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Introduction:

The theory of Minimal Surfaces has developed rapidly in the past 10 years.
There are many factors that have contributed to this development:

• Sophisticated construction methods ([11, 28, 30]) have been developed
and have supplied us with a wealth of examples which have provided
intuition and spawned conjectures.

• Deep curvature estimates by Colding and Minicozzi ([3]) give control on
the local and global behavior of minimal surfaces in an unprecedented
way.

• Much progress has been made in classifying minimal surfaces of finite
topology or low genus in R3 or in other flat 3-manifolds. For instance,
all properly embedded minimal surfaces of genus 0 in R3, even those
with an infinite number of ends, are now known ([24, 20, 21]).

• There are still numerous difficult but easy to state open conjectures,
like the genus-g helicoid conjecture: There exists a unique complete
embedded minimal surface with one end and genus g for each g ∈ N or
the related Hoffman-Meeks conjecture: A finite topology surface with
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genus g and n ≥ 2 ends embeds minimally in R3 with a complete metric
if and only if n ≤ g + 2.

• Sophisticated tools from 3-manifold theory have been applied and gen-
eralized to understand the geometry and topological properties of prop-
erly embedded minimal surfaces in R3.

• Minimal surfaces have had important applications in topology and play
a prominent role in the larger context of Geometric Analysis.

This workshop will lead us to some recent highlights of the theory. For
a general reference to the subject of classical minimal surface theory and for
most of the topics covered in the first 14 talks below, please see the recent
survey [17].

Talks:

1. Plateau Solutions and Conjugate Plateau Constructions
Outline the basic existence results for the solution of Plateau’s problem.
Apply this solution to construct a minimal surface by first finding its
conjugate surface. Example: Scherk surfaces. Mention the Jenkins-
Serrin theorem and its application (see 2.6.1 in [12], see also [13, 14]).

2. A Quasiperiodic Minimal Surface
This talk will explain the construction of a quasiperiodic minimal sur-
face due to Mazet and Traizet ([15]). This is the first example of an
embedded minimal surface without a quotient of finite genus. The tech-
niques are based on the conjugate Plateau method. Knowledge of the
doubly periodic surfaces of Karcher-Meeks-Rosenberg ([12, 23]) will be
helpful.

3. Gluing Constructions for Minimal Surfaces
The purpose of this talks is to present Traizet’s regeneration technique,
which allows the construction of minimal surfaces of any genus in vari-
ous contexts by regenerating from nodal limits using the implicit func-
tion theorem. There are many incarnations of this method, surveyed
in [28]. A possible goal for this talk would be to explain the Minimal
Surfaces a la Riemann according to [29], but the applicants can feel
free to suggest another application of the method.
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4. The Classification of Doubly Periodic Minimal Tori With Par-
allel Ends
This talk will prove the following theorem of Pérez, Rodŕıguez, and
Traizet [27]: Any embedded, doubly periodic minimal surface of genus
one and parallel ends belongs to the 3-dimensional moduli space con-
structed by Karcher and Meeks-Rosenberg.

5. Osserman’s Theorem
Following [16], this talk will give an elementary proof of Osserman’s
theorem: A complete minimal surface of finite total curvature is con-
formally equivalent to a compact Riemann surface with finitely many
points removed.

6. Curvature Estimates for Stable Minimal Surfaces
One of the main tools in minimal surface theory is the existence of
curvature estimates for compact stable minimal surfaces in terms of
the intrinsic distance from the boundary of the surface, see [17]. The
speakers for this and the following talk should work together.

7. Barrier Constructions
When the curvature estimates from the previous talk are used in con-
junction with a barrier construction by Meeks and Yau [26] and the
maximum principle one can obtain basic theoretical results like the
strong halfspace theorem [10]. See [17] for a discussion of curvature
estimates and these applications and [22] for applications of curva-
ture estimates for minimal and constant mean curvature surfaces in
3-manifolds.

8. Universal Superharmonic Functions and their Application to
the Conformal Type of Proper Minimal Surfaces in R3

This talk is very self-contained and would cover some of the basic def-
initions like parabolic Riemann surface with boundary (full harmonic
measure on its boundary) and the ”opposite” kind of Riemann surface
called hyperbolic, as well as the main tool for studying this property
which is the notion of a universal superharmonic function. One result
that should be presented is the proof that a properly immersed minimal
surface in a closed half space in R3 is parabolic. Another basic applica-
tion of universal superharmonic functions that could be presented is: A
properly immersed minimal surface in R3 with compact boundary and
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contained in a slab has quadratic area growth. We refer the applicants
to [6, 17] for references to the material of this talk.

9. Colding-Minicozzi Theory: 1-Sided Curvature Estimates
This one and the following two talks will be an introduction into Colding-
Minicozzi theory with the goal to prove that any complete embedded
minimal disk in Euclidean space is proper. We recommend that all
participants read the surveys [1, 3, 4, 17]. This first talk will explain
the 1-sided curvature estimates of Colding-Minicozzi as in Corollary
0.4 from [2].

10. Colding-Minicozzi Theory: Chord-Arc Properties for Minimal
Disks
The content of this talk is to explain that a certain weak chord-arc
estimate for embedded compact minimal disks in R3. By chord-arc
estimate we refer to an estimate that relates intrinsic and extrinsic
distance in the disk up to some universal constant. A key consequence
of this result is that there is a small universal constant δ > 0 such that
for any compact embedded minimal disk D ⊂ R3 and for any point
p ∈ D with intrinsic distance d = dD(p, ∂D) from the boundary of
D, then the component Cp of BR3(p, δd) containing p is a disk disjoint
from ∂D. This talk should focus only on the weak chord-arc case
where ∂D lies on the unit sphere and passes through the origin. See
Proposition 2.1 in Section 2 in [5] . For a somewhat different approach
to proving this kind of chord-arc result in 3-manifolds see [25].

