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Introduction by the Organisers
Three very different areas lead to the same rich geometry of which Frobenius
manifolds are the foundation. These are singularity theory, integrable systems and
quantum cohomology. The connection between singularity theory and quantum
cohomology via this geometry is one version of mirror symmetry, the connection
between integrable systems and quantum cohomology has also been at the focus
of a lot of activity. However, the direct connection between singularity theory and
integrable systems has been somewhat neglected until recently. The aim of the
workshop was to take up this recent work and to stimulate from different sides the
further development of this connection.
This rich geometry is a twofold extension of the concept of a Frobenius manifold. In quantum cohomology Frobenius manifolds encode geometrically genus
zero Gromov-Witten invariants without gravitational descendents. This twofold
extension is given by including both Gromov-Witten invariants of arbitrary genus
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and gravitational descendents. Such extensions are naturally present in the theory
of integrable systems: higher genus data and the dependence on infinitely many
variables are naturally built into the general theory of such systems.
In contrast to this, in singularity theory only the geometry and meaning of the
Frobenius manifolds is clear. The meaning of higher data is largely mysterious.
Only the G-function F1 , which corresponds to genus one data without gravitational
descendents, has been intensively studied and been used for predictions on the
distribution of the spectral numbers of singularities.
This is unsatisfying as there is a well defined twofold extension for an arbitrary
semisimple Frobenius manifold M . This was proposed in terms of a formula for a
generating function DM in infinitely many variables called total descendent potential by Givental and Dubrovin&Zhang in 2001. The generating function is obtained
by applying a big operator to a product of n(= dim of the Frobenius manifold)
copies of the generating function DA1 of the quantum cohomology of a point. The
big operator arises by a quantization (within Givental’s symplectic loop space formalism) of a formula arising from the flat structure connection on P1 × M which
is associated to the Frobenius manifold M and which has a logarithmic pole along
{∞} × M and an irregular pole along {0} × M .
The workshop was a half size workshop with many young participants. There
were 15 talks. All talks dealt with parts of the structures mentioned above and
almost all with the connection between two of the three areas mentioned above.
Three talks presented mirror symmetry results related to singularities, one for
the hyperbolic unimodal singularities, two for certain Laurent polynomials. These
were in terms of isomorphism of Frobenius manifolds. The two for Laurent polynomials built on a good control of the corresponding global Gauss-Manin systems.
Other talks went to the higher genus data for singularities, one starting with oscillating integrals, one starting with data of semisimple Frobenius manifolds. This
one presented an impressive rather explicit (but still in an experimental status) formula for the genus 2 potential with gravitational descendents. Another talk also
dealt with higher genus data for singularities, but by a construction which has
some similarity with that of quantum cohomology. It leads to a new rich picture
of connections between different sides, called Landau-Ginzburg mirror symmetry.
Several talks took a very general perspective. One resumed the Givental theory
and many different techniques to control DM . Another aimed at a categorical
construction of the central data for singularities, their Brieskorn lattices or, in
other words, their non-commutative Hodge structure. Another related in a general
way integrable systems and open symplectic manifolds.
Two talks discussed structures related to the differential geometry of Frobenius
manifolds, one gave a survey of a many different variants of the underlying geometry including tt∗ geometry, another reviewed the geometry on certain varieties
which arise naturally in algebraic geometry. Another talk presented explicit global
(without singularities) solutions of the tt∗ equations and identified some of them
via their Stokes structure with examples from singularity theory and quantum
cohomology.

Singularity Theory and Integrable Systems

1363

One talk concentrated on Stokes structures by themselves and interpreted the
base spaces of the simple and the simple elliptic singularities as atlasses of Stokes
data. Another used quantum cohomology, algebraic geometry and numerical methods to find several 3-dimensional Calabi-Yau manifolds with surprising similarities
and differences. Finally, a lecture of double length was given by Varchenko on his
work on critical points of master functions. He has relations to integrable hierarchies and to quantum cohomology (for flag varieties) which might lead to possible
further applications of the main themes of the workshop.
The workshop did not solve the mystery of the meaning of the higher genus data
within singularity theory. But it made the participants aware of other aspects of
the landscape. It showed that mirror symmetry for singularities has developed a
lot in very recent years and that several techniques are maturing right now. It
makes us optimistic about a lot of progress in the near future.
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Abstracts
Gromov-Witten theory of orbifold projective lines and integrable
hierarchies
Todor Milanov
(joint work with Hsian-Hua Tseng, Yefeng Shen)
In my joint work with H.-H. Tseng [6] we constructed an integrable hierarchy
that governs the Gromov–Witten invariants of the orbifold projective line equipped
with two orbifold points. Part of our work was generalized by P. Rossi [7], who
computed the quantum cohomology of P1r1 ,r2 ,r3 . The latter is the projective line
equipped with 3 orbifold points with isotropy group Z/ri Z, where the weights ri
are positive integers satisfying:
1
1
1
+
+
− 1 > 0.
χorb (P1r1 ,r2 ,r3 ) :=
r1
r2
r3
The goal of our project is to construct an integrable hierarchy that governs the
Gromov–Witten invariants of P1r1 ,r2 ,r3 . To simplify the exposition, I presented our
ideas for the case of r3 = 1, which corresponds to our previous work with H.-H.
Tseng. Even in that case our new construction looks quite different. Our starting
point is the Landau–Ginzburg potential of P1r1 ,r2 ,1
W (x) = xr1 + (Q/x)r2 ,
where Q 6= 0 is a complex parameter, and its miniversal deformation
rX
rX
1 −1
2 −1
 q  r2
 q j
r1
i
f (t, x) = x +
t1i x +
t2j
+ t01 +
,
x
x
i=1
j=1

where q := Qet02 and the remaining deformation parameters are viewed as coordinates on B := C∗ × CN , N = r1 + r2 − 1. It was pointed out by B. Dubrovin
(see [1]) that the space B has a Frobenius structure, i.e., the period integrals
Z
(λ − f (t, x))n
dx
(−n)
B
∗
Iβ (t, λ) := −d
ω, ∈ Tt,λ
B, ω :=
,
n!
x
βt,λ
satisfy a system of differential equations in (t, λ) ∈ B × C. The notation in
the above formula is as follows. Put ft (x) := f (t, x) and let Xt,λ := ft−1 (λ)
be the Milnor fibers; then dB is the de Rham differential on B, the integration
cycles, when t and λ very, form a flat family of relative homology cycles βt,λ ∈
H1 (C, Xt,λ ; C). Let us look at the periods corresponding to n = 0 and n = 1. For
a fixed (t, λ) we have an isomorphism
I (−1) (t, λ) : h := H1 (C, Xt,λ ; C) −→ Tt∗ B,
e 0 (Xt,λ ; C) in Tt∗ B. The relation
while I (0) (t, λ) gives an embedding of h := H
between h and h is given by the standar long exact homology sequence of a pair:
e 0 (Xt,λ ; Z) −→ 0
0 −→ H1 (C∗ , Z) −→ H1 (C, Xt,λ ; Z) −→ H
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The vanishing cycles in Xt,λ form a root system of type AN . Moreover, if we
let λ → ∞ we see that there are 3 types of vanishing cycles: 1) supported near
x = ∞; 2) supported near x = 0; and 3) supported at a point near x = ∞ and a
point near x = 0. If we choose simple roots we get a Dynkin diagram as the one
on the figure below, where βi1 , βj2 , and βc are vanishing cycles of the types 1), 2),
and 3) respectively.

r

r

β11

β21

...

βc
❜

r
βr11 −1

r

...

βr22 −1

r

r

β22

β12

The homology group h is also equipped with a monodromy action. Namely if we
have a loop in B × C based at (t, λ) and avoiding the discriminant of the Milnor
fibration (where the periods acquire poles), then the parallel transport with respect
to the Gauss-Manin connection of the vanishing homology induces a monodromy
representation. In particular, if we take a big loop around the discriminant, i.e., a
loop in {t} × C near λ = ∞ we get a monodromy transformation σ, which can be
expressed in terms of the simple reflections as follows:

σ = rβ11 rβ21 · · · rβr1

1 −1



rβ12 rβ22 · · · rβr2

2


.
−1

Our main observation is that if we apply the vertex operator construction of [3];
then we obtain a Fock space realization of the basic representation of the affine Lie
(1)
algebra of type AN . This realization fits into the construction of V. Kac and D.
Peterson (see [4]): they have constructed a realization of the basic representation
corresponding to a choice of a conjugacy class in the Weyl group. In our settings
the conjugacy class is the one determined by the monodromy transformation σ.
Moreover, the Fock space realization leads naturally to an integrable system of Hirota bilinear equations known as Kac-Wakimoto hierarchy (see [5]). We can prove
that the total descendant potential of P1r1 ,r2 ,1 is a tau-function, i.e., solution to this
hierarchy. Our project however is still unfinished, because the integrable hierarchy that we have constructed does not characterize the Gromov–Witten invariants,
since our integrable hierarchy does not have dynamical variables corresponding to
∗
the descendant insertions of 1 ∈ Horb
(P1r1 ,r2 ,1 ; C). In other words, our conjecture
is that the integrable hierarchy that governs the full Gromov–Witten theory of P1
is an extension of the Kac Wakimoto hierarchy corresponding to σ.
For the D and E cases a similar construction can be done by using the tripolynomials of P. Rossi [7]. The outcome is the following: βc is the branching node
of the Dynkin diagram while σ will be the product of the remaining reflections.
Again our conjecture is that the Gromov–Witten theory of the corresponding
orbifold is governed by an integrable hierarchy which is an extension of the KacWakimoto hierarchy corresponding to σ.
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Mirror symmetry between orbifold projective lines and cusp
singularities
Atsushi Takahashi
Let A be a triple of positive integers (a1 , a2 , a3 ). For the later use, we set

3
3 
X
X
1
−1 .
µA := 2 +
(ai − 1) , χA := 2 +
a
i
i=1
i=1

We can naturally associate three mathematical objects from completely different
origins;
• an orbifold projective lines P1A := P1a1 ,a2 ,a3 , an orbifold P1 with at most
three isotropic points of orders a1 , a2 , a3 .
• (QA , I) is the quiver with relations given in Figure 1.
• A polynomial fA (x1 , x2 , x3 ) := xa1 1 + xa2 2 + xa3 3 − q −1 x1 x2 x3 , q ∈ C\{0}.
At a glance, P1A , (QA , I) and fA are irrelevant. However, it turns out by mirror
symmetry that they can be considered as three different realizations of more intrinsic object behind them. We here discuss their classical mirror symmetry, an
isomorphism of Frobenius manifolds.
Conjecture.
There should exist isomorphisms of Frobenius manifolds among
• MP1A , the one constructed from the theory of Gromov–Witten invariants
for P1A ,
• MW
cA , the one (should be) constructed from the invariant theory of the
cA associated to the quiver with relations (QA , I),
extended Weyl group W
• MfA ,ζA , the one constructed from the universal unfolding of fA by the
primitive form ζA .
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Figure 1. The quiver with relations (QA , I). The double dotted
line denotes two generic linear combinations of three paths from
•1 to •µA generating the ideal I.
Conjecture is known to hold if ai = 1 for some i = 1, 2, 3 by Milanov–Tseng [3],
if χA > 0 by Rossi [4] and if χA = 0 by Satake–Takahashi [6]. The following is our
main result.
Theorem1 (Ishibashi–Shiraishi–Takahashi [2]). There exists a unique Frobenius manifold M with flat coordinates
t1 , t1,1 , . . . , t1,a1 −1 , t2,1 , . . . , t2,a2 −1 , t3,1 , . . . , t3,a3 −1 , tµA
satisfying the following conditions:
(1) There exists a (local) isomorphism of complex manifolds:
M ≃ C × C(a1 −1)+(a2 −1)+(a3 −1) × C∗


tµA (s)
s 7→ t1 (s), t1,1 (s), . . . , t3,a3 −1 (s), e
.

