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Abstract. A common feature shared by many natural objects arising in
probability theory is that they tend to be very “rough”, as opposed to the
“smooth” objects usually studied in other branches of mathematics. It is
however still desirable to understand their geometric properties, be it from a
metric, a topological, or a measure-theoretic perspective. In recent years, our
understanding of such “random geometries” has seen spectacular advances
on a number of fronts.
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Introduction by the Organisers
The workshop focused on the latest progresses in the study of random geometries, with a special emphasis on statistical physics models on regular lattices and
random maps, and their connexions with the Gaussian free field and SchrammLoewner evolutions.
The week opened with a spectacular talk by H. Duminil-Copin (based on his
work with Raoufi and Tassion), presenting a new, groundbreaking use of decision
trees in the context of statistical physics models in order to prove the sharpness of
the phase transition, and vastly extending earlier results. Most notably, this new
approach allows to circumvent the use of either the BK inequality or of planarity
properties. In particular, it applies to the random cluster model FK(d, q) on Zd
for every parameter q ≥ 1 and dimension d ≥ 2.
A significant proportion of the talks focused on various and ever growing aspects
of discrete random geometries, notably random planar maps, and their links with
the planar Gaussian free field (GFF). N. Curien reported recent progress (notably
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with Bertoin, Budd, Kortchemski, Le Gall, Marzouk) on the properties of metrics,
percolation and random walks on large random maps and their duals, paving the
way to a (not yet formally identified) one-parameter family of random surfaces.
J.-F. Le Gall presented how the positive excursions of the Brownian snake, defined
with C. Abraham, can be used to construct the so-called Brownian disks and to
analyse how these disks arise naturally in the Brownian map, or more precisely in
the complement of its metric net introduced by Miller and Sheffield. J. Bouttier
explained how the statistics of the nested loops in loop O(n) models in maps can
be analyzed from principles of analytic combinatorics and B. Duplantier discussed
the continuum aspects of this analysis. Asaf Nachmias reported progress with
Curien and Hutchcroft on the proof that the spectral dimension of causal random triangulations is 2 (a fact conjectured by Durhuus, Jonsson and Wheater).
Louigi Addario-Berry reported on his joint work with Angel, Chapuy, Fusy, and
Goldschmidt, dealing with the distribution of the Voronoi cells in the Brownian
CRT, showing in this simpler context a version of a conjecture by Chapuy on the
Brownian map. Jian Ding presented his results on the semi-discrete approach to
random metrics (with Biskup, Dunlap, Goswami, Li, Zeitouni, Zhang), in which
he studies natural metrics derived from the exponential of the discrete GFF in 2
dimensions, their scaling limits, and the fractal dimensions of the limiting spaces.
In a related direction, O. Louidor discussed his recent progress with Biskup on the
structure of the maxima of the discrete GFF.
On the “purely continuum side”, Wendelin Werner described his joint work with
Miller and Sheffield on percolation in conformal loop ensembles and its links with
SLE/GFF couplings. This elaborate continuum percolation model on a random
fractal is conjectured to describe the continuum limit of the loops in a discrete loop
O(n) models on random maps when conformally embedded in the plane. Titus
Lupu (with Aru and Sepulveda) derived a continuum version of the isomorphism
theorem for 2-dimensional GFF based on loop-soups, hence generalizing his approach based on Markov loops in graphs and making significant progress in the
understanding of the level sets of GFF. Hao Wu showed the convergence of 2dimensional Ising interfaces with mixed boundary conditions, by first constructing
(with Beffara and Peltola) the limiting global multiple SLE, paving the way to
the computation of connection probabilities. Continuing their series of works on
the probabilistic, GFF-based constructions of the Liouville conformal field theory,
Vincent Vargas, with Antti Kupiainen and Rémi Rhodes, showed how to derive the
DOZZ formula from this approach, giving the 3-point structure constant in this
theory. This is a quite striking result, which can be interpreted as a first result in
the integrability properties of Gaussian multiplicative chaos measures (a.k.a. Liouville quantum gravity measures, or LQG). Christophe Garban initiated a study of
a dynamical model admitting the LQG measures as stationary distributions, and
showing similarities with the Sine-Gordon stochastic partial differential equations,
with however notable differences due to the appearance of intermittency. Besides
this tak, the topic of stochastic PDEs was at the core of Ismal Bailleul’s talk, who
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presented his far-reaching generalization with Bernicot of paracontrolled calculus,
in the context of manifolds and allowing higher order expansions.
In a new accomplishment in bridging the gap between the discrete and continuum approach to random planar geometries, S. Sheffield presented his very recent
results with Gwynne and Miller on the convergence toward LQG surfaces of the
Tutte embedding of discrete random maps models based on the discretization of
his earlier “mating of trees” construction. This is at the same time the first convergence result of for some form of “conformal embedding” of discrete random planar
maps towards LQG, and it provides in a sense the first one-parameter family of
discrete models that approximate SLE curves for all values of κ. The proof is
