Dear Professor Harder, The simpler proof of Ratner’s theorem [7, 9] due to Margulis and Tomanov [5, 6] can be sketched in 3 lectures as follows:

Statement of Ratner’s Theorem: Let G be an algebraic group over K = Q_p or K = R, U be an algebraic unipotent subgroup of G, and μ be a U-ergodic invariant probability measure on G/Γ, where Γ any discrete subgroup of G. Let

Σ = {g ∈ G : action of g preserves μ}.

Then Σx is closed, and μ(Σx) = 1 for some x ∈ G/Γ.

1. Lecture I: Some observations and Basic Lemma

(a) [5, Lemma 1]: Reduction to the case when μ is Zariski dense (i.e.

the image in G/Γ of any proper algebraic subvariety of G has zero μ-measure); and U is a maximal unipotent subgroup of Σ. Also Σ contains no normal subgroup of G containing U.

(b) [5, Lemma 2]: Ergodic theorem from Tempelman’s book; and existace of generic set M with uniform convergence property and μ(M) > 1−ϵ.

(c) [6, §5]: Construction of ‘U-quasi-regular’ rational maps ϕ : U → N_G(U) associate to ‘upper topological limits of orbits Ug_n · p’ in a linear representation of G with Stab_G(p) = U, where the sequence g_n → e in G is such that g_nM ∩ M ≠ ∅.

Moreover ϕ(U) ⊄ U. This is acheived by using the Zariski density condition on μ to assume that {g_n} ∩ N_G(U) = ∅.

(d) [5, Basic Lemma]: Using the above ergodic theorem, one shows that ϕ(U) ⊂ Σ ∩ N_G(U). Let F be the subgroup generated by ϕ(U) and U.

2. Lecture II: Relation between {g_n} and F .

(a) [6, Prop. 6.7]: F contains a unipotent subgroup strictly larger than U, if {g_n} satisfies certain algebraic Condition-(∗∗). Therefore, by maximality of U, the Condition-(∗∗) fails to hold.

(b) [5, Prop. 2]: F contains a one-dimensional K-split torus T .

Fix s ∈ T such that T/ <s> compact. Note that G = W^−(s)Z(s)W +(s), where W +(s) = {u ∈ G : s^{−n}us^{n n→∞}→ e}, Z(s) = Z_G(s), etc.

(c) [5, Section 4]: Introduction of subgroups U+ = W +(s) ∩ U, I(s) = {g : U+g ⊂ W^−(s)Z(s)U+}, U^−(s) = W^−(s) ∩ I(s), and regular Int(s)-invariant cross section V^− of W^−/U^−.

Condition-(∗∗) ⇔ V^−-components of g_n’s are at least as large as their U^−-components.

(d) [5, Proposition 5, Lemma 4]: Failure of Condition-(∗∗) leads to existence of a subset Ψ of full μ-measure such that (E) Ψ ∩ W^−(s)x ⊂ U^−(s)x, ∀x ∈ Ψ. 3. Lecture III: Entropy formula and conditional measures.

(a) [5, Prop. 6]: Simplified version of a result of Ledrappier and Young [3], which compares the entropy of the action of s on G/Γ and the modulus of Int(s) on various subgroups normalized by s, and shows that in case of equality U^− ⊂ Σ.

(b) [5, Prop. 7]: In view of condition-(E), from the above result one concludes that, in fact, W^−(s) ⊂ Σ and W + ⊂ Σ.

Since W^−(s) and W +(s) generate a normal subgroup of G containing U, by our assumption (via the initial reduction), Σ = G.

It is better to explain the entire proof by restricting to the case of G = P GL2(K) × P GL2(K), and U being the diagonal embedding of a unipotent subgroup of P GL2(K). This case already reveals the main important techniques involved in the proof of the Ratner’s general theorem.

The proof of Margulis and Tomanov specialized to the case of G = SL2(C), and U being the real one-dimensional group, can be found in [12]. The article [4], by Margulis, is written for algebraists, and it can be helpful for our purpose.

For most number theoretic applications, one usually needs to show that certain sequences of algebraically defined measures on G/Γ become equidistributed in the limit. In such a situation, sometimes one can easily show that the limiting distribution of such a sequence of measures is invariant under a unipotent subgroup U. But one cannot easily conclude that such a measure is U-ergodic. To analyse such a measure by decomposing it into U-ergodic components, and to use Ratner’s description for such components, there are well developed [8, 2, 11, 9, 10] techniques. These techniques should be explained, if there is time. Some particular cases of these techniques are very relevant to the theorem stated in the beginning of ‘Main Program description’.

The results of Dani and Margulis [1] on non-divergence of unipotent trajectories are required to show that certain sequences of algebraically defined measures have convergent subsequences. Only after this one can start applying Ratner’s theorem. Therefore the Dani-Margulis’ non-divergence results are essential complements of Ratner’s theorem. They should also be explained, if there is time.

If I could be of any use in lecturing/preparation please let me know. With best regards, Nimish A. Shah Email: nimish@math.tifr.res.in

References

[1] S. G. Dani and G. A. Margulis. Asymptotic behaviour of trajectories of unipotent flows on homogeneous spaces. Proc. Indian Acad. Sci. Math. Sci., 101(1):1–17, 1991.

[2] S. G. Dani and G. A. Margulis. Limit distributions of orbits of unipotent flows and values of quadratic forms. In I. M. Gelfand Seminar, pages 91–137. Amer. Math. Soc., Providence, RI, 1993.

[3] F. Ledrappier and L.-S. Young. The metric entropy of diffeomorphisms I, II, Ann. of Math., 122:509–539, 1985.

[4] G. A. Margulis. Lie groups and ergodic theory. In Algebra—some current trends (Varna, 1986), pages 130–146. Springer, Berlin, 1988.

[5] G. A. Margulis and G. M. Tomanov. Measure rigidity for algebraic groups over local fields. C. R. Acad. Sci. Paris Sér. I Math., 315(12):1221–1226, 1992.

[6] G. A. Margulis and G. M. Tomanov. Invariant measures for actions of unipotent groups over local fields on homogeneous spaces. Invent. Math., 116(1- 3):347–392, 1994.

[7] M. Ratner. On Raghunathan’s measure conjecture. Ann. of Math. (2), 134(3):545–607, 1991.

[8] M. Ratner. Raghunathan’s topological conjecture and distributions of unipotent flows. Duke Math. J., 63(1):235–280, 1991.

[9] M. Ratner. Raghunathan’s conjectures for Cartesian products of real and p-adic Lie groups. Duke Math. J., 77(2):275–382, 1995.

[10] G. M. Tomanov. Orbits on homogeneous spaces of arithmetic origin and approximations. In Analysis on homogeneous spaces and representations of Lie groups (Kyoto, 1997), Adv. Stud. Pure Math., 26,. Math. Soc. Japan, Tokyo, 1999.

[11] N. A. Shah. Limit distributions of polynomial trajectories on homogeneous spaces. Duke Math. J., 75(3):711–732, 1994.

[12] A. N. Starkov. Dynamical systems on homogeneous spaces. Translated from the Russian by the author. Translations of Mathematical Monographs, Vol. 190. American Mathematical Society, Providence, R.I., 2000.