(2) The unit vector field e and the Euler vector field E are given by
3 aX
i −1
X
∂
∂
ai − j
∂
∂
e=
, E = t1
+
ti,j
+ χA
.
∂t1
∂t1 i=1 j=1 ai
∂ti,j
∂tµA

(3) The non-degenerate symmetric bilinear form η is normalized as




∂
∂
∂
∂
η
,
=η
,
= 1,
∂t1 ∂tµA
∂tµA ∂t1

 ( 1
, if i1 = i2 and j2 = ai1 − j1 .
∂
∂
η
,
= ai1
∂ti1 ,j1 ∂ti2 ,j2
0, otherwise.
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(4) The restriction of the Frobenius potential F to {t1 = 0} is homogeneous
of degree 2 with respect to E. Namely, we have EF |t1 =0 = 2F |t1 =0 . F
also satisfies


F |t1 =0 ∈ C [t1,1 , . . . , t1,a1 −1 , t2,1 , . . . , t2,a2 −1 , t3,1 , . . . , t3,a3 −1 , etµA ]
(5) Assume the previous condition (iv). Then, the product ◦ can be extended
to the limit t1 = t1,1 = · · · = t3,a3 −1 = 0, etµA → 0 in the frame ∂t∂1 ,
∂
∂
∂
∂t1,1 , . . . , ∂t3,a3 −1 , ∂tµA of T M . The C-algebra obtained in this limit is
isomorphic to the quotient ring
C[x1 , x2 , x3 ] /(x1 x2 , x2 x3 , x3 x1 , a1 xa1 1 − a2 xa2 2 , a2 xa2 2 − a3 xa3 3 ) ,
where ∂/∂t1,1 , ∂/∂t2,1, ∂/∂t3,1 are mapped to x1 , x2 , x3 , respectively.
(6) The term t1,1 t2,1 t3,1 etµA occurs with the coeffcient 1 in F .
This Theorem enables us to simplify the proofs given by Milanov–Tseng [3] and
Rossi [4] and to generalize them to the case χA ≤ 0.
Corollary 1 ([2]). We have an isomorphism of Frobenius manifolds
(1)

MP1A ≃ MfA ,ζA .

We also have the following uniqueness theorem, which may be known for experts. We refer to Theorem 2.1 of [1] and Proposition 5.2 of [5] for the relevant
statements.
Theorem 2 ([2]). A Frobenius manifold of rank µ and of dimension one with
the following e and E is uniquely determined by the intersection form I :
(2)

3 aX
i −1
X
∂
∂
ai − j
∂
∂
, E = t1
+
ti,j
+ χA
.
e=
∂t1
∂t1 i=1 j=1 ai
∂ti,j
∂tµ

By Theorem 2, it is now possible to give an isomorphism of Frobenius manifolds
between MW
cA and MfA ,ζA :
Corollary 2 ([2]). Assume that χA > 0. We have an isomorphism of Frobenius
manifolds
(3)

MW
cA ≃ MfA ,ζA ,

where MW
cA is the one constructed in [1].
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On the Hodge theory of differential graded categories
Dmytro Shklyarov

Given a smooth complex algebraic variety X there are isomorphisms [3, 9]
(1)

2p
HP 2k (Perf(X)) ≃ ⊕p HDR
(X),

2p+1
HP 2k+1 (Perf(X)) ≃ ⊕p HDR
(X)

where Perf(X) is the differential Z-graded category of perfect complexes on X
and HP • are the periodic cyclic homology groups. The de Rham cohomology of
an algebraic variety carries a (mixed) Hodge structure, and a natural question to
ask is whether Perf(X) “remembers” any part of that structure or, more generally,
whether the periodic cyclic homology of any differential graded category carries any
functorial Hodge-like structure. The study of these questions has been initiated by
M. Kontsevich and his collaborators (see [2] and references therein) in connection
with the homological mirror symmetry program. Our aim here is to discuss one
piece of the emerging picture, namely, an analog of the Hodge filtration in the
categorical setting. We will recall the idea of the construction and present one
application, obtained in [8], to isolated singularities.
The negative cyclic homology HN • (D) of a differential Z-graded category1 D
is the cohomology of the complex (C• (D)[[u]]gr , b + uB) where (C• (D), b) is the
Hochschild chain complex of D, B is the Connes differential, u is a formal variable
(of degree 2), and C• (D)[[u]]gr is the subspace in C• (D)[[u]] (:= formal series
with coefficients in C• (D)) spanned by homogeneous series. The periodic cyclic
homology HP • (D) is defined similarly but with C• (D)[[u]] replaced by formal
Laurent series C• (D)((u)) (since u is invertible now, all the groups HP 2k (D) resp.
HP 2k+1 (D) are isomorphic to each other).
With some obvious changes the definitions of the negative and periodic cyclic
homology extend to the case of differential Z/2-graded categories. Instead of
the individual groups HN • and HP • one gets C[[u]]-modules HN ± and C((u))linear spaces HP ± . A standard example of a Z/2-graded category is the category
MF(w) of matrix factorizations of a series w ∈ R = C[[y0 , . . . , ym ]] with an isolated
singularity at the origin (see [1] and references therein). The negative and periodic
cyclic homology of MF(w) also have a geometric meaning: by [7] there is a quasiisomorphism from the cyclic complex of MF(w) to the formal twisted de Rham
complex associated with w
(2)

(C• (MF(w))((u)), b + uB) ≃ (Ω•Spec R ((u)), −dw + ud)

which maps C• (MF(w))[[u]] to Ω•Spec R [[u]].
For simplicity, we will assume from now on that the periodic cyclic homology
groups of our categories are finite-dimensional2.
In the case of differential Z-graded categories the analog of the Hodge filtration
is a filtration on the periodic cyclic homology groups defined via an analog of the
Hodge-to-de Rham spectral sequence, in complete agreement with the classical picture. Namely, the complex computing HP • (D) comes equipped with a canonical
1All our categories will be C-linear.
2over C in the Z-graded case and over C((u)) in the Z/2-graded case
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decreasing filtration by the sub-complexes un C• (D)[[u]]gr , and the induced filtration on HP • (D) is what we need. To see the connection to the classical case, note
that the above filtration on the cyclic complex gives rise to a spectral sequence
gr
with E1 = HH• (D)((u))
where HH• is the Hochschild homology. Given that
Q
HHk (Perf(X)) ≃ q−p=k H q (X, ΩpX )(cf. [3, 9]), this spectral sequence is a close
relative of the classical Hodge-to-de Rham spectral sequence.
In the example D = Perf(X), where X is a smooth projective variety, the above
filtration on, say, HP 0 (D) transforms under the isomorphism (1) into


2p
F n ⊕p HDR
(X) = ⊕p−q≥2n H p,q (X)

2p
Note that on each HDR
(X) it differs from the usual Hodge filtration by a shift.
Let us explain now how all the filtered vector spaces HP • (D) can be encoded
in one simple additional structure on the cyclic complex. Let D, as before, be
a differential Z-graded category. Let us treat it as a Z/2-graded category with
the following additional property: its Hochschild complex carries an operator γ
such that [γ, b] = b and [γ, B] = −B (γ is just the grading operator). Then the
γ
d
+ 2u
on C± (D)((u)) satisfies the property
differential operator ∂u := du

(3)

[∂u , b + uB] =

1
(b + uB)
2u

and therefore descends to HP ± (D). Recall (see, for instance, [5]) that given an
integer N there is a functor from the category of triples (H, ∇, H0 ), where H
is a finite-dimensional vector space over C((u)) equipped with a regular singular
connection ∇ and a lattice H0 , to the category of finite-dimensional filtered vector
spaces (over C) defined as follows:
(4)