partly based on new techniques for random walks in random environment. Earlier
in the week, E. Gwynne had presented his recent impressive series of papers with
Miller showing Gromov-Hausdorff convergence of percolated random planar maps
to SLE6 on the Brownian map, a result that connects in a spectacular way the
discrete and continuum world, since defining SLE-type curves on the Brownian
map requires in a crucial way the Miller-Sheffield construction of the Brownian
map based on the GFF.
Several talks focused on random interface models at the edge of integrable
probability. In a groundbreaking progress in the study of first-passage percolation, Allan Sly (with Basu and Sidoravicius) was able to improve the upper bound
on the variance of the interface fluctuations by a polynomial order, in models
which are rotation-invariant, allowing to set apart the problem of the limit shape
and to efficiently focus on the fluctuations by an elaborate multi-scale analysis.
F. Toninelli reported his recent progress (with Chhita, Ferrari, Legras) on the
study of hydrodynamic limits of a growth model in the anisotropic KPZ class.
R. Kenyon showed limit shape results obtained with de Gier and Watson for the
5-vertex model with a weight per corners, a non-determinantal generalization of
the dimer model which is still analyzable by Bethe Ansatz techniques. Nathanaël
Berestycki described his very general result (with Laslier and Ray) for the height
fluctuation of dimer models on Riemann surfaces, using original methods based on
Miller and Sheffield’s imaginary geometry. Vadim Gorin showed how techniques
from integrable probability can be used to analyse the local limit of random sorting networks. Antti Knowles reported on his recent results with Benaych-Georges
and Bordenave on the spectral radius of Erdoös-Rényi graphs and other sparse
random matrices, showing a phase transition between a regime where the largest
eigenvalues are described by the edge of the limiting spectral distribution (for degrees larger than log n) and a regime with many outliers (with degrees much less
than log n). Still in the direction of random graphs, Christina Goldschmidt reported her ongoing work with Conchon-Kerjan on scaling limits of critical random
graphs with i.i.d. fat-tailed degree distributions.
The topic of random optimization and random media was also well-represented.
Nike Sun presented her series of groundbreaking papers with Ding, Sly and Zhang
on random combinatorial optimisation problems, and in particular random constraint satisfaction problems, analyzing the fine structure of clustering and of
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replica symmetry breaking. Gérard Ben Arous reported on his recent work with
Jagannath on slow mixing for dynamics on spin glass models, partly based on
new large deviation principles related to the Franz-Parisi potential. Yan Fyodorov
presented a number of motivating mathematical challenges for the understanding
of a model of a directed polymer in random media. Jean-Christophe Mourrat
showed his powerful quantitative approach to stochastic homogenization in Zd
(obtained with Armstrong and Kuusi) based on the fact that certain energy quantities behave are asymptotically local and additive functionals of the coefficient
field, allowing one to obtain in particular a scaling limit result for the corrector.
Omer Angel concluded this very intense and rich week with a talk on coexistence
in two annihilating branching random walks, obtained with Ahlberg and Kolesnik.
Despite the slightly uncertain whether conditions during the week, the traditional Wednesday walk to Sankt Roman could take place as scheduled and was
followed by the Barbecue evening at MFO.
Acknowledgement: The MFO and the workshop organizers would like to thank the
National Science Foundation for supporting the participation of junior researchers
in the workshop by the grant DMS-1049268, “US Junior Oberwolfach Fellows”.
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Abstracts
Sharp phase transition for the random-cluster models via randomized
algorithms
Hugo Duminil-Copin
(joint work with Aran Raoufi, Vincent Tassion)
In theoretical computer science, determining the computational complexity of
tasks is a very difficult problem (think of P against NP). To start with a more
tractable problem, computer scientists have studied decision trees, which are simpler models of computation. A decision tree associated to a Boolean function f
takes ω ∈ {0, 1}n as an input, and reveals algorithmically the value of ω in different bits one by one. The algorithm stops as soon as the value of f is the same
no matter the values of ω on the remaining coordinates. The question is then to
determine how many bits of information must be revealed before the algorithm
stops. The decision tree can also be taken at random to model random or quantum
computers.
The theory of (random) decision trees played a key role in computer science
(we refer the reader to the survey [BDW02]), but also found many applications
in other fields of mathematics. In particular, random decision trees (sometimes
called randomized algorithms) were used in [SS10] to study the noise sensitivity
of Boolean functions, for instance in the context of percolation theory.
The OSSS inequality, originally introduced in [OSSS05] for product measure
as a step toward a conjecture of Yao [Yao77], relates the variance of a Boolean
function to the influence of the variables and the computational complexity of
a random decision tree for this function. The first part of the talk consists in
generalizing the OSSS inequality to the context of monotonic measures which are
not product measures. A monotonic measure is a measure µ on {0, 1}E such that
for any e ∈ E, any F ⊂ E, and any ξ, ζ ∈ {0, 1}F satisfying ξ ≤ ζ, µ[ωF = ξ] > 0
and µ[ωF = ζ] > 0,
µ[ωe = 1 | ωF = ξ] ≤ µ[ωe = 1 | ωF = ζ].

