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1 Markov bases

Problem 1.1. Let S ⊂ [m] × [n]. Consider the log-linear model for a 2-way contingency table
given parametrically by

log pij =
{
αi + βj + λ if (i, j) ∈ S
αi + βj if (i, j) /∈ S

This is an extension of the independence model that includes a subtable change-point parameter
λ [1]. The sufficient statistics of this log-linear model are the row sums, columns sums, and S-
subtable sum of a 2-way table u. For instance, if m = 2, and n = 3, and S = {(1, 1), (2, 2)}, then
the sufficient statistics of this log-linear model are

1 1 1 0 0 0
0 0 0 1 1 1
1 0 0 1 0 0
0 1 0 0 1 0
0 0 1 0 0 1
1 0 0 0 1 0





u11

u12

u13

u21

u22

u23


and the Markov basis consists of the single move:

±
(

+1 +1 −2
−1 −1 +2

)
.

1. Use the markov command in 4ti2 to compute the Markov basis for the model when m = n = 4
and S =

(a) {(1, 1), (2, 2), (3, 3), (4, 4)}
(b) {(1, 1), (1, 2), (2, 1), (2, 2)}
(c) {(1, 1), (1, 2), (2, 1), (2, 2), (3, 3), (3, 4), (4, 3), (4, 4)}
(d) {(1, 1), (1, 2), (1, 3), (2, 1), (2, 2), (3, 1)}

2. Describe the Markov basis for this model when S = I × J for I ⊆ [m], J ⊆ [n].

3. Describe the Markov basis for this model when m = n and S = {(i, i) | i ∈ [m]} is the set of
diagonals.
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Problem 1.2. The quasi-symmetry model for two discrete random variables X,Y with the same
number of states is the log-linear model with

log pij = αi + βj + λij

where λij = λji.

1. What are the sufficient statistics of this model?

2. Compute the Markov basis of the model for a few different values of the number of states of
X,Y .

3. Give a combinatorial description of the Markov basis of the quasi-symmetry model.

2 Likelihood Inference

Problem 2.1. Consider the model of all multivariate normal distributions N (0,Σ) on Rp that have
concentration matrix Σ−1 = ACA, where A is a diagonal matrix with diagonal entries α1, . . . , αp >
0 and C is tridiagonal as

C =


1 −γ
−γ 1 −γ

. . . . . . . . .
−γ 1 −γ

−γ 1


with γ such that C, and thus Σ, is positive definite. This is an instance of a colored Gaussian
graphical model [2].

1. If S = (sij) denotes the sample covariance matrix, which is assumed positive definite, then
the sample correlation matrix R = (rij) has the entries

rij =

{
1 if i = j,

sij√
siisjj

if i 6= j.

Show that the likelihood function involves only sij with |i − j| ≤ 1, and that for solution of
the likelihood equations we may without loss of generality replace S by R.

2. Use Singular to compute all solutions to the likelihood equations for p = 3 if

S =

 7 2 −1
2 5 3
−1 3 11
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3. Compute Gröbner bases for the likelihood equations for p = 3 (in Singular define a ring
with parameters r12 and r23). What is the maximum likelihood degree? Suppose a feasible
solution to the likelihood equations yields a global maximum of the likelihood function. Can
there be a second local maximum among the remaining solutions to the likelihood equations?

4. Compute ML degrees for some p ≥ 4. If needed, specify numerical values for r12, r23, . . . , rp−1,p.

Problem 2.2. Let X1 and X2 be two independent random variables distributed as Xj ∼ N (µj , ωj)
with µj ∈ R and ωj > 0. Let ε3 and ε4 be two random variables that are independent of both X1

and X2 and distributed as (ε3, ε4)t ∼ N (0,Ω) with positive definite covariance matrix

Ω =
(
ω3 ω34

ω34 ω4

)
.

Define two new random variables through linear combinations as

X3 = β30 + β31X1 + β32X2 + ε3,

X4 = β40 + β43X3 + ε4.

The coefficents βij may be arbitrary reals.
Without any true loss of generality we will assume that µ1 = µ2 = 0 and β30 = β40 = 0.

1. Let ε = (X1, X2, ε3, ε4)t, which is a multivariate normal random vector in R4. The vector
X = (X1, . . . , X4)t is equal to B−1ε for an appropriately chosen matrix B and thus also
multivariate normal. Verify that X has expectation zero and a (symmetric) covariance matrix
Σ = (σij) of the form

ω1 0 β31ω1 β31β43ω1

ω2 β32ω2 β32β43ω2

ω3 + β2
31ω1 + β2

32ω2 ω34 + β43(ω3 + β2
31ω1 + β2

32ω2)
ω4 + 2β43ω34 + β2

43(ω3 + β2
31ω1 + β2

32ω2)

 . (1)

In particular, we see that despite the possible dependence of the error terms ε3 and ε4 the
parameter β43 can be obtained from Σ through the instrumental variables formulas

β43 =
σj4

σj3
, j = 1, 2.