HN := ⊕ N −1<a≤ N Ha , F n HN := ⊕ N −1<a≤ N un H0 ∩ V a /un H0 ∩ V >a
2

2

2

2

where3 Ha := ∪n Ker(u∇ d − a)n , V a := ⊕a≤b<a+1 Hb [[u]], and V >a := ∪b>a V b .
du
A simple computation shows that for N = 2k (resp. 2k + 1), H = HP + (D) (resp.
HP − (D)), ∇ d = ∂u , and H0 = Im(HN + (D) → HP + (D)) (resp. Im(HN − (D) →
du
HP − (D))) the functor reproduces HP 2k (D) (resp. HP 2k+1 (D)) with its filtration.
Theorem 1. Let D be any differential Z/2-graded category. There is an operator
d
+ A(u) on C± (D)((u)) such that, firstly, the property (3) holds (in par∂u = du
ticular, ∂u descends to HP ± (D)); and secondly, the induced operator on HP ± (D)
coincides with the one considered previously when D is Z-graded.
An explicit formula for ∂u can be found in [8]. In general, the induced connection
on the periodic cyclic homology has a pole of order 2 with respect to the lattice
given by the image of the negative cyclic homology. For instance, in the case
D = MF(w) one has:
3Let us assume for simplicity that the a’s for which Ha is non-trivial are all real.
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Theorem 2. ([8]) Under the quasi-isomorphism (2) the operator from the previous
theorem transforms into the operator
w
γ̃
d
+ 2−
(5)
∂u =
du u
2u
•
on ΩSpec R ((u)) where w is the operator of multiplication with w and γ̃ is the
grading operator on Ω•Spec R .
This result has a curious Hodge theoretic meaning. Let w be a germ of a holomorphic function. It is a classical fact (cf. [4, Sec.6]) that the connection on the
formal twisted de Rham cohomology induced by (5) is, up to a shift, a FourierLaplace-like transform of the Gauss-Manin system of w (in particular, it has a
regular singularity). Then Theorem 2, together with [6, Sec.5], implies that the
construction (4), when applied to HP ± (MF(w)), reproduces (again, up to a shift)
the Steenbrink Hodge filtration on the vanishing cohomology of w. Moreover, the
connection (5) encodes other invariants of the singularity (e.g. its spectrum or,
rather, a shifted version of it) and, thus, Theorem 2 provides a natural way to
extract those invariants from the category MF(w).
On a final note, the correct point of view seems to be that the connection
(together with the lattice) from Theorem 1 should itself be viewed as a kind of
“non-commutative Hodge filtration”. For a review of the origin and development
of this and related ideas see [2, 5].
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[4] B. Malgrange, Intégrales asymptotiques et monodromie, Ann. Sci. École Norm. Sup. (4) 7
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Different interpretations of the Givental group action
Sergey Shadrin
Givental group action is nowadays one of the most important and useful tools in the
theory of Frobenius manifolds, and it deserves a study on its own. Indeed, many
of its interpretations come from completely different points of view on Frobenius
manifolds and their applications. The interaction of different ways to define the
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Givental group action reflect the interaction of different areas of mathematics,
most notably geometry of the moduli space of curves, resolutions of BV algebras,
and integrable hierarchies.
Here we briefly discuss four different ways to think about the Givental group
action. To be more precise, we consider only a half of it, the action of the so-called
upper-triangular group. In fact, it is the most interesting part since it is exactly
the one that changes the underlying Frobenius structure. On subtlety related to
differences in exposition below: in the first two interpretations we have decided
to ignore the scalar product, for simplicity of the exposition, therefore we have a
bigger group than in the last two interpretations.
Trivialization of the BV operator
The most essential part of the structure of formal Frobenius manifolds is the
so-called hypercommutative algebra. That is, for n ≥ 2 we have n-ary (graded)
symmetric operation mn : V ⊗n → V , and these operations satisfy the WDVV
relations. The operations mn should be thought of either as the representation
of the fundamental class of the moduli space of curves M0,1+n , or as the operations whose structure constants are given by expansion of the prepotential of the
Frobenius manifold in flat coordinates.
The BV /∆-structure on a vector space W is the structure of a differential Z2 graded commutative associative algebra with the differential Q : W → W and the
product µ : W ⊗2 → W . There is an extra odd operator, ∆ : W → W , satisfying the
conditions ∆2 = 0, [Q, ∆] = 0, ∆ is an operator of the second order with respect to
µ. This would be a BV -algebra structure. We add an extra piece of the structure
in order to homotopically resolve the BV operator ∆.PThat is, we have
P∞operators
∞
φi : W → W , i = 1, 2, . . . , such that d + z∆ = exp(− i=1 φi )d exp( i=1 φi ).
In a recent preprint [5] with A. Khoroshkin and N. Markarian, we constructed
an explicit quasi-isomorphism of the two operads behind these structures. This
means that for any hypercommutative algebra V one can find a BV /∆ algebra
W such that V = H ∗ (W, Q) and the hypercommutative algebra structure on V
comes from a higher BV /∆ structure on W . Moreover, there are explicit formulas
that relate these two structures.
Now we consider an arbitrary formal power series R(z) ∈ End(V ) ⊗ C[[z]],
R(z) = Id + R1 z + . . . . We can lift it to a series R̄(z) ∈ End(W
) ⊗ C[[z]] in
P∞
such a way that d = R̄(z)−1 dR̄(z). Then we can replace the series i=1 φi z i with

P∞
P∞
i
i=1 φ̃i z = log R̄(z) exp(
i=1 φi ) .
This way we obtain a new BV /∆-structure on W . It induces a new hypercommutative algebra structure on V , and it is the first possible interpretation of the
Givental group action on the space of hypercommutative algebra structures on V .
More details are available in [5].
Multi-KP formalism
The structure of a formal Frobenius manifold can also be reduced to a pencil
of flat connections, that is, the s × s matrix of the germs of 1-forms A(u1 , . . . , us )
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such that d + ζ −1 A is a pencil of flat connections (here ζ is a formal variable).
The equations are then dA = 0 and A ∧ A = 0.
We associatePa particular
 matrix A to a formal power series of s × s matrices
∞
−ℓ
R(z −1 ) = exp
r
z
using the formalism of multi-KP hierarchies.
ℓ=1 ℓ
Let V = he1 , . . . , es i be an n-dimensional vector space over C. Let z be a formal
variable. We denote by V the vector space Λ∞/2 V ⊗ C[z −1 , z] spanned by the
semi-infinite wegde products
ω = (ei1 z d1 ) ∧ (ei2 z d2 ) ∧ (ei3 z d3 ) ∧ . . .

such that the tail of ω coinsides with the tail of vacuum vector
|0i := (e1 z 0 ) ∧ · · · ∧ (es z 0 ) ∧ (e1 z 1 ) ∧ · · · ∧ (es z 1 ) ∧ . . . .
By tail of ω we call another basis vector in V that is obtained from ω by removing
the first few factors in the wedge product.
We consider the matrices rℓ z −ℓ as the local Lie algebra elements acting on
vectors in V by the Leibnitz rule. We denote by αi the local Lie algebra element
Eii z. All basic objects P
that we are going to consider are some matrix elements of
the operator R := exp( ni=1 αi ui )R(z −1 ), where u1 , . . . , un are formal variables.
We denote by (Ψ0 )ij = (Ψ0 )ij (R), i, j = 1, . . . , s, the following matrix elements
of R:
(ej z −1 ) ∧ |0i R (ei z −1 ) ∧ |0i
.
(Ψ0 )ij :=
h|0i |R ||0ii
Then the formula for a matrix of the germs of 1-forms A satisfying
the property
Ps
that d + ζ −1 A is a pencil of flat connections is simply Ψ−1
(
E
0
i=1 ii dui ) Ψ0 .
More details are available in [6, 7, 1, 9].
Deformation of classes of a CohFT
Formal solutions of the WDVV equation that has no terms of degree less than
3, satisfying the additional property of having a unit, are in one-to-one correspondence with cohomological field theories in genus 0. The formal definition is the
following. We fix a vector space V = he1 , . . . , es i (e1 will play a special role) with
a non-degenerate scalar product η. A cohomological field theory is a system of
cohomology classes Cn ∈ H ∗ (M0,n ) ⊗ V ⊗n satisfying the properties:
(1) Cn is equivariant with respect to the action of Sn on the labels of marked
point and component of V ⊗n .
(2) For any map ρ : M0,n1 +1 ×M0,n2 +1 → M0,n that realizes a divisor in M0,n
sewing the surfaces at the last
 marked points into a nodal surface, we have:
∗
−1
ρ Cn = Cn1 +1 · Cn2 +1 , η
(we contract with the scalar product the two
components of V corresponding to the two points in the preimage of the
node under normalization).
(3) For the map π : M0,n+1 → M0,n that forgets the last marked point, we
have: π ∗ Cn = (Cn+1 , e1 ) (we contract the component of V corresponding
to the last marked point with e1 ). Moreover, (C3 , e1 ⊗ ei ⊗ ej ) = ηij .
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P∞
Consider a series ℓ=1 rℓ z ℓ , rℓ : V → V , rℓ is symmetric (resp., skewsymmetric)
with respect to η for odd (respectively, even) ℓ. Following [4, 10], we associate
to this series an infinitesimal deformation of CohFT. Denote by (rℓ z ℓ )ˆCn the
following class on M0,n :
−

+



l+1
π∗ Cn+1 ψn+1
, rℓ (e1 )

1
2

ℓ−1
XX
div i=0

+

n
X

(k)

ψkl rℓ Cn

k=1


−1
(−1)i+1 ρ∗ Cn1 +1 ψni 1 +1 · Cn2 +1 ψnℓ−1−i
,
η
r
.
ℓ
2 +1

P
The last sum here ( div ) is taken over all irreducible boundary divisors, whose
(k)
generic points are represented by two-component curves. By rℓ we denote the
action of rℓ on the kth factor
V ⊗n .
P∞of V in
′
ℓ
The classes Cn := exp
ℓ=1 (rℓ z )ˆ Cn form a CohFT.
More details are available in [4, 10, 8].
Lagrangian cones in the Fock space
One more way to think about a Frobenius structure is to say that we consider a
formal solution of the string equation and the topological recursion relation. That
is, we have a vector space V = he1 , . . . , es i, a scalar product η, and we consider a
formal power series F0 ({ti,d }), i = 1, . . . , s, d = 0, 1, 2, . . . satisfying the equations
s
X
∂F0
1 X
∂F0
=
ti,d+1
+
ti,0 tj,0 ηij ;
∂t1,0
∂ti,d
2 i,j=1
i,d