Theorem 1 ([DRT17a]). Fix an increasing function f : {0, 1}E −→ [0, 1] on a
finite set E. For any monotonic measure µ and any randomized algorithm T ,
X
(1)
Varµ (f ) ≤ 2
δe (f, T ) Covµ (f, ωe ),
e∈E

where δe (f, T ) is the probability that e is revealed by the randomized algorithm
before stopping.

We expect the previous result to have a number of applications. In this paper,
we focus on applications in statistical physics. Here, we describe a specific application to the random-cluster model. Since random-cluster models were introduced
by Fortuin and Kasteleyn in 1969, they have become the archetypal example of dependent percolation models and as such have played an important role in the study
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of phase transitions. The spin correlations of Potts models are rephrased as cluster connectivity properties of their random-cluster representations. This allows
the use of geometric techniques, thus leading to several important applications.
While the understanding of the model on planar graphs progressed greatly in the
past few years [BD12, DST17, DGH+16, DRT17a], the case of higher dimensions
remained poorly understood.
The model is defined as follows. Consider a finite subgraph G = (V, E) of Zd
and introduce the boundary ∂G of G to be the set of vertices x ∈ G for which there
exists y ∈
/ G with e = xy an edge of E. A percolation configuration ω = (ωe )e∈E
is an element of {0, 1}E . A configuration ω can be seen as a subgraph of G with
vertex-set V and edge-set given by {e ∈ E : ωe = 1}. Let k(ω) be the number of
connected components in ω. Also set |ω| for the number of e with ωe = 1.
Fix q, p > 0. Let φG,p,q be the measure satisfying, for any ω ∈ {0, 1}E ,
o|ω| (1 − p)|E|−|ω| q k(ω)
,
Z
where Z is a normalizing constant introduced in such a way that φG,p,q is a probability measure. The measures φG,p,q and φw
G,p,q are called the random-cluster
measures on G with respectively free and wired boundary conditions. For q ≥ 1,
the measures φG,p,q can be extended to Zd – the corresponding measure is denoted
by φZd ,p,q – by taking the weak limit of measures defined in finite volume.
For notational convenience, we set x ←→ y if x and y are in the same connected
component. We also write x ←→ Y if x is connected to a vertex in Y ⊂ Zd , and
x ←→ ∞ if the connected component of x is infinite. Finally, let Λn be the box of
size n around 0 for the graph distance.
For q ≥ 1, the model undergoes a phase transition: there exists pc = pc (Zd ) ∈
[0, ∞] satisfying
(
= 0 if p < pc ,
θ(p) := φw
Zd ,p,q [0 ←→ ∞] =
> 0 if p > pc .
φfG,p,q (ω) =

The main theorem we will describe is the following.
Theorem 2 ([DRT17a]). Fix q ≥ 1 and consider the random-cluster model on
Zd . Then,
• There exists c > 0 such that θ(p) ≥ c(p − pc ) for any p ≥ pc close enough
to pc .
• For any p < pc there exists cp > 0 such that for every n ≥ 0,
φZd ,p,q [0 ←→ ∂Λn ] ≤ exp[−cp n].
For planar graphs, this result was proved for any q ≥ 1 under some symmetry
assumption in [DM16] (see also [MR16] for the case of planar slabs). On Zd ,
the result was restricted to large values of q [LMMS+91] and to the special cases
of Bernoulli percolation (q = 1) [Men86, AB87, DT15] and the FK-Ising model
(q = 2) [ABF87, DT15].
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Theorem 2 extends to quasi-transitive weighted graphs and to finite range interactions (for the latter, simply interpret finite-range models as nearest-neighbor
models on a bigger graph).
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Figure 1. Simulation of the critical Ising model with alternating
boundary conditions and the corresponding planar link pattern.

