecessary restrictive hypotheses on p. They have not been weeded out yet in the existing literature.

(b) Proof of the parity conjecture for Selmer groups. — [Nek], and handwritten notes of a talk of Jan Nekovář’s which can be sent to the speaker(s) volunteering for this lecture.

REFERENCES for PART I:

[Da] Dani, S. : Orbits of horospherical flows, Duke Math. Journal 53,(1986) 177-188.

[D-M1] Dani, S. G.; Margulis, G. A. : Orbit closures of generic unipotent flows on homogeneous spaces of SL(3, R). Math. Ann. 286 (1990), no. 1-3, 101–128. [D-M2] Dani , S. G.; Margulis, G. A.: Limit distributions of orbits of unipotent flows and values of quadratic forms. I. M. Gelfand Seminar, 91–137, Adv. Soviet Math., 16, Part 1, Amer. Math. Soc., Providence, RI, 1993 [Gh] Ghys, Étienne : Dynamique des flots unipotents sur les espaces homogènes. Séminaire Bourbaki, Vol. 1991/92. Astérisque No. 206 (1992), Exp. No. 747, 3, 93–136. [M-T1] Margulis, G.A. & Tomanov, G.M. : Measure rigidity for almost linear groups and its applications. J. Anal. Math. 69 (1996), 25–54.

[M-T2] Margulis, G.A. & Tomanov, G.M. : Rigidity for algebraic groups over local fields. CRAS Sér. I Math. 315 (1992), no. 12, 1221–1226.

[M-T3] Margulis, G.A. & Tomanov, G.M. : Invariant measures for actions of unipotent groups over local fields on homogeneous spaces. Inventiones Math. 116 (1994), 347–392. [R1] Ratner, Marina : Strict measure rigidity for unipotent subgroups of solvable groups. Invent. Math. 101 (1990), no. 2, 449–482.

[R2] Ratner, Marina : On measure rigidity of unipotent subgroups of semisimple groups, Acta Math. 165 (1990) 229-309.

[R3] Ratner, Marina : On Raghunathan’s measure conjecture. Ann. of Math. (2) 134 (1991), no. 3, 545–607.

[R4] Ratner,Marina : Raghunathan’s topological conjecture and distributions of unipotent flows. Duke Math. J. 63 (1991), no. 1, 235–280.

[R5] Ratner, Marina : Interactions between ergodic theory, Lie groups, and number theory. Proceedings of the International Congress of Mathematicians, Vol. 1 (Zürich, 1994), 157– 182, Birkhäuser, Basel [R6] Ratner, Marina : Raghunathan’s conjectures for Cartesian products of real and p-adic Lie groups. Duke Math. J. 77 (1995), no. 2, 275–382.

REFERENCES for PART II

[Bertolini] M. Bertolini, Selmer groups and Heegner points in anticyclotomic Z_p-extensions, Compositio Math. 99 (1995), 153–182.

[BD1] M. Bertolini & H. Darmon, Kolyvagin’s descent and Mordell-Weil groups over ring class fields, J. Reine Angew. Math. 412 (1990), 63–74.

[BD2] M. Bertolini & H. Darmon, Heegner Points on Mumford-Tate curves, Inventiones Math. 126 (1996), 413–456.

[BD3] M. Bertolini & H. Darmon, Heegner Points, p-adic L-functions, and the Cerednik- Drinfeld uniformziation, Inventiones Math. 131 (1998), 453–491.

[Cor1] C. Cornut, Mazur’s conjecture on higher Heegner points, preprint 2000, available at http://cornut.free.fr

[Cor2] C. Cornut, Réduction de familles de points CM; thèse Strasbourg 2000, available at http://cornut.free.fr

[Cox] D.A. Cox, Primes of the form x^2 + ny^2, Wiley & Sons 1989.

[Gross] B.J. Gross, Heights and the special values of L-series, Number Theory (H. Kisilevski and J. Labute, ed.s), Can. Math. Soc. Conf. Proc. 7, Amer. Math. Soc. 1987, 115–189.

[KM] N.M. Katz & B. Mazur, Arithmetic moduli of elliptic curves, Annals of Mathematics Studies 108, Princeton Univ. Press 1985

[Mazur] B. Mazur, Modular Curves and Arithmetic, Proc. ICM Warszawa 1983, pp. 185– 211; in particular no. 19.

[Nek] J. Nekovář, On the parity of ranks of Selmer groups II, preprint Fall 2000, avalilable at: http://can.dpmms.cam.ac.uk/∼nekovar/papers/

[NS] J. Nekovář & N. Schappacher, On the asymptotic behaviour of Heegner points, in:

Proceedings Conference On Number Theory in Honor of Prof. Ikeda (Ankara 2-5 July 1997); Turkish Journal of Mathematics 23, no. 4 (1999), 549–556

[Rohrlich], D.F. Rohrlich, Modular Curves, Hecke correpsondences, and L-functions, in:

Modular Froms and Fermat’s Last Theorem (Cornell, Silverman, Stevens, ed.s), Springer 1997, pp. 41–100.

[Serre] J.-P. Serre, Complex Multiplication, in: Cassels-Fröhlich (ed.s), Algebraic Number Theory (Brighton 1965 Proceedings), Academic Press 1967; pp. 292–296.

[Shim] G. Shimura, Special values of the zeta functions associated to cusp forms, Comm.

Pure and Applied Math, 29, 1976

[V1] V. Vatsal, Uniform Distribution of Heegner Points, preprint 2000, it is available at

http://www.math.ubc.ca/∼vatsal/

[V2] V. Vatsal, Special values of anticyclotomic L-functions, preprint 2000, available at

http://www.math.ubc.ca/∼vatsal/

[Vign] M-F. Vignéras, Arithmétique des algèbres de quaternions, SLN 800, Springer 1980.

If you want to participate, please send an e-mail to

harder@diophant.math.uni-bonn. or harder@mpim-bonn.mpg.de

and to

schappa@math.u-strasbg.fr

Please let us know whether you want to give a talk and send us a list of preferences for the talk. We also need your normal and e-mail address. These data should be easily extractable from your message. Günter Harder, Norbert Schappacher