X ∂ 2 F0
∂ F0
∂ 3 F0
=
ηαβ
.
∂ti,a+1 ∂tj,b ∂tk,c
∂ti,a ∂tα,0
∂tβ,0 ∂tj,b ∂tk,c
Qn
We
can
assume
that
the
coefficient
of
monomial
a=1 tia ,da is equal to zero if
Pn
a=1 da > n − 3, it is a kind of tameness assumption.
In the space V ⊗ C[z] we have a natural set of coordinates qi,d corresponding to
the basis vectors ei z d . We consider F0 as a function on V ⊗ C[z] identifying two
systems of coordinates by qi,d = ti,d − δi1 δd1 . The string equation and the topological recursion relation are equivalent to some geometric properties of the graph
of dF0 , which is a germ of a Lagrangian cone in T ∗ (V ⊗ C[z]) ∼
= V ⊗ C[[z −1 , z].
These properties can be expressed in terms of symplectic linear algebra and the
operator of multiplication by z. Thus the groups of symplectic transformations of
V ⊗ C[[z −1, z] commuting with multiplication by z acts on such Lagrangian cones,
and, therefore, on formal Frobenius structures.
In particular we have the action of a series R(z) ∈ Hom(V, V )⊗C[[z]], satisfying
R(z) = Id + O(z) and R∗ (−z)R(z) = Id (here we should use tameness to define
it properly). This is the original definition of Givental of the group action on
Frobenius manifolds.
More details are available in [2, 3].
3
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Landau-Ginzburg A-models, Mirror Symmetry, and the
Calabi-Yau/Landau-Ginzburg Correspondence
Tyler Jarvis
Following some ideas of E. Witten, my collaborators H. Fan and Y. Ruan
and I developed a cohomological field theory for each quasi-homogeneous, nondegenerate hypersurface singularity W and each admissible subgroup G of automorphisms of W [FJR1, FJR2]. This theory, sometimes known as FJRW theory,
plays the role of an “orbifold” Landau-Ginzburg A-model in physics. Recently,
algebraic constructions of this theory were given by Polischuk-Vaintrob [PV] using
matrix factorization and by Jun Li using cosection localization.
This construction is interesting for at least three reasons: (1) because it fits into
a mirror symmetry picture for Landau-Ginzburg models; (2) because it provides
a key piece in the so-called Landau-Ginzburg/Calabi-Yau Correspondence, [CR,
CIR, KS, MR]; and (3) because it provides the foundation for the study of a new
system of nonlinear elliptic PDEs called the Witten Equation [FJR2, FJR3]. In
this abstract we focus on the first two of these.
Landau-Ginzburg mirror symmetry. Given a quasi-homogeneous polynomial
W ∈ C[x1 , . . . , xn ], with an isolated singularity at the origin, the (un-orbifolded)
Landau-Ginzburg B-model produces the local algebra (or Milnor ring) of W . Making a suitable choice of primitive form, Saito constructed a Frobenius manifold
which may be thought of as the genus-zero Landau-Ginzburg B-model corresponding to W. Since the Saito construction is semi-simple, Givental’s theory of “higher
genus Frobenius manifolds” determines a potential function for the theory. This
potential should agree with the potential that arises from a cohomological field
theory which, in genus zero, agrees with Saito’s Frobenius manifold.
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Givental-Milanov [GM] showed that in the case of simple singularities (A, D,
or E), this potential function satisfies the corresponding (A, D, or E) DrinfeldSokolov/Kac-Wakimoto integrable hierarchy.
Based on the work in [IV, Ka, Tu] it is natural to conjecture the existence
of a an orbifolded Landau-Ginzburg B-model for pairs W and G, where W ∈
C[x1 , . . . , xn ] is a non-degenerate, quasi-homogeneous polynomial, and G ≤ SL(n)
is an appropriate group of automorphisms of W . The combined work of [IV,
Ka, Kr, Tu] has produced a construction of the B-model orbifolded Frobenius
algebra. It seems reasonable to expect that a full higher-genus construction for
the orbifolded case will also exist.
The Landau-Ginzburg (LG) Mirror Symmetry Conjecture predicts that for a
large class of polynomials W (called invertible) with a group G of admissible
symmetries of W , there is a dual polynomial W T and dual group GT of symmetries
of W T with the following mirror propert: the (FJRW) Landau-Ginzburg A-model
for the pair (W, G) is isomorphic to the orbifolded B-model construction for the
pair (W T , GT ).
The dual polynomial W T was described by Berglund and Hübsch [BH], and
Mark Krawitz [Kr] constructed the corresponding dual group GT . When G is the
maximal group of admissible symmetries of W , the dual group GT is the trivial
group. In this case the full Landau-Ginzburg mirror symmetry conjecture has
been verified for the simple (ADE) singularities [JKV, Lee, FSZ, FJR1] and the
unimodal singularities P8 , X9 , and J10 in all genera [KS, MR].
However, when G is not maximal, then GT is not trivial and it is much harder
to verify mirror symmetry. Nevertheless, Landau-Ginzburg Mirror Symmetry has
been proven for a large class of orbifold models at the level of Frobenius algebras
[FJJS].

The Calabi-Yau/Landau-Ginzburg correspondence. A quasi-homogeneous
polynomial W with an isolated singularity at the origin also defines a smooth
hypersurface XW = {W = 0} in weighted projective space. If G is an admissible
group of automorphisms of W , let J = G ∩ C∗ , where C∗ is the 1-parameter
subgroup of (C∗ )n defining the weighted projective space. There is an induced
action of the group G̃ = G/J on XW .
In the case that the quotient orbifold [XW /G̃] is Calabi-Yau, the Calabi-Yau/
Landau-Ginzburg (CY/LG) Correspondence predicts that the analytic continuation of the FJRW (Landau-Ginzburg A-model) potential of the pair (W, G), after
a suitable Givental symplectic transformation, will match precisely with the orbifold Gromov-Witten potential (Calabi-Yau A-model) of the orbifold [XW /G̃] in
all genera.
The correspondence has been verified at the level of genus-zero potentials for
un-orbifolded (i.e., G̃ = 1), Gorenstein, Calabi-Yau hypersurfaces [CR, CIR]. The
correspondence has also been verified in all genera for the ellipic curves defined by
the polynomials P8 , X9 , and J10 when G is maximal [KS].
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The Big Picture. Combining the mirror symmetry conjectures for both CalabiYau and Landau-Ginzburg theories with the CY-LG correspondence, we have the
following conjectural picture:
h
i
Calabi-Yau A-model of XW /G̃

h

T
o CY Mirror / Calabi-Yau B-model of XW T /G̃

Symmetry

(Orbifold Gromov-Witten theory)

i

(Large complex-structure limit)

O

O

CY-LG Corresp

Symplectic Transformation





Landau-Ginzburg A-model of [W/G]
(FJRW) theory

o

LG Mirror
Symmetry

/



Landau-Ginzburg B-model of W T /GT
(Gepner point)

Additional progress has been made by many people on many aspects of this
conjectural diagram, beyond the work described here, but much work remains to
to be done.
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On the genus two free energies for simple singularities
Youjin Zhang
(joint work with Boris Dubrovin, Si-Qi Liu)
My talk, based on joint works with Boris Dubrovin and Si-Qi Liu [1], is on properties of the genus two free energies for the Frobenius manifolds defined on the
spaces of miniversal deformations of simple singularities.
For a semisimple Frobenius manifold, the genus zero free energy is the logarithm
of a particular tau function of the integrable hierarchy of hydrodynamic type
associated to the Frobneius manifold [2], this integrable hierarchy possesses an
infinite number of Virasoro symmetries which acts nonlinearly on the tau function,
the procedure to linearize these Virasoro symmetries enables one to define the
higher genus free energies of the semisimple Frobenius manifold by solving the
so called loop equation [3]. In particular, an explicit formula for the genus two
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free energy was given in the preprint [3]. However, this formula is given in terms
of canonical coordinates of the Frobenius manifold, it is complicated and is not
convenient for applications.
In my talk I present, for the Frobenius manifolds defined on the spaces of
miniversal deformations of simple singularities, a conjectural formula for the genus
two free energy given in terms of sixteen dual graphs of genus two stable curves
with marked points, each dual graph is associated in a simple way to a function
represented in terms of the flat coordinates and the potential of the Frobenius
manifold. I show evidences to support the validity of the conjecture.
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Global solutions of the tt∗ -equations and their integral Stokes data
Martin Guest
Unfoldings of singularities and the quantum cohomology algebras of Fano manifolds produce examples of “Frobenius manifolds with real structure”. These, in
turn, give examples of solutions of the tt∗ -equations (topological-antitopological
fusion equations) of Cecotti and Vafa.
“Physical” solutions are predicted to be globally defined on the appropriate
domain (a certain moduli space of quantum field theories). Furthermore they
correspond to “initial data” at certain distinguished points of the domain, and such
initial data is a priori integral (because of its physical interpretation). Cecotti and
Vafa used this in [1] as a strategy to classify deformations of N = 2 supersymmetric
quantum field theories, and carried out this strategy for some simple examples.
However, it is a nontrivial task to justify this mathematically.
Dubrovin reformulated the tt∗ -equations as the equations for pluriharmonic
maps into GLN (R)/ON . We have characterized and investigated a special case of
these equations which we call the tt∗ -Toda equations ([2], [3]). With N = n + 1,
these are
(wi )zz̄ = −e(wi+1 −wi ) + e(wi −wi−1 ) , 0 ≤ i ≤ n
for wi : C∗ → R, wi = wi (z, z̄) = wi (|z|), with the additional conditions
(i) wi + wn−i = 0, 0 ≤ i ≤ n
or
(ii) wi + wk−i−1 = 0, 0 ≤ i ≤ k − 1 and wi + wn+k−i = 0, k ≤ i ≤ n
(case (i) was already considered by Cecotti and Vafa).

Singularity Theory and Integrable Systems

1383

For these equations we can describe the global solutions (in the above sense),
the Stokes data of the associated isomonodromic system of o.d.e., and the geometrical/physical solutions corresponding to integral Stokes data.
For example, in case (i) when n + 1 = 4, the global solutions are parametrized
by (γ0 , γ1 , γ2 , γ3 ) ∈ R such that γi − γi−1 ≥ −2. We have γ3 = −γ0 , γ0 = −γ2 , so
this is a convex set. The monodromy data reduces to a single Stokes matrix, in
fact to two real numbers s1 , s2 . This gives another parametrization of the global
solutions. Explicitly, we have
s1 = 2 cos π4 (γ0 + 1) − 2 cos π4 (γ1 − 1)
s2 = −2 + 4 cos π4 (γ0 + 1) cos π4 (γ1 − 1).
Precisely 19 pairs (s1 , s2 ) belong to Z × Z, and these are easily computed. To
understand the geometric significance of these 19 solutions we consider the “holomorphic data”in the sense of harmonic map theory, which is of the form