Hypergeometric SLE and Convergence of Critical Planar Ising
Interfaces
Hao Wu

Conformal invariance and critical phenomena in two-dimensional statistical physics
have been active areas of research in the last few decades, both in the mathematics and physics communities. Conformal invariance can be studied in terms
of correlations and interfaces in the critical models, and both approaches have
been successful. This talk concerns conformally invariant probability measures on
curves that should describe scaling limits of interfaces in critical lattice models
(with suitable boundary conditions).
Consider the critical lattice model in simply connected domain with Dobrushin
boundary conditions, the scaling limit of the interface should be a random curve
known as the chordal SLEκ (Schramm-Loewner evolution), uniquely characterized by a single parameter κ ≥ 0 together with conformal invariance and domain
Markov property [Sch00]. In this case, such scaling limit results have been rigorously established for many models: Percolation [Smi01, CN07], the Loop-Erased
Random Walk and the Uniform Spanning Tree [LSW04], level lines of the discrete Gaussian Free Field [SS09, SS13], and the critical Ising and FK-Ising models [CS12, CDCH+14].
Consider the critical lattice model in rectangle with alternating boundary conditions, a pair of interacting interfaces appears. The scaling limit of such pair should
be a pair of random curves with conformal invariance, domain Markov property
and symmetry. We proved in [Wu17] that the pair of interacting simple random
curves can be classified by these three properties, and the corresponding process
is Hypergeometric SLEs: hSLEκ (ν) for κ ∈ (0, 4] and ν < κ − 6. Moreover, for the
critical Ising model on the square lattice in rectangles with alternating boundary
conditions, the scaling limit of the pair of interacting interfaces converges weakly
to hSLE3 processes.
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In general, interfaces of critical lattice models with alternating boundary conditions with 2N marked points corresponds to a collection of N interacting random curves. In [PW17, BPW17], we construct global multiple interacting SLEs
and show that they are characterized by the conditional laws: there exists a
unique probability measure on N interacting random curves (η1 , . . . , ηN ) such
that the conditional law of ηj given {η1 , . . . , ηj−1 , ηj+1 , . . . , ηN } is SLEκ for all
j ∈ {1, . . . , N }. As a consequence, the collection of interfaces in the critical Ising
model with alternating boundary conditions converges to the collection of global
multiple SLE3 ’s.
It is also natural to ask questions about the global behavior of the interfaces,
such as their crossing or connection probabilities. In fact, such a crossing probability, known as Cardy’s formula, was a crucial ingredient in the celebrated proof of
the conformal invariance of the scaling limit of critical percolation [Smi01, CN07].
In Figure 1, a simulation of the critical Ising model with alternating boundary
conditions is depicted. The figure shows one possible connectivity of the interfaces separating the black and yellow regions, but when sampling from the Gibbs
measure, other planar connectivities can also arise. One may then ask with which
probability do the various connectivities occur. The answer is known for LoopErased Random Walks (κ = 2) and for the double-dimer model (κ = 4) [KW11],
whereas e.g. the cases of the Ising model (κ = 3) and percolation (κ = 6) are still
unknown to our knowledge.
In general, scaling limits of these connection probabilities should be encoded in
certain quantities related to multiple SLEs, known as pure partition functions. In
[PW17], we construct the pure partition functions of multiple SLEs for all κ ∈ (0, 4]
and show that they are smooth, positive, and (essentially) unique. In the spirit
of [KW11], we find algebraic formulas for the pure partition functions in this case
and show that they give explicitly the connection probabilities for the level lines
of the Gaussian Free Field with alternating boundary conditions.
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Paracontrolled calculus for singular PDEs
Ismael Bailleul
The study of a whole class of stochastic singular partial differential equation has
been revolutionized recently by the works of M. Hairer on regularity structures
[1, 2, 3]. Equations of this class share the common default of involving some
product(s) of distributions that do not make analytical sense, so the first question
is to make sense of the equation before even thinking of solving it. The theory of
regularity structures offers a complete framework for the study of these problems
that splits the task into two distinct parts, with different aims and methods. In an
analytical part, one reformulates the equation in an abstract setting, under some
sub-criticality assumption that ensures the existence of a unique solution to the
abstract problem. One has a tool for associating a concrete distribution/function
to the abstract solution. The second part of the work consists in showing that this
concrete solution happens to be the unique limit of a sequence of solutions to some
classically well-posed equations, similar to the initial equation, in which the noise
has been regularized and some additional terms have been inserted in the equation,
typically some terms involving constants diverging as the regularization parameter
goes to 0. This second part of the framework requires the development of a heavy
algebraic setting, and the use of some tools from the constructive approach to
quantum field theory, to prove that some random distributions indexed by the
regularization parameter converge when the latter tends to 0.
At the same time that M. Hairer built his theory, Gubinelli, Imkeller and
Perkowski designed in [4] another method for studying a number of singular equations. It has the advantage to be much lighter in terms of formalism and to rest
on previously available analytic tools – unlike Hairer’s theory where everything
is built from scratch. On the down side, it provides only a first order expansion
theory for solutions of PDEs that limitates its potential scope of applications –
unlike the theory of regularity structures that is a kind of arbitrarily high expansion theory. The paracontrolled approach to singular PDEs designed by Gubinelli,
Imkeller and Perkowski has however been very successful, as the works [5] on the
KPZ equation, [6, 7, 8] on the Φ43 scalar equation from quantum field theory, or
the work [9] on the Laplacian with white noise potential, testify, amongst others.
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In a series of recent works, joint with F. Bernicot [10, 11, 12], we introduced a
semigroup approach to paracontrolled calculus that extends its scope from equations set on a Euclidean space, or a torus, to equations set on manifolds, and
turned the machinery into an arbitrary high order expansion framework, bridging
partially the gap between the paracontrolled and the regularity structures approaches. These developments build on the introduction of a general Taylor-like
expansion formula generalising Bony’s paralinearisation formula, and on a number
of continuity results for some correctors/commutators built from the paraproduct
and resonant operators, together with the crucial introduction of a modified paraproduct that is intertwined with a natural paraproduct via the heat operator and
its inverse. Part of this technology can be developed on general metric measured
spaces satisfying some homogeneity conditions. Having some tools for studying
singular PDEs on manifolds open the road to investigating in a mathematically
plain framework Parisi and Wu’s paradigm of stochastic quantization of gauge
fields and to look at the problem of Euclidean quantization of Yang-Mills theory
from a dynamical point of view.
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Limit shapes beyond dimers
Richard Kenyon
(joint work with Jan de Gier, Sam Watson)

We discuss the “5-vertex model”, a configuration model of edges on Z2 with local
pictures of the five types:

This model is a generalization of the lozenge tiling model, or “monotone nonintersecting lattice path model”, which is the uniform measure on the above set
of configurations. Here we change the measure so that a configuration of lattice
paths has probability proportional to rc where r is a constant and c is the number
of corners: vertices of the last two types above.
We compute the explicit free energy, surface tension function, and the EulerLagrange equation describing the limit shapes for the height function in the model.
Since the model is not determinantal we use the “Bethe Ansatz” technique, which
here has the convenient property that the Bethe roots lie on a family of curves
called Cassini ovals, defined as the set of z ∈ C for which (for some constants α, β)
α log |z| + β log |1 − z| = 1.