11. Colding-Minicozzi Theory: Properness of Complete Embed-
ded Minimal Surfaces with Finite Topology
This talk is a continuation of the previous talk, but where the embed-
ded compact disk D does not have its boundary on the boundary of
a sphere. A simple consequence of this result and previous classical
work is that a complete embedded minimal surface Σ ⊂ R3 of finite
topology and compact boundary is always properly embedded in R3.
Since many theoretical results are known only for properly embedded
minimal surfaces, this type of result allows us to obtain the same result
after replacing the stronger hypothesis of ”proper” by the weaker one
of ”complete” when the surface has finite topology. See Section 3 in [5]
and for a somewhat different approach see [25].
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12. Rescaling Arguments and Minimal Laminations
This talk explains three essential tools in the subject of minimal sur-
faces in 3-manifolds. The first tool consists of rescaling arguments
which analyze the behavior of a minimal surface M very near a point
p ∈M where some geometric function (like the absolute Gaussian cur-
vature function or the injectivity radius function) of the surface is ex-
tremely small or large, by homothetically rescaling coordinates/metric
of the ambient space centered at p so that on the new scaled surface
the function attain an almost maximal or almost minimum value of 1
at p. Natural limits of such rescaled surfaces frequently yield minimal
laminations in R3 when the sequence of rescaled surfaces fails to have
local area bounds. The second tool is the Minimal Lamination Closure
Theorem in [25]: The closure of complete embedded minimal surface
M ⊂ N in a Riemannian 3-manifold N has the structure of a minimal
lamination if and only if its injectivity function is bounded away from
0 on each compact domain in N . The third tool is the Stable Limit
Leaf Theorem of Meeks, Pérez, and Ros [22], pages 25–30: The limit
leaves of a codimension one minimal lamination of a Riemannian mani-
fold are stable. The speaker should introduce minimal laminations and
foliations of a Riemannian 3-manifold, explain the statement of the
Minimal Lamination Closure Theorem, present the (short) proof of the
Stable Limit Leaf Theorem for a minimal lamination of a 3-manifold,
and give one example of a rescaling or blow-up argument.

13. Harmonic Function Theory on Minimal Surfaces
See [19]. This talk demonstrates that if a properly immersed minimal
surface Σ in R3 with finite topology and compact boundary intersects
some plane transversely in a finite collection of immersed arcs and
curves, then it is conformally a compact Riemann surface with bound-
ary which has been punctured in a finite number of points, which means
Σ is a parabolic Riemann surface. Knowing the conformal structure of
a complete minimal surface Σ ⊂ R3 of finite topology is parabolic is ex-
tremely useful because the stereographic projection of the Gauss map
is a meromorphic function on the underlying Riemann surface. For
example, via an application of Picard’s Theorem applied to the Gauss
map, we see that a complete minimally immersed surface Σ ⊂ R3 with
compact boundary has finite total curvature if and only if it has fi-
nite topology and there exist 2 non-parallel planes which intersect it
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transversely in a finite number of immersed arcs and curves.

14. The Uniqueness of the Helicoid
This talk will prove that any complete, embedded, simply connected
minimal surface in R3 is either the plane or the helicoid. This theorem
is due to Meeks and Rosenberg when the surface is proper, a property
which we understand holds by the work of Colding and Minicozzi given
in Talk 11. We will follow a new proof of the uniqueness of the helicoid
by Meeks and Perez [18] which is partly based on the results in Talk 13.
Depending on the organization of the talk, the speaker could also cover
the more general classification of the asymptotic behavior of complete
minimal embeddings S1 × [0,∞) into R3.

15. Minimal Graphs in Nil
This talk will develop the basics of the Abresch-Rosenberg Hopf differ-
ential and use it to prove the classification of entire minimal graphs in
the Heisenberg group by Fernandez and Mira [9].

16. The Halfspace Theorem in Nil
This talk continues the discussion of the previous talk, presenting the
work of Daniel and Hauswirth [8]: They construct horizontal minimal
annuli in Nil, and use them prove a halfspace theorem. This in turn
allows them to classify all complete minimal graphs in Nil.

17. Minimal Surfaces in M2 × R
Collin and Rosenberg [7] construct entire minimal graphs in H2 × R
that are conformally equivalent to C. The projection of these graphs
yields a harmonic diffeomorphism from C to H, thus contradicting a
conjecture of R. Schoen.
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Participation:

The idea of the Arbeitsgemeinschaft is to learn by giving one of the lectures
in the program.

If you intend to participate, please send your full name and full postal
address to

minimal.oberwolfach@gmail.com
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by August 15th, 2009 at the latest.
You should also indicate which talk you are willing to give:

First choice: talk number . . .
Second choice: talk number . . .
Third choice: talk number . . .

You will be informed shortly after the deadline if your participation is
possible and whether you have been chosen to give one of the lectures.

The Arbeitsgemeinschaft will take place at Mathematisches Forschungsin-
stitut Oberwolfach, Schwarzwaldstrasse 9-11, 77709 Oberwolfach-Walke, Ger-
many. The institute offers board and lodging free of charge to the partici-
pants. However, travel expenses cannot be covered. Further information on
the conference and on how to arrive at the Oberwolfach conference center will
be given out to the participants, shortly after the deadline for applications.
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