z k0
k1
 dz
1
z
 .
 z
z k2
λ
k3
z
Explicitly, we have

k +1
k0 + 1
P , γ1 − 1 = 2 P
4 + ki
4 + ki
P
with ki ≥ −1. We may normalize so that 4 + ki = 1. Amongst the 19 examples
we recognise the quantum cohomology rings of P3 , P(1, 3), X2 (1, 1, 4) (hypersurface
of degree 2 in P(1, 1, 4)), and X2,3 (1, 1, 1, 6) (intersection of hypersurfaces of degree
2,3 in P(1, 1, 1, 6)), as well as the Milnor ring of A4 . Full details will appear in [3];
the basic p.d.e. existence result can be found in [2].
γ0 + 1 =
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Integrable systems as homological invariants for open symplectic
manifolds
Oliver Fabert
It was pointed out by Eliashberg in his ICM 2006 plenary talk ([2]) that the integrable systems of rational Gromov-Witten theory very naturally appear in the rich
algebraic formalism of symplectic field theory (SFT) ([3]). Carefully generalizing
the definition of gravitational descendants from Gromov-Witten theory to SFT
([5]), one can assign to every closed stable Hamiltonian manifold a Hamiltonian
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system with symmetries on SFT homology and the question of its integrability
arises ([7],[8]).
Examples for closed manifolds with a stable Hamiltonian structure are contact
manifolds, circle bundles over closed symplectic manifolds and symplectic mapping
tori. In my current research I focus on the last example. They are determined
by a symplectomorphism on a closed symplectic manifold and hence provide new
invariants for symplectomorphisms, generalizing the well-known invariants from
Floer theory ([4]).
Floer theory plays a very prominent role in symplectic topology and can be
viewed as a generalization of Gromov-Witten theory. Guided by EliashbergGivental-Hofer’s symplectic field theory, I explain how the relation between GromovWitten theory, Frobenius manifolds and integrable systems is generalized to the
Floer theory of symplectomorphisms.
To be more precise, the pair-of-pants product in Floer theory of symplectomorphisms ([11]) can be viewed as a generalization of the small quantum product in
Gromov-Witten theory. While the latter just counts holomorphic spheres with
three marked points, there also exists a big version of the quantum cup product.
It involves the full rational Gromov-Witten potential and leads to the geometrical notion of Frobenius manifolds ([10]). In my talk I define the corresponding
big version of the pair-of-pants product in Floer theory and show that it leads to
cohomology F-manifolds, a generalization of Frobenius manifolds introduced by
Merkulov ([9]). This is the content of the main theorem of my talk, see also [6].
Theorem. The tuple (Q, X, ⋆, E), consisting of the coordinate super space
Q and the differential vector field X of contact homology, the big pair-of-pants
product ⋆ and the Euler vector field E, defines a cohomology F-manifold in the
sense that
• X ∈ T 1,0 Q is an odd homological vector field, [X, X] = 2X 2 = 0, so that
(Q, X) defines a differential graded manifold QX ,
• ⋆ ∈ T 1,2 Q satisfies LX ⋆ = 0, and the induced map ⋆ : T 1,0 QX ⊗ T 1,0 QX →
T 1,0 QX is a graded commutative and associative product,
• E ∈ T 1,0 Q is an Euler vector field in the sense that Ef = |f |f for all
homogeneous functions f ∈ T 0,0 Q, with LE X = [E, X] = −X and LE ⋆ =
0. In particular, it induces a grading operator LE : T r,s QX → T r,s QX ,
r, s ≥ 1 on all tensor fields.
References
[1] S. Dostoglou, D. Salamon: Instanton homology and symplectic fixed points, in Symplectic
Geometry, edited by D. Salamon, Proceedings of a Conference, LMS Lecture Notes Series
192, Cambridge University Press, pp. 57-94, 1993.
[2] Y. Eliashberg, Symplectic field theory and its applications, Proceedings of the ICM 2006.

Singularity Theory and Integrable Systems

1385

[3] Y. Eliashberg, A. Givental, H. Hofer, Introduction to symplectic field theory, GAFA 2000
Visions in Mathematics special volume, part II, 2000.
[4] O. Fabert, Contact Homology of Hamiltonian Mapping Tori, Comm. Math. Helv. 85, 2010.
[5] O. Fabert, Gravitational descendants in symplectic field theory, Comm. Math. Phys. 302,
2011.
[6] O. Fabert, Floer theory and cohomology F-manifolds, in preparation.
[7] O. Fabert, P. Rossi, String, dilaton and divisor equation in symplectic field theory, Int.
Math. Res. Not. 2011, 2011.
[8] O. Fabert, P. Rossi, Topological recursion relations in non-equivariant cylindrical contact
homology, to appear in J. Symp. Geom.
[9] S. Merkulov, Operads, deformation theory and F-manifolds, in Frobenius manifolds, quantum cohomology, and singularities, eds. C. Hertling and M. Marcolli, Vieweg, 2004.
[10] D. McDuff, D. Salamon, J-holomorphic curves and symplectic topology, AMS Colloquium
Publications 52, 2004.
[11] M. Schwarz, M.: Cohomology operations from S 1 -cobordisms in Floer homology, Ph.D.
thesis, Swiss Federal Inst. of Techn. Zurich, Diss. ETH No. 11182, 1995.

Laurent Polynomials, Hypergeometric Systems and Mirror symmetry
Thomas Reichelt
(joint work with Christian Sevenheck)
Let A be a n × m integer matrix so that its columns, seen as elements of Zn ,
generate Zn over Z. Consider the following Laurent polynomial built from the
entries (aki ) of A:
ϕ : T × Cm −→ Cλ0 × Cm
(y1 , . . . , yn , λ1 , . . . , λm ) 7→ (−

m
X

λi

i=1

n
Y

ykaki , λ1 , . . . , λm ) ,

k=1

where we have denoted the torus (C∗ )n by T . Define the following matrix


1 1 ... 1
0


e := 
A
 ..

.

0

A

e is saturated. Then the following relation
and assume that the semigroup NA
between the (compact) Gauß-Manin system of ϕ and the GKZ-system holds.
Theorem 1. [8] For all β ∈ NA and β ′ ∈ NA ∩ (R+ A)◦ , there exist the following
exact sequences, which are related by holonomic duality:
0 −→ Vn−1 −→ H0 (ϕ+ OT ×Cn ) −→ MβAe −→ Vn −→ 0 ,
′

0 ←− Vn+1
←− H0 (ϕ† OT ×Cn ) ←− M−β
←− Vnc ←− 0 ,
c
e
A
where we denoted H i (T, C) ⊗ OT ×Cn resp. Hci (T, C) ⊗ OT ×Cn by Vi resp. Vic .
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We are especially interested in the Fourier-Laplace transformed Gauß-Manin
system of ϕ. The upper sequence above gives us the following isomorphism:
−1

−1

−1

FLzλ0 (H0 (ϕ+ OT ×Cn [∂λ−1
]) ≃ FLzλ0 MβAe[∂λ−1
] ≃ FLzλ0 MβAe .
0
0
where the last isomorphism follows from a theorem of [6].
This isomorphism turns out to be extremely useful in the computation of
the mirror Landau-Ginzburg model of an n-dimensional, smooth, toric, Fano
variety X. Let Σ be the corresponding fan and let m be the number of onedimensional cones. Denote by a1 , . . . , am the primitive, integral generators of the
one-dimensional cones and let A be the matrix with a1 , . . . , am as columns. Then
there exists the following exact sequence
0

/M

/ DivT (X)

≀

Zn

π

/ P ic(X)

≀
At

/0

≀

/ Zm
i

/ Zr
G

where the matrix G = (gia ) defines a section of π. The Landau-Ginzburg mirror
model of X is then the following family of Laurent polynomials
WX : T × K −→ Cλ0 × K
(y1 , . . . , yn , q1 , . . . , qr ) 7→ (−

m Y
r
X

qagia

i=1 a=1

n
Y

ykaki , q1 , . . . , qr )

k=1

where K ≃ H 2 (X, C)/2πiH 2 (X, C) ≃ (C∗ )r is the so-called complexified Kähler
moduli space. The matrix G defines an embedding of the complexified Kähler
moduli space
i : K −→ Cm
(q1 , . . . , qr ) 7→ (

r
Y

a=1

qag1a , . . . ,

r
Y

qagma ) ,

a=1

so that we can use Theorem 1 to explicitly calculate the Fourier-Laplace transformed Gauß-Manin system of WX , which we denoted by QMAe, by base change
with respect to i.
The ultimate goal of the paper [9] with C. Sevenheck was to establish mirror
symmetry as an isomorphism of logarithmic Frobenius manifolds. A logarithmic
Frobenius manifold is a Frobenius manifold outside a normal crossing divisor D,
where the multiplication, the metric, the unit and Euler vector field is defined
on the locally free sheaf of logarithmic vector fields with respect to D. On the
so-called A-side the construction of a Frobenius manifold from the big quantum
cohomology of X has been carried out by Dubrovin in [2] and the construction of
the logarithmic Frobenius manifold is given in [7]. On the B-side there exists a
construction of a Frobenius manifold starting from a single Laurent polynomial by
Douai and Sabbah [1]. However it is was only possible for some special cases, e.g.
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the complex projective spaces, to prove an isomorphism between these Frobenius
manifolds.
To establish an isomorphism for a general smooth, toric, nef variety we pursued
a different approach. If one restricts the Frobenius manifold coming from the big
quantum cohomology to the complexified Kähler moduli space K, on which the
small quantum cohomology is defined, one gets a so-called Frobenius structure
which consists of a trivial vector bundle on P1 × K together with a flat connection,
which acquires a pole of order 2 along z = 0 and a logarithmic pole along z = ∞,
and which is called Givental connection in the context of the A-model. This
connection degenerates with a logarithmic pole along a normal crossing divisor D
which is the boundary of a partial compactification K of K containig the so-called
large radius limit point. The underlying D-module of the Givental connection is
called the quantum D-module. It is now possible, first, to reconstruct the Givental
connection from the quantum D-module by a method of Guest [4] and second to
reconstruct the Frobenius manifold from the Givental connection by a theorem
of Hertling and Manin [5]. Our philosophy was to find the object corresponding
to the quantum D-module on the B-side and then to work our way up using the
various reconstruction theorems.
In the paper [3] Givental identified the solutions of the quantum D-module,
which are given by the so-called J-function, with hypergeometric functions encoded
by the so-called I-function. Now having an explicit description of the LandauGinzburg mirror model we use Givental’s theorem to establish an isomorphism
between the quantum D-module and QMAe. To construct the connection on the
B-side, which corresponds to the Givental connection on the A-side, we computed
the so-called Brieskorn lattice in QMAe and adapted the method of Guest which
basically consists of finding a solution of the Birkhoff-problem for this lattice.
Here the logarithmic degeneration property turns out to be crucial. We extend
the Brieskorn lattice to the boundary divisor D and use the fact that the residue
connection has a regular singularity at the large radius limit. This gives a canonical
logarithmic extension at z = ∞, which we are able to extend to the whole Kähler
moduli space. Applying the reconstruction theorem of Hertling and Manin, we
get a (logarithmic) Frobenius manifold.
Theorem 2. [9]
Logarithmic Frobenius manifold
Logarithmic Frobenius manifold
from big quantum cohomology ≃ from Landau-Ginzburg model
of WXΣ
of XΣ
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Landau-Ginzburg models for complete intersections
Christian Sevenheck
(joint work with Thomas Reichelt)
We report on ongoing work concerning the B-model for nef complete intersections in a smooth toric variety XΣ . Such an intersection is given as the zero locus
of a generic section of a sum E = L1 ⊕ . . . ⊕ Ls of s say, ample, line bundles
L1 , . . . , Ls . We suppose also that −KXΣ − L1 − . . . − Ls is numerically effective.
One can consider the so-called twisted Gromov-Witten invariants for these data,
that is, correlators
Z
n
[
evi (αi ) ∪ e(Eek ),
hα1 , . . . , α
fk , . . . , αn i0,n,β :=
[M

0,n,β (X)]

virt

i=1

where Eek is the bundle on M0,n,β (X) with fibre at [C, (x1 , . . . , xn ), f ] being the
subspace of H 0 (C, f ∗ E) of sections which vanishes at xk . This gives rise to
the twisted Gromov-Witten quantum product. Notice that the bilinear pairing
R used in the definition of this twisted quantum product defined by (α, β) :=
α ∪ β ∪ e(E), hence, it is in general degenerate. One may consider the quoX
tient H ∗ (XΣ , C)/(ker (e(E) · −)) on which this pairing is non-degenerate. Then the
twisted quantum product descends to the so-called reduced one. It is known (see
[CG07]) that the reduced one is the quantum product on the ambient cohomology
of the subvariety defined by a generic section of E.
Classical constructions of Dubrovin and Givental associate a family of holomorphic vector bundles on P1 to the quantum cohomology of a smooth projective variety, this is the so-called quantum D-module. A similar construction exists for the
twisted and reduced invariants, and a concrete description of these D-modules in
the toric case has recently been given in [MM11]. The aim of our work is to reconstruct these differential systems from an appropriate Landau-Ginzburg model. For
this, we rely on our earlier paper [RS10] in which we describe the Gauß-Manin system of a generic family of Laurent polynomials by hypergeometric differential equations. For a complete intersection, the corresponding Laurent polynomials are constructed from an extended fan Σ′ , which is the fan of the total bundle of ⊕sj=1 L−1
j .