The DOZZ formula
Vincent Vargas
(joint work with Francois David, Antti Kupiainen, Rémi Rhodes)
Liouville Conformal Field Theory is a family of conformal field theories introduced
by Polyakov in his 1981 seminal work “ Quantum geometry of bosonic strings”
[5]. Via the celebrated KPZ relation [3], LCFT is expected to describe the scaling
limit of large planar maps properly embedded in the sphere.
Recently, using the theory of Gaussian multiplicative chaos, we gave in [1] a
rigorous probabilistic formulation of LCFT based on the path integral formulation
suggested by Polyakov. More recently, we also initiated in [4] the study of the local
conformal structure of LCFT (BPZ equations, Ward identities, etc...) in order to
relate LCFT in the path integral formulation to the so-called conformal bootstrap
approach.
The conformal bootstrap approach is based on an explicit expression for the
3 point structure constants of the theory, the famous DOZZ formula discovered
by Dorn-Otto [2] and Zamolodchikov-Zamolodchikov [6] in the middle of the 90’s
and a general recursive procedure to construct the higher order correlations. The
bootstrap approach is expected in the physics literature to be related to the path
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integral formulation; however, the exact link between both approaches is still controversial.
In this talk, I will present a proof of the fact that the 3 point structure constants
of our probabilistic construction of LCFT are indeed given by the DOZZ formula.
This constitutes a first step in unifying both approaches to LCFT and settles a
long-standing problem in theoretical physics. From a purely probabilistic point
of view, this constitutes the first non trivial and rigorous integrability result on
Gaussian multiplicative chaos measures.
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Geometry of random planar maps and their duals
Nicolas Curien
We surveyed recent results and works in progress dealing with the geometry of
large random planar maps and their dual maps. The setup is the following: given
Z
a non-zero weight sequence q = (q1 , q2 , ...) ∈ R++ we define a measure wq on the
set M of all finite bipartite (i.e. all faces have even degree) rooted planar maps m
by the formula
Y
wq (m) =
qdeg(f )/2 .
f ∈Faces(m)

This measure has already been considered in [8]. We assume that wq (M) is finite
(q is said to be admissible) so that we can normalize wq to makeP
it a probability
measure. We further assume that q is critical in the sense that
wq (m)|m|2 =
∞. Under some aperiodicity condition, we denote by Mn a random planar map
sampled according to wq (· | size = n) and study its geometric properties. By
the invariance principle due to Le Gall [6], when q is finitely supported (and
admissible, critical) we have the following convergence in the Gromov–Hausdorff
sense
(d)

n−1/4 · Mn −−−−→ cq · Brownian sphere,
n→∞

where Mn is viewed as a random compact metric space once endowed with the
graph distance. The above convergence is believed to hold in a wider setting in

1646

Oberwolfach Report 26/2017

particular when q is admissible, critical and satisfies the following asymptotic:
qk ∼ c · γ k · k −a−1/2 ,

for a > 2.

In this regime, based on the work [5] it is tempting to conjecture that both Mn
and its dual map M†n converge after rescaling jointly towards the same Brownian
sphere with different scaling constants (the work [5] establishes this fact for random
triangulations). However, when the admissible and critical weight sequence q
satisfies the last asymptotic with a ∈ (1, 2) a totally different behavior happens:
Le Gall and Miermont [7] have shown that the diameter of Mn is typically of order
a−3/2
1
n 2a whereas the work [3] shows that the diameter of M†n is of order n a when
a ∈ (3/2, 2) and of logarithmic order when a ∈ (1, 3/2). In the critical case a = 23
the recent work [4] suggests that the diameter of M†n is of order log2 n. The scaling
limits of these objets are not yet fully characterized when a ∈ (3/2, 2) and recent
work on growth-fragmentation processes [2, 1] may help building the limit random
surfaces.
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Quantitative stochastic homogenization
Jean-Christophe Mourrat
Let x 7→ a(x) be a random field on Rd taking values in the space of symmetric
positive definite d-by-d matrices. The law of this random field is assumed to be
invariant under translations. We also assume throughout that this random field
has a finite range of dependence, and that there exists a constant Λ ∈ (1, ∞) such
that with probability one,
(1)

∀x ∈ Rd ,

Id ≤ a(x) ≤ ΛId ,

We want to consider the situation where the correlation length of the coefficient
field is much shorter than the typical length scale at which we want to describe
the solution of an equation involving a. In this case, it is reasonable to expect
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that the local fluctuations of the conductivity will be “averaged out” in the limit
of large distances, resulting in an equivalent equation with constant, homogenized
coefficients. One way to formulate this assumption of separation of scales is to
introduce a small parameter ε > 0, and solve the family of problems
(


−∇ · a ε· ∇uε = 0 in U,
(2)
uε = f on ∂U,
where U is a given domain with Lipschitz boundary, and f is a fixed function
with sufficient regularity. The statement of homogenization is that there exists a
matrix a which is constant in space, deterministic, and not depending on f or U ,
such that uε converges to u solution to

−∇ · a∇u = 0 in U,
u=f

on ∂U.

The matrix a is usually called the homogenized or effective
matrix. We may

·
say that the solution operator associated with −∇ · a ε ∇ converges to that of
−∇ · a∇. The result is not specific to the choice of Dirichlet problems, and can be
interpreted as a kind of law of large numbers. However, it is important to realize
that the homogenized coefficients a are not obtained as a simple average of the
coefficient field a(x). They retain a non-trivial geometric information concerning
the law of the coefficient field, informally related to how easy or difficult it is for
the current to circumvent regions of low conductivity.
We are interested in making the convergence of uε to u quantitative. To begin
with, we reduce the problem to a simpler setting. Since the solution u is aharmonic, it is very smooth; over mesoscopic scales, it is essentially affine. We
therefore focus on understanding the homogenization problem on simple domains,
say on cubes, and with affine boundary condition. In other words, denoting by
 r r d
r := − ,
2 2
(r)

and fixing p ∈ Rd , we solve for the function φp such that



 −∇ · a p + ∇φ(r) = 0 in U,
p


(r)

φ(r)
p =0

on ∂U.