These formulas require σ13 or σ23 (or equivalently, β31 or β32) to be non-zero.

2. Let Θ be the set of covariance matrices of the form (1). Describe the ideal I of polynomials
in R[sij | 1 ≤ i ≤ j ≤ 4] that evaluate to zero at all matrices in Θ. What is the singular locus
of the variety V (I). What choices of coefficients βij lead to singularities?

3. Let Σ ∈ Θ be a singularity of V (I). What is the tangent cone of Θ at Σ?
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4. Let λn be the likelihood ratio statistic for testing

H0 : Σ ∈ Θ versus H1 : Σ 6∈ Θ

based on a sample of n independent random vectors in R4 that are distributed according
to N (0,Σ). Find all possible asymptotic distributions of λn when n → ∞ and the true
distribution N (0,Σ) has Σ ∈ Θ. (The Fisher-information is given in (2) below.)

Problem 2.3. Consider the model given by all centered multivariate normal distributions N (0,Σ)
on Rp. As always we assume Σ to be (symmetric) positive definite. Let

pΣ(x) =
1√

(2π)p det(Σ)
exp

{
−1

2
xtΣ−1x

}
, x ∈ Rp,

be the probability density of N (0,Σ). Viewing the symmetric matrix Σ as an element in R(p+1
2 ),

the Fisher-information I(Σ) is defined to be
(
p+1

2

)
×
(
p+1

2

)
-matrix whose elements are the expected

values

I(Σ)ij,kl = E
[(

∂

∂σij
log pΣ(X)

)(
∂

∂σkl
log pΣ(X)

)]
for X ∼ N (0,Σ). Alternatively, one can compute the entries of the Fisher-information as

I(Σ)ij,kl = −E
[

∂2

∂σij∂σkl
log pΣ(X)

]
.

(This can be shown to be true quite generally, as long as the order of integration and differentiation
can be interchanged.)

1. Verify (at least for small values of p) that the inverse of the Fisher-information has entries of
the form (

I(Σ)−1
)
ij,kl

= σikσjl + σihσjg. (2)

3 Conditional Independence

Problem 3.1. If X, Y and Z are discrete random variables such that all joint probabilities pijk =
P (X = i, Y = j, Z = k) are positive, then

X⊥⊥Y |Z and X⊥⊥Z|Y =⇒ X⊥⊥{Y, Z}. (3)

However, this implication might fail if some events are allowed to have zero probability.

1. Show that the probability distribution with p111 = p222 = 1
2 , and pijk = 0 otherwise, satisfies

X⊥⊥Y |Z and X⊥⊥Z|Y but not X⊥⊥{Y,Z}.

2. Compute the primary decomposition of the CI ideal IX⊥⊥Y |Z + IX⊥⊥Z|Y for various choices
of the number of states of the random variables.
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3. Give a combinatorial description of the minimal primes of IX⊥⊥Y |Z and IX⊥⊥Z|Y if X,Y, Z
are all discrete. In particular, how many minimal primes are there?

4. Let (pijk) be a probability density satisfying X⊥⊥Y |Z and X⊥⊥Z|Y where X ∈ [l], Y ∈ [m],
and Z ∈ [n]. Let G be the graph with vertices u1, . . . , . . . um and v1, . . . , um, and an edge
ujvk if the marginal probability p+jk =

∑
i pijk is positive. Show that if G is connected then

X⊥⊥{Y, Z}. Conversely, if G is disconnected it need not be true that X⊥⊥{Y,Z}.
Problem 3.2. In the lectures we saw that for either Gaussian or binary random variables X,Y,
and Z,

X⊥⊥Y and X⊥⊥Y |Z =⇒ X⊥⊥{Y, Z} or Y⊥⊥{X,Z}. (4)

1. Show that the implication (4) holds for discrete random variables as long as Z is binary.

2. Show that the implication (4) need not hold when Z is ternary (try computing the primary
decomposition in Singular).

3. How many minimal primes does the ideal IX⊥⊥Y + IX⊥⊥Y |Z have for discrete random vari-
ables? (Note: the number of components will depend on the number of states of the random
variables.)

4 Secant Varieties

Problem 4.1. LetM denote the independence model for four binary random variables, where the
first two variables are identically distributed, and the last two variables are identically distributed.

1. Express M as a toric model and find its Markov basis.

2. Compare the degree of M with the maximum likelihood degree of M.

3. How does one compute marginal likelihood integrals for the model M?

4. Let M(2) denote the mixture model which consists of all distributions that are convex com-
binations of two distributions in M. Describe the geometry of this semi-algebraic variety.

5. Pick a data set and run the expectation maximization algorithm for M(2) on your data set.

6. Compare the degree of M(2) with the maximum likelihood degree of M(2).

7. How does one compute marginal likelihood integrals for the model M(2)?
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