Singularity Theory and Integrable Systems

1389

For the family of Laurent polynomials ϕΣ′ : (C∗ )n+s × Cm+s → C × Cm+s obtained we consider its so-called twisted de Rham cohomology, namely, the n + s-th
cohomology H n+s (ϕ) of the complex (Ω•pr [z], zd − dϕ∧), where Ω•pr is the relative de Rham complex Ω•(C∗ )n+s ×Cm+s /Cm+s . We can relate this D-module to the
twisted quantum-D-module from [MM11], and the reduced quantum-D-module
from loc.cit. can also be described as a certain intersection complex. We can
conclude, using [Sab08], that it underlies a variation of non-commutative pure
polarized Hodge structures.
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F -manifolds and eventual identities
Liana David
(joint work with Ian A. B. Strachan)
In [5] Dubrovin associated to a Frobenius manifold a new object, called an
almost Frobenius manifold, which shares most of the properties of a Frobenius
manifold. In particular, from a solution of the WDVV-equations one obtains a
new dual solution. More specifically, given a Frobenius manifold (M, ◦, e, g̃, E)
with multiplication ◦, unit field e, flat invariant metric g̃ and Euler field E, one
may define a new multiplication and metric by
X ∗ Y := X ◦ Y ◦ E −1 ,

g(X, Y ) := g̃ −1 (X ◦ E −1 , Y ).

It is clear that ∗ is commutative, associative, with unit field E and, as it turns
out, the metric g is flat. However, the flatness of the unit field is not preserved:
while e is flat on (M, g̃), E is not flat on (M, g), and, in general, various other
relations do not hold in the almost dual setting. The purpose of this talk is to
extend Dubrovin’s almost duality for Frobenius manifolds to the larger setting of
F -manifolds with eventual identities. An F -manifold [7] is a manifold M with a
multiplication ◦ on T M , which is commutative, associative, with unit field e, such
that the integrability condition
LX◦Y (◦) = X ◦ LY (◦) + Y ◦ LX (◦)
holds, for any vector fields X, Y ∈ X (M ). Any Frobenius manifold without metric
and Euler field is an F -manifold. A vector field E on an F -manifold (M, ◦, e) is
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called an eventual identity [9] if it is invertible (i.e. there is a vector field E −1 such
that E ◦ E −1 = e) and the multiplication
X ∗ Y = X ◦ Y ◦ E −1

(1)

defines a new F -manifold structure on M . Our main result is the following.
Theorem 1. i) Let (M, ◦, e) be an F -manifold and E an invertible vector field.
Then E is an eventual identity if and only if
(2)

LE (◦)(X, Y ) = [e, E] ◦ X ◦ Y,

∀X, Y ∈ X (M ).

ii) Suppose that (2) holds. Then e is an eventual identity on the F -manifold
(M, ∗, E), where ∗ is related to ◦ by (1), and the map
(M, ◦, e, E) → (M, ∗, e, E)
is an involution on the set of F -manifolds with eventual identities.
In the followings we develop applications of Theorem 1.
1) Connections. A connection ∇ on an F -manifold (M, ◦, e) is called compatible, if
∇X (◦)(Y, Z) = ∇Y (◦)(X, Z), ∀X, Y, Z ∈ X (M ).
The Levi-Civita connection of a Frobenius manifold is a compatible connection for
the underlying F -manifold. It turns out that the dual of an F -manifold with a
compatible, torsion-free, connection inherits, in a canonical way, a family of compatible, torsion-free connections [3]. If we restrict to connections which preserve
the unit fields, we can state [3]:
Proposition 2. The map
˜ → (M, ∗, E, e, ∇)
(M, ◦, e, E, ∇)
˜ by
where ∗ is related to ◦ by (1) and ∇ is related to ∇
˜ X (E −1 ◦ Y ) − ∇
˜ E −1 ◦Y (E) ◦ X + 1 [E −1 , E] ◦ X ◦ Y
∇X (Y ) = E ◦ ∇
2
is an involution on the set of F -manifolds with eventual identities and compatible,
torsion-free connections preserving the unit fields.
2) Metrics. Riemannian F -manifolds were used in [8] to interpret arguments
from the theory of integrable systems in a coordinate free way. A Riemannian F manifold is an F -manifold (M, ◦, e) together with an invariant metric g̃, such that
the following two conditions are satisfied: the coidentity g̃(e) ∈ Ω1 (M ), which is
the 1-form g̃-dual to unit field e, is closed; the curvature of g̃ satisfies the relation:
(3)

g̃
g̃
g̃
X ◦ RY,Z
(V ) + Z ◦ RX,Y
(V ) + Y ◦ RZ,X
(V ) = 0,

∀X, Y, Z, V ∈ X (M ).

For example, (3) holds when g̃ has constant sectional curvature.
Proposition 3. Let (M, ◦, e, E, g̃) be an F -manifold with an eventual identity E
and invariant metric g̃. Define
(4)

g(X, Y ) := g̃(X, E −1 ◦ Y ),

∀X, Y ∈ X (M ).
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Then (M, ◦, e, g̃) is a Riemannian F -manifold if and only if (M, ∗, E, g) is a Riemannian F -manifold.
Using Proposition 3 we may construct non-flat invariant metrics on F -manifolds,
which satisfy condition (3). Indeed, if in Proposition 3 one takes g̃ - flat, then g is
not flat in general and relation (3) holds with multiplication ∗ and metric g.
3) Pairs of metrics. Compatible pairs of metrics were defined in [6] and
used to construct bi-hamiltonian structures of non-local type. The geometry of
compatible pairs of metrics was studied in [1], where it was shown that the main
features of the Dubrovin’s correspondendence [4] between Frobenius manifolds
and flat pencils of metrics (with some additional conditions), are encoded in the
compatibility, rather than the flatness property of the metrics. Let (g, g̃) be two
metrics on a manifold M and assume that, for any λ, gλ∗ := g ∗ + λg̃ ∗ is nondegenerate. (For a metric g on M , g ∗ denotes the induced metric on T ∗ M ). We
˜ ∇λ and Rg , Rg̃ , Rλ the Levi-Civita connections and the curvatures
denote by ∇, ∇,
of g, g̃, gλ . The metrics (g, g̃) are called almost compatible [6] if
˜ X α, β),
gλ∗ (∇λX α, β) = g ∗ (∇X α, β)+λg̃ ∗ (∇

∀α, β ∈ Ω1 (M ),

∀X ∈ X (M ),

∀λ.

If, moreover,
g
g̃
λ
gλ∗ (RX,Y
α, β) = g ∗ (RX,Y
α, β)+λg̃ ∗ (RX,Y
α, β),

∀α, β ∈ Ω1 (M ),

∀X, Y ∈ X (M ),

for any constant λ, then (g, g̃) are called compatible. The following proposition
shows how eventual identities may be used to construct compatible pairs of metrics.
Proposition 4. Let (M, ◦, e, E, g̃) be an F -manifold with an eventual identity E
and invariant metric g̃. Define
g(X, Y ) := g̃(X ◦ E −1 , Y ),

∀X, Y ∈ X (M ).

Then (g, g̃) are almost compatible. If, moreover, the coidentity g̃(e) is closed, then
(g, g̃) are compatible.
4) tt∗ -geometry. We assume that the initial F -manifold (M, ◦, e) comes with
an invariant metric g̃ and real structure k̃, such that h̃(X, Y ) := g̃(X, k̃Y ) is
a pseudo-Hermitian metric. On (M, ◦, e, g̃, k̃) we impose various conditions from
tt∗ -geometry (e.g. (h̃, g̃) are compatible; or (T M, C̃, h̃) is a harmonic Higgs bundle,
where C̃X (Y ) := X ◦ Y is the Higgs field; or (C̃, g̃, k̃) extends to a CV structure).
In [2] we found obstructions for these conditions to be preserved under the duality. In the restricted setting - semisimple initial multiplication and diagonal real
structure, all obstructions vanish.
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Conifold Period Expansions
Duco van Straten
(joint work with Slawek Cynk)
In the talk two different 1-parameter families of Calabi-Yau 3-folds with h12 =
1, h11 = 54 were described. Both arise as small resolutions of fibre products
of rational elliptic surfaces of the type described originally by C. Schoen. Their
Picard-Fuchs differential operators are determinded by calculating a conifold power
series expansion: the integral of the holomorphic 3-form over a 3-sphere that
vanishes at the point of expansion.
The operator of the first family has a point of maximal unipotent monodromy
(MUM-point) as is usually encountered in mirror symmetry, whereas the operator
of the second family has no such point. W. Zudilin remarked that such operators
should be considered as “orphans”, as “every Calabi-Yau equation needs a MUM”
in order to be listed in the Table of Calabi-Yau operators of [AESZ]. Examples
of such families without MUM-points were described earlier by J. Rohde [R] and
studied further by A. Garbagnati and B. van Geemen [GG]. But in our example
the Picard-Fuchs operator has the full Sp4 as differential Galois group. As such it
seems to be the first example and thereby answers a question posed by J. Rohde.
The two families in the talk are constructed as follows. A rational elliptic
surface with singular fibres I1 , I1 , I1 , I1 , I8 is the pull-back of a surfaces with fibres
I1 , I1 , II ∗ under a quadratic map of P1 , which ramifies at the II ∗ fibre and a
variable point, which is the modulus of the surface. Two I1 fibres are said to
be ’in involution’ if they are pull-pack of the same I1 -fibre. As a second rational
elliptic surface we take the Beauville surface with singular fibres I1 , I2 , I3 , I6 . We
use two using different “matchings” of the singular fibres of these surfaces. For
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both we match the I8 and I6 , but for the first family we match the I2 and I3 fibre
with two I1 -fibres ’in involution’, for the second with two I1 fibres that are not
’in involution’. A conifold degeneration occurs, when for a special choice of the
modulus the I1 -fibre of the Beauville-surface collides with an I1 fibre of the other
surface.