One can show that ∇φp converges in L2loc (Rd ) to a well-defined limit as r → ∞; we
denote the limit by ∇φp . The function φp is well-defined up to an additive constant,
and is called the “corrector” (in the direction p). It encodes the projection onto
the vector p of the harmonic embedding of the coefficient field x 7→ a(x) (which
we can think of as a random Riemannian metric). We aim to assert that the largescale oscillations of φp are small, or equivalently, that the gradient of φp displays
large-scale cancellations. For convenience, we define the heat kernel


2
d
|x
−
z|
Φz,r (x) := (4πr2 )− 2 exp −
,
4r2
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and denote integrals against this heat kernel mask as
Z
Z
(3)
f :=
f (x) Φz,r (x) dx.
Φz,r

Rd

R

In words, Φz,r f is a spatial average of f centered at z and of length scale r.
R
R
We simply write Φr f for Φ0,r f . We also introduce some convenient notation to
measure the stochastic integrability of random variables. If X is a random variable
and s, θ ∈ (0, ∞), then we define the statement
X ≤ Os (θ)

to mean that

h

s i
−1
E exp θ X+
≤ 2,

(4)

where X+ := X ∨ 0 is the positive part of X. This statement implies that the
right tail of θ−1 X decay like exp(−c|x|s ) for some constant c > 0; the converse
implication also holds with suitably modified constants. With Armstrong and
Kuusi [2], we proved the following result.
Theorem 1 (Optimal estimates on correctors). For every s < 2, there exists
C < ∞ such that, for every r ≥ 1 and p ∈ B1 ,
Z


−d
2
,
(5)
∇φp ≤ Os Cr
Φr

Z

(6)
and
(7)

Z

Φr

Φr



d
a(p + ∇φp ) − ap ≤ Os Cr− 2 ,



1
1
d
(p + ∇φp ) · a (p + ∇φp ) − p · ap ≤ Os Cr− 2 ,
2
2

The statements (5), (6) and (7) are all consistent with the idea that the fields
under consideration (gradient, flux and energy respectively) rescale as random
fields with a short range of correlation. The limitation s < 2 is easily understood
in this light: by the central limit theorem, we can at best hope for Gaussian-type
tail estimates, which correspond to the critical exponent s = 2. However, this
intuition is truly consistent up to the critical scaling for the energy field only. The
proof is indeed based on the fact that certain energy quantities are in fact local,
additive functions of the coefficient field. The argument thus focuses on showing
this first. It is then immediate to deduce that these energy quantities satisfy
central limit theorems. Once the behavior of the energy field is understood, one
can then identify the (non-trivial) critical correlations of the correctors by showing
that
(8)

d

(law)

r 2 (∇φp )(r ·) −−−→ ∇Ψp ,
r→∞

where Ψp is a variant of the Gaussian free field. The reference [1] offers a much
more detailed presentation of these results and their consequences.
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Universality of height fluctuations for the dimer model on Riemann
surfaces
Nathanaël Berestycki
(joint work with Benoit Laslier, Gourab Ray)
In a series of recent results with Benoit Laslier and Gourab Ray, we established
the convergence as the mesh size tends to zero of the centered height function
associated to dimer models to a universal scaling limit (independent of the underlying microscopic details of the graph) in various situations. This includes in
particular the following two cases: (a) dimer model on simply connected domains
with boundary conditions lying in some arbitrary plane of fixed slope, and (b)
Riemann surfaces. More precisely:
(a) On the hexagonal lattice with mesh size δ, for any simply connected domain
D with locally connected boundary (which is essentially an optimal regularity assumption), for any fixed plane P ⊂ R3 , there exists a sequence Dδ which converge
to D and such that the height function hδ restricted to the boundary ∂Dδ lies
within O(1) of the plane P , and hδ − E(hδ ) converges in distribution √
(with respect
−1−ε
to the Sobolev H
(D) for any ε > 0) to (1/χ)hGFF , where χ = 1/ 2 and hGFF
is a Gaussian free field with Dirichlet boundary conditions.
(b) Let S be a Riemann surface with finitely many holes and such that around
every point on the boundary there is a neighbourhood which is conformally equivalent to the upper half plane. The height function in this case consists of a one-form
called the scalar field, which encodes the local fluctuations as in the simply connected case, and an“instanton” component, which describes the height gap across
nontrivial loops. We obtain convergence of both components towards universal,
conformally invariant limits in a fairly general setup, for the moment when the
surface is of low complexity (zero Euler characteristic, i.e., an annulus or a torus).
This answers questions raised by Dubédat [2] and Dubédat and Ghessari [3], who
obtained a particular case of this result on the torus (under an additional assumption of isoradiality on the graph) and described the limiting field as a compactified
Gaussian free field.
Our setup is that of Temperleyan graphs G on S. That is, G is the superposition
of a graph Γ drawn on S, its dual Γ† , and intermediary vertices on each edge of Γ.
On surfaces of low complexity (zero Euler characteristic), we obtain an extension of
Temperley’s bijection which shows that dimer configurations on G are in bijection
with oriented cycle-rooted spanning forests (or CRSF for short) of Γ. A key step
of our proof is then to show that on any nice Riemann surface a uniform CRSF
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converges in the sense of Schramm, which generalises work of Kassel and Kenyon
[5]. Contrary to previous works on the dimer model, our approach does not rely on
exact computations, instead the arguments are based on the imaginary geometry
couplings between Gaussian free field and SLE curves known to occur on simply
connected domains [4, 6].
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Local limits of random sorting networks
Vadim Gorin
A sorting network of rank n is a shortest path between 12..n and n..21 in the
Caley graph of the symmetric group spanned by swaps of adjacent letters. A
sorting network can be interpreted as a wiring diagram, see the following figure.
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Following [AHRV] we study a uniformly random sorting network of rank n.
Random sorting networks have intriguing asymptotic behavior as n → ∞, and we
refer to [AHRV] for several exciting conjectures which are still open.
In the talk we discussed the bulk local limit of the swap process of random
sorting networks. The limit object is defined through a deterministic procedure, a
local version of the Edelman-Greene algorithm, applied to a two dimensional determinantal point process with explicit kernel. The latter describes the asymptotic
joint law near 0 of the eigenvalues of the corners in the antisymmetric Gaussian
Unitary Ensemble.
In particular, the limiting distribution of the first swap time at a given position
is identified with the limiting distribution for the closest to 0 eigenvalue in the
antisymmetric GUE. As a corollary, the asymptotic law of the spacings between
swaps (see the right panel of the figure) is given by the Gaudin–Mehta distribution
also known as exact Wigner surmise — the universal law for bulk spacings between
eigenvalues of random real symmetric matrices.
The proofs rely on the determinantal structure and a double contour integral
representation for the kernel of random Poissonized Young tableaux.
Detailed exposition of the results and proofs is in [GR], another approach to
the local limits of sorting networks can be found in [ADHV].
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Phase transitions in random constraint satisfaction problems
Nike Sun
(joint work with Jian Ding, Allan Sly, and Yumeng Zhang)
A constraint satisfaction problem (CSP) is specified by a set of variables subject
to constraints. A classical example is the problem of giving a proper q-coloring
to a given graph. Other well-studied examples include the graph independent set
problem and the boolean k-satisfiability problem. We consider these problems
in a randomized setting, and study the phase transitions that arise in the sparse
(bounded constraint density) regime. We determine the exact satisfiability threshold in random regular k-NAE-SAT [3], random k-regular independent set [1], and
random k-SAT for k ≥ k0 [2]. In the random regular k-NAE-SAT model we further
compute the limiting free energy [6].
One main challenge presented by these models is the occurrence of “replica symmetry breaking”, or lack of correlation decay — that is to say, variables can exhibit
non-negligible dependencies across large distances in the constraint graph. In the
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sparse regime, this occurs even though the constraint graphs are locally tree-like
(few short cycles), meaning that dependencies propagate across long cycles. It
is believed that the lack of correlation decay is a consequence of a condensation
phenomenon, where the solution space is dominated by large clusters (connected
components in the hamming cube) of fluctuating weights. It is further proposed
that in several interesting cases, when smaller solution clusters are preferentially
weighted to a certain degree, the system will have correlation decay. This phenomenon is known as one-step replica symmetry breaking (1-RSB), in contrast
with the full replica symmetry breaking (∞-RSB) which often arises in mean-field
spin glasses. We refer to [4, 5] and refs. therein for details and for the precise
formulations of these conjectures.
Our proof strategy is guided by the physics view of clustering and one-step
replica symmetry breaking. To analyze satisfiability thresholds, we work with
graphical models which give a succinct combinatorial representation to solution
clusters. To analyze the free energy we work with a more elaborate graphical model
which gives more direct access to the size-biased measure. The main technical work
is to analyze first and second moments for these graphical models, which amount
to solving certain non-convex optimization problems in a large number of variables.
This is handled by a priori estimates (which give rough bounds), in combination
with arguments relating the original graph optimization to a tree optimization,
which is convex and allows for much more refined analysis.
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Random planar metrics of Gaussian free fields
Jian Ding
The talk is a survey on some recent progresses on a number of metric aspects for
planar Gaussian free fields, as explained briefly in what follows.