Γ1

Γ2

γ
In general, we obtain a vanishing sphere S 3 as ’fibre product’ of Lefschetz thimbles
Γ1 and Γ2 in the two factors of fibre product, taken over a path γ connecting nearby
critical points of the two fibrations. The conifold expansion then takes the form

Φ(x) =

Z

S3

ω=

Z

F (t, x)G(t, x)dt

γ

where F and G are the period integrals of the two factors. After a tedious computation the Picard-Fuchs operator for the second family is found to be the following
1
xθ(θ + 1)(1687θ2 − 1121θ + 10)
θ2 (θ − 1)(θ + 1) − 45
4 2
+ 75
x (θ + 1)(10645θ3 − 4079θ2 + 304θ + 570)



544
11856
748864 2
269152 3
1654928 4
45 + 25 θ − 1125 θ +
75 θ +
375 θ

1118272
395008 2
17839232 3
20686912 4
−x4 429952
+
θ
+
θ
−
θ
−
θ
225
1125
125
1125
1125

2029312
11358464 2
8363008 3
4775424 4
5 14239232
+x
+
θ
+
θ
−
θ
−
θ
1125
75
375
375
125

9739264
161364992 2
15122432 3
9969664 4
6 221184
−x
+
θ
+
θ
+
θ
−
θ
5
75
1125
375
375

127442944
426057728 2
8126464 3
7 14106624
4
+x
+
θ + 1125 θ + 45 θ + 29229056
125
375
1125 θ
524288 9
8
3
2
− 65536
375 x (θ + 1)(260θ + 1092θ + 1627θ + 834) + 125 x (θ + 2)(θ

−x3

+ 1)(2θ + 3)2

We thank M. Bogner for checking that the differential Galois group of above
operator is the full symplectic group Sp4 . It has the following Riemann scheme
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One can see that the operator has 4 singular points of ’conifold type’ (−1, 0, 9/8, 5/4)
where the local monodromy is a symplectic reflection, one apparent singularity
(5/12) and two further singular points (1/8, ∞) with Jordan blocks of size two, so
there are no MUM-points.
We thank J. Hofmann for computing the following tuple of monodromy matrices, which in an appropriate basis of H 3 with integral coefficients take the form:


14

0

−143


−37 1
407

5 1
, 8 , 0, −1) ∼ 
( 54 , 98 , 12
 1
0
−10

−1
0
11

 
20
9
51
9
9

 
−42 −19 −96 −18 −16

 
,
,
 0

0
−1
0 
  0

−7
−3
−23
−4
0

26

 

2

 

−74
 −1
,

2 
  0
−1
0
4

22

−7

−44

0

1

0

0

1

17

0

−17

0

1

0
0

2
218


−4
 −469


0 
 7
1
−49

 
−1
1
 


1  0
,

0 
 0
1
0
93
−200
3
−21


0

1 0 0


0 1 0

0 0 1

372
124


−804 −268



13
4 

−84
−27
0

0

We remark that our varieties are non-projective small resolutions of nodal
projective varieties. If we replace the I8 , I1 , I1 , I1 , I1 surface by the isogenous
I2 , I4 , I4 , I1 , I1 surface (where the two I4 -fibres are in involution), the families are
replaced by projective varieties with Hodge numbers h1,2 = 1, h1,1 = 33 for the
first, but non-projective varieties with h1,2 = 4, h1,1 = 30 for the second family.
There are other operators of this type arising from various fibre products of rational elliptic surfaces and their systematic determination is part of work in progress
with S. Cynk.
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Critical Points of Master Functions and Integrable Hierarchies
Alexander Varchenko
(joint work with Daniel Wright)
Generation of critical points. For functions f (x), g(x), denote W (f, g) =
f ′ (x)g(x) − f (x)g ′ (x) the Wronskian determinant. An N -tuple of polynomials
y = (y1 (x), . . . , yN (x) is called generic if each polynomial has no multiple roots
and for any i the polynomials yi and yi+1 have no common roots. Here yN +1 = y1 .
Consider Ck , k = k1 + · · · + kN , with coordinates u collected into N groups,
(j)
(j)
the j-th group consists of kj variables, u = (u(1) , . . . , u(N ) ), u(j) = (u1 , . . . , ukj ).
The master function on Ck is
N
X
X
(j)
(j)
Φ(u, z) =
2
log(ui − ui′ ) −
j=1 0<i<j<kj +1

−

N
−1 X
X

(j)

(j+1)

log(ui − ui′

)−

j=1 i,i′

X

(N )

log(ui

(1)

− ui′ ).

i,i′

Given u, introduce an N -tuple of polynomials in x, y = (y1 (x), . . . , yN (x)), y j (x) =
Qkj
(j)
i=1 (x − ui ).
Theorem 1 ([3]) A generic N -tuple y represents a critical point if and only if for
any j = 1, . . . , N , there exists a polynomial ỹj (x) satisfying
W (ỹj , yj ) = yj−1 yj+1 .
For j = 1, this is W (ỹ1 , y1 ) = yN y2 and for j = N , this is W (ỹN , yN ) = yN −1 y1 .
This equation is a first order
differential equation with respect to
R yinhomogeneous
j−1 yj+1
dx + cyj , where c is an arbitrary number.
ỹj . The solution is ỹj = yj
y2
j

Theorem 2 ([3]) If a generic N -tuple y represents a critical point, then for almost all numbers c, the N -tuple (y1 , . . . , ỹj , . . . , yN ) represents a critical point,
the exceptional numbers c form a finite set. For exceptional c the N -tuple is not
generic.
We get a one-parameter family of critical points parameterized by c ∈ P1 . For
exactly one value c ∈ P1 , the the degree of the polynomial ỹj drops. For that c
some roots of ỹj disappear at infinity. All critical points of this family but one are
critical points for the same master function, and the one with the smaller degree
of ỹj is a critical point of the master function with a smaller number of variables.
This theorem gives us a way to generate new critical points. Starting with a critical
point we can generate N one-parameter families of critical points. Then we may
apply the same procedure to each of the obtained critical points and so on.
Let us choose a starting critical point to be the critical point represented by the
tuple y ∅ = (1, . . . , 1). Each of the polynomials of the tuple does not have roots.
The tuple y ∅ represents the critical point of the master function with no variables.

1396

Oberwolfach Report 23/2012

Choose a sequence of integers J = (j1 , . . . , jm ), ja ∈ {1, . . . , N }, and apply to the
tuple y ∅ the sequence of generation procedures at the indices of J. As a result we
obtain an m-parameter family of N -tuples of polynomials
y J (x, c) = (y1 (x, c), . . . , yN (x, c)),
depending on m integration constants c = (c1 , . . . , cm ).
Example. Let N = 3, J = (1, 2, 3, 1, 2, 3, ...). Then y ∅ = (1, 1, 1) is transformed
2
4
2
1)
1)
1)
+c2 , 1), then to (x+c1 , (x+c
+c2 , (x+c
+
to (x+c1 , 1, 1), then to (x+c1 , (x+c
2
2
8
(x + c1 )c2 + c3 ), and so on. The triple (1, 1, 1) represents the critical point of the
master function with no variables. The triple (x+c1 , 1, 1) represents critical points
(1)
of the master function of one variable, namely, the constant function Φ : t1 7→ 1.
2
1)
All points of the line are critical points. The triple 
(x+c1 , (x+c
+c2 , 1)
2
 represents
the critical points of the master function Φ = log

(2)
(2)
(t1 −t2 )2
(2)
(1)
(2)
(1)
(t1 −t1 )(t2 −t1 )

.

Miura opers and mKdV hierarchy. An N × N 
Miura oper is a differential

0
0 ...
0
λ
 1
0 ...
0
0


 0

1
.
.
.
0
0
d

operator of the form L = dx + Λ + V, where Λ = 
. . . . . . . . . . . . . . .


. . . . . . . . . . . . . . .
0
0 ...
1
0
and V = diag (f1 (x), . . . , fN (x)) is a diagonal matrix, λ is a parameter of the
differential operator.
Drinfeld and Sokolov [2] considered the space of Miura opers and defined on it an
infinite sequence of commuting flows ∂ti , i = 1, 2, . . . called the mKdV hierarchy
of slN -type.
d
Lemma ([2]). Let L = dx
+ Λ + V be a Miura oper. Then there exists T =
P∞
i
1 + i=1 Ti Λ , where Ti are diagonal matrices depending on x, such that T −1 LT
P
d
has the form dx
+ Λ + i<1 bi Λi , with bi being scalar functions of x.

Let L be a Miura oper and r ∈ N. The differential equation
+
∂L
= [L, T Λr T −1 ]
∂tr
+
is called the r-th mKdV equation. Notation T Λr T −1 has the following meanP
P
ing. Given M = i∈Z di Λi with diagonal matrices di , we set M + = i>−1 di Λi .

This equation defines vector fields ∂tr , r = 1, 2, . . . on the space of Miura opers,
the vector fields commute [2].
Main result. To every N -tuple y of polynomials assign the Miura opera L with

 
 


y1
y2
yN
′
′
′
V = diag log
, log
, . . . , log
.
yN
y1
yN −1
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For any sequence J = (j1 , . . . , jm ), consider the corresponding m-parameter family
of critical points of the master functions, represented by the family of N -tuples of
polynomials y J (x, c). Let LJ (c) be the corresponding family of Miura opers.
Theorem ([4]) This family LJ (c) of Miura opers is invariant under every flow of
the mKdV hierary and is point-wise fixed by every flow ∂ti with i > 2m.
Our starting point was the famous paper by Adler-Moser [1] (1978) where this
theorem was proved for N = 2.
Identities for Schur functions. We know two proofs of the theorem. The first
is straightforward: for any flow of the hierarchy we can deform the constants of
integration of the generation procedure to move the oper in the direction of the
flow. The second proof uses tau-functions and, in particular, Schur functions. Due
to lack of space I will formulate only examples of identities for Schur functions
that we have obtained. Schur functions Sλ (t1 , t) are labeled by partitions λ =
(λ0 , λ1 , . . . ) and are functions of t1 and t = (t2 , t3 , . . . ). Define functions hi (t1 , t),
i = 0, 1,P
. . . , by
P∞
∞
exp (− j=1 tj z j ) = i=0 hi z i , and set Sλ = det (hλi −i+j ).
A. Certain 4-tuples of Schur functions satisfy the Wronskian identity
Wt1 (Sλ1 , Sλ2 ) = Sλ3 Sλ4 .
For example, Wt1 (S(2,1) , S(0) ) = S(1) S(1) or Wt1 (S(4,2,1) , S(2,2,1) ) = S(3,2,2,1) S(2,1) .
B. For any N , certain N -tuples of Schur functions
y(t1 , t) = (Sλ1 (t1 , t), . . . , SλN (t1 , t))
are such that for almost all t, the tuple y(x, t) represents a critical point of the
master function.
For example for N = 3 the triple (S(1,1) , S(2,1,1) , S(1) ) is such a triple.
Conclusion. We have observed that the critical points of simplest master functions (which are objects of the CFT and Gaudin model theory) are related to
the simplest integrable hierarchies. The question is how far can this relation be
extended.
References
[1] M. Adler, J. Moser, On a class of polynomials connected with the Korteweg-de Vries equation, Comm. Math. Phys. 61 (1978), no. 1, 1–30.
[2] V. Drinfeld, V. Sokolov, Lie algebras and equations of Korteweg-de Vries type, (Russian)
Current problems in mathematics, Vol. 24 (1984), 81–180.
[3] E. Mukhin, A. Varchenko, Critical points of master functions and flag varieties, Commun.
Contemp. Math. 6 (2004), no. 1, 111–163.
[4] A. Varchenko, D. Wright, Critical Points of Master Functions and Integrable Hierarchies,
in preparation.

1398

Oberwolfach Report 23/2012
Distinguished bases and marked singularities
Claus Hertling

The set B of all distinguished bases (of the Milnor lattice Hn (f −1 (r), Z) ∼
= Zµ
with r > 0) of an isolated hypersurface singularity f : (Cn+1 , 0) → (C, 0) is
obtained by choosing one fixed generic deformation Ft : X → ∆ of f (so it
has µ A1 -singularities with µ different critical values) and choosing all possible distinguished systems of paths (each path from a critical value to the regular value r > 0, r ∈ ∂∆). Pushing vanishing cycles along these paths to
Hn (Ft−1 (r), Z) ∼
= Hn (f −1 (r), Z) gives one distinguished basis. It is unique up
to the signs of the vanishing cycles. See [AGV88] or [Eb01] for all these notions
and facts.
Looijenga [Lo73] and Deligne [De74] considered in 1973/74 the ADE-singularities
and changed there the point of view. They fixed one tuple u = (u1 , ..., uµ ) of µ
different critical values and one distinguished system of paths, but they considered
all parameters
t∈M ∼
= Cµ ∼
= (base space of the universal unfolding of an ADE-singularity)
with
(critical values of Ft ) = u.
Using the Lyashko-Looijenga map
LL : M → Cµ /Sµ ,

t 7→ (critical values of Ft

these are the parameters in the set LL
LL

−1

−1

mod Sµ ),

(u). They showed that the map

(u) → B/(signs)

is a bijection. My slogan of this result is that the base space of the universal
unfolding is an atlas of distinguished bases (up to signs) for the ADE-singularities.
Here the surjectivity follows from the fact that here LL is a branched covering.
Their proof of the injectivity reduces then to showing that
|LL−1 (u)| = |B/(signs)|.
The number |LL−1 (u)| is the degree of the Lyashko-Looijenga map and is determined easily in the case of the ADE-singularities. The number |B/(signs)| is
determined by a careful analysis of the set B, which is an orbit of the braid group
Brµ .
I have a more conceptual proof using that
Aut(M as an F -manifold with Euler field)
(1)

∼
= Aut(Milnor lattice with Seifert form)/{±id}

which follows from considerations of mine on symmetries of singularities in [He02].
C. Roucairol and I showed in 2007 the same result (= the slogan) for the simple
elliptic singularities. But here the base space M is the universal cover of the global
base space M Jaw ∼
= Cµ−1 × (C − {0; 1}) of a global unfolding of Jaworski [Ja86]
for all simple elliptic singularities in one µ-constant family. Again (1) holds. We
also use and improve the results of Jaworski [Ja86] on the Lyashko-Looijenga map
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for this global unfolding. Especially we determine the (generic) degree of LL on
M Jaw by constructing a partial compactification of M Jaw to an orbibundle with
generic fibers Cµ−1 and base P1 such that LL is well defined and finite outside of
the zero section. This work is not yet published.
I have 2 steps towards the same goal for all hypersurface singularities.
(1) [He12] A construction of a moduli space of all marked singularities in one
µ-homotopy class. It is locally isomorphic to a µ-constant stratum.
(2) (Work in progress) A thickening of this moduli space to a µ-dimensional
F -manifold which is locally isomorphic to the base space of a universal
unfolding of a singularity and such that (1) holds. In the case of the
simple elliptic singularities this is the universal covering of M Jaw . I hope
that it is the right space in general.
Though the properties of LL and the question whether LL−1 (u) → B/(signs)
is bijective are wide open.
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Geometric structures obtained from almost Frobenius structures
Eduard Looijenga
(joint work with Gert Heckman, Wim Couwenberg, Dali Shen)
Let R be a root system (assumed to be irreducible, reduced). We let G be a
commutative algebraic group scheme of relative dimension one with base field C.
More specifically, G will be the additive group C, the multiplicative group C× or
a non-isotrivial family of elliptic curves Eℓ/S over a connected smooth complex
curve S. Note that Aut(G) is C× for G = C, but equal to {±1} in the other two
cases.
Let Q(R) stand for the the root lattice of R and denote by Hom(Q(R), G)◦ the
group of homomorphisms which have no root in their kernel (in the case of Eℓ/S
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we let this be the geometric realization of HomOS (OS ⊗ Q(R), Eℓ/S)◦ so that we
get a family over S). For a subgroup A ⊂ Aut(R), we put
SA (R, G) := Aut(G)\ Hom(Q(R), G)◦ /A,
but omit A from the notation in case A = Aut(R). For example, for R = Ar and
A ⊂ Sr+1 ⊂ Aut(Ar ), SA (Ar , C) can be identified with the quotient of the moduli
space M0,r+2 under A by letting A act as permuting the first r + 1 points.
It has turned out that for many choices of R, A and G, SA (R, G) has a modular interpretation via a period map and that SA (R, G) thus acquires a Kähler
metric with constant holomorphic curvuture (making it locally isometric to complex projective space with the Fubini-Study metric, a flat space, or to a complex
ball with its complex-hyperbolic metric). For instance, the Deligne-Mostow ball
quotients are all obtained for some R = Ar and A as above. Another class of examples is furnished by the moduli space consisting of pairs (C, l), where C is a
smooth quartic curve and l a line meeting C with prescribed multiplicities is of
this type. For example, for the case when l is a double tangent of C resp. a flex
line, we get S(E7 , C) resp. S(E6 , C× ) and either orbifold gets via this interpretation
a complex-hyperbolic metric. Our goal is to produce such metrics in a universal
manner.
The general scheme by which this is accomplished is as follows. Let U → M
be a principal C× -bundle over a connected complex manifold of dimension n. An
affine structure on U amounts to giving a flat torsion free connection ∇ on its
holomorphic (co)tangent bundle (the subsheaf of OU of affine-linear functions is
then the set of f ∈ OU with ∇(df) = 0). We assume this affine structure to be
homogeneous of a fixed degree λ ∈ C in the sense that if E is the infinitesimal
generator of the C× -action (its Euler vector field), and f ∈ OU is affine-linear,
then E(f) − λf is constant. In case λ 6= 0, the f for which this constant is zero,
then even define a linear structure on U, but when λ = 0, then the C× -action is
in local coordinates like a translation (the affine structure on an C× -orbit is then
that of C/Z). This induces on M a projective resp. affine structure. Suppose that
on the tangent bundle of U we are further given a flat Hermitian form H such that
H is positive definite on the normal bundle, in the sense that we are in one of the
following three cases:
elliptic: H is positive definite , λ ∈ R − {0} and M inherits a Fubini-Study
metric,
parabolic: H is positive semidefinite with kernel spanned by E, λ = 0 and
M inherits a flat metric,
hyperbolic: H has hyperbolic signature, H(E, E) < 0, λ ∈ R − {0} and M
inherits a complex hyperbolic metric.
So M is then modelled after the hermitian symmetric space (D, G) = (Pn , PU(n)),
(Cn , U(n) ⋉ Cn ), (Bn , PU(n, 1)) respectively and we have a developing map M̃ → D,
where M̃ → M is the holonomy cover of M. If Γ denotes the covering group, then
this defines a homomorphism Γ → G such that the developing map is Γ -equivariant.
We say that the Schwarz condition is fulfilled if Γ is discrete in G and that it is
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strictly so if the developing map is an embedding so that M may be identified with
an open subset of Γ \D.
We encounter this situation in the setting of an almost Frobenius structure:
then ∇0 = ∇ moves in a family of affine structures on U: ∇κ = ∇0 + κA, where
A is a End(ΩU )-valued differential of the above type (and with λ = λ(κ) depending
affine-linearly on κ) and we are given H = H0 such that we are in the nonhyperbolic
case. In the cases of interest we can show that H0 then deforms with ∇κ to a family
(∇κ , Hκ ) over an interval [0, κ1 ) such that for some 0 ≤ κ0 < κ1 , Hκ is elliptic,
parabolic resp. elliptic according to whether κ < κ0 , κ = κ0 or κ > κ0 . We also
find values for κ for which the (strict) Schwarz condition is fulfilled.
We carried this program out in detail for U = Hom(Q(R), C)◦ (with the C× action given by scalar multiplication) in [2], although at the time we were not aware
of the almost Frobenius setting (which was later observed by Feigin and Veselov
[4]). The case of the trivial bundle U = C× × Hom(Q(R), C× )◦ → Hom(Q(R), C× )◦
is outlined in [3] and [5] and as Bryan and Gholampour have shown, appears also in
Gromov-Witten theory. The case where U is C× -bundle over Hom(Q(R), Eℓ/S)◦ ,
but that case has yet to treated.
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