• Liouville first passage percolation at high temperatures, which aims at understanding the metric associated with Liouville quantum gravity through
appropriate scaling limits of discrete approximations. This is a FPP metric
where roughly speaking each vertex is given a weight that is exponential of
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the GFF value. With Subhajit Goswami, in [3] we gave an upper bound
on the metric exponent, which seems to contradict with reasonable interpretations for Watabiki’s prediction; with Alexander Dunlap, in [2] we
showed there exists a subsequential scaling limit for such metric; with Fuxi
Zhang, in [6] we showed that the geodesic of this metric is of dimension
strictly larger than 1 and that such metric relies on subtle properties of
the underlying fields. We also discuss some non-universality aspects for
the Liouville FPP as in [5] joint with Fuxi Zhang as well as its implications
to the heat kernel of Liouville Brownian motion as in [7] joint with Fuxi
Zhang and Ofer Zeitouni.
• Chemical distance for level-set percolation. With Li Li, in [4] we showed
that there exists a non-vanishing probability so that there exists a crossing
of dimension 1 joining two boundaries of macroscopic annulus inside the
box where the GFF values on this crossing are all positive.
• Effective resistances. With Marek Biskup and Subhajit Goswami, in [1]
we showed that the effective resistances between u and v on the random
network where the edge resistance is given by the exponential of the sum of
GFF values at two endpoints, grows as as |u − v|o(1) . This has applications
for random walks on such random network.
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Convergence of p
percolation on random planar maps to SLE6 on
8/3-Liouville quantum gravity
Ewain Gwynne
(joint work with Jason Miller)
It is expected that percolation interfaces on a large class of deterministic and random planar graphs converge in the scaling limit to Schramm-Loewner evolution
(SLE) with parameter 6. So far, the only percolation model on a deterministic
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lattice for which this convergence has been proven is site percolation on the triangular lattice, using an argument due to Smirnov [11] which relies on an exact
combinatorial identity and does not extend to other lattices.
In [5], we prove a version of this convergence for face percolation on random
quadrangulations. In particular, suppose Q is a free Boltzmann quadrangulation with simple boundary and fixed perimeter 2l, l ∈ N, decorated by a critical
(p = 3/4) face percolation configuration. That is, Q is sampled from the set of
all quadrangulations with simple boundary of perimeter l with probability proportional to 12−#faces of Q .
Theorem 1. The quadrangulation Q, equipped with its graph metric, the counting measure on edges, and the chordal face percolation path between two marked
boundary
p edges, converges in the scaling limit to chordal SLE6 on an independent 8/3-Liouville quantum gravity disk, equivalently a Brownian disk, in the
Gromov-Hausdorff-Prokhorov-uniform topology.
The Gromov-Hausdorff Prokhorov uniform (GHPU) topology considered in
Theorem 1 is a natural generalization of the Gromov-Hausdorff topology for curvedecorated metric measure spaces.
The proof of Theorem 1 is robust and, up to certain technical steps, extends
to any percolation model on a random planar map which can be explored via
peeling. For example, once it has been shown that the free Boltzmann triangulation
converges in the scaling limit to the Brownian map, our proof immediately extends
to give
p GHPU convergence of site percolation on such triangulations toward SLE6
on 8/3-LQG.
Let us now discuss the limiting object in Theorem 1. For γ ∈ (0, 2), a γ-Liouville
quantum gravity (LQG) surface is, heuristically speaking, the random Riemann
surface with metric tensor eγh dx ⊗ dy, where h is some variant of the Gaussian
free field and dx ⊗ dy is the Euclidean metric tensor. This does not make rigorous
sense since h is a distribution, not a function, but one can rigorously define a
γ-LQG surface in various ways. It was shown by Duplantier and Sheffield [3] that
a γ-LQG surface can be defined as a random measure p
space with a conformal
structure; and by Miller and Sheffield [8, 9, 10] that a 8/3-LQG surface also
admits a metric space
p structure.
Certain special 8/3-LQG surfaces are equivalent (as metric measure spaces)
to so-called Brownian surfaces (e.g., the Brownian map [6, 7]) which arise as the
scaling limit of uniform random planar maps [9].
One such Brownian surface is the Brownian disk, which is the scaling limit
of p
random planar maps with boundary [1]. The Brownian disk is equivalent to
a 8/3-LQG surface called the quantum disk. Since the quantum disk has a
canonical embedding into the unit disk D, so does the Brownian disk. In particular,
one can define an SLE6 on the Brownian disk by embedding it into D then sampling
an independent SLE6 in D.
The above definition is not useful for identifying scaling limits of discrete models
since the manner in which the Brownian disk determines its embedding into D is
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not explicit. So, in [4] we prove a characterization theorem which says that SLE6
on the Brownian disk is uniquely characterized by (a) its topological structure
and (b) the fact that the complementary connected components of the curve are
Brownian disks. This theorem is deduced from a more general characterization
theorem for SLEκ on γ-LQG p
for κ ∈ (4, 8), which is also proven in [4], using the
equivalence of Brownian and 8/3-LQG surfaces.
The proof of Theorem 1 proceeds by checking tightness with respect to the
GHPU topology, then verifying the hypotheses of our characterization theorem
for a subsequential limit using the peeling procedure for the free Boltzmann quadrangulation. The hypothesis on the topology of the curve is the hardest part
to check—for this we use a topological theorem from [2] and an “arm-counting”
argument for face percolation.
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Exponential number of equilibria and depinning threshold for a
directed polymer in a random potential
Yan V. Fyodorov
(joint work with Pierre Le Doussal, Alberto Rosso, Christophe Texier)
Using the Kac-Rice approach, we show that the mean number hNtot i of all possible
equilibria of an elastic line (directed polymer), confined in a harmonic well and
submitted to a quenched random Gaussian potential, grows exponentially with its
length L: hNtot i ∼ exp (r L). The growth rate r is found to be directly related to
the generalized Lyapunov exponent of an associated Anderson localization problem
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Figure 1. Elastic line in a disordered medium submitted to a
uniform force field.
of a 1d Schrödinger equation in a random potential. For strong confinement, the
rate r is small and given by a non-perturbative (instanton) contribution to the
Lyapunov exponent. For weak confinement, the rate r is found proportional to
the inverse Larkin length of the pinning theory. As an application, identifying the
depinning with a landscape ”topology trivialization” phenomenon, we obtain an
upper bound for the depinning threshold fc , in presence of an applied force.
The scaling limit of critical random graphs with i.i.d. power-law
degrees
Christina Goldschmidt
(joint work with Guillaume Conchon-Kerjan)
This abstract is based on the paper in preparation [4]. Let n ≥ 1 P
and fix a degree
n
sequence d = (d1 , d2 , . . . , dn ) such that d1 , d2 , . . . , dn ≥ 1 and i=1 di is even.
Assume that the set G(d) of graphs with vertex-set [n] := {1, 2, . . . , n} and such
that vertex i has degree di is non-empty. Let Gn be an element of G(d) chosen
uniformly at random. The standard method of generating such a graph is via
the configuration model (see van der Hofstad [9] for a detailed description and
precise references for the general results quoted below). Assign vertex i a number
di of half-edges and then pair the half-edges uniformly at random. In general, this
generates a multigraph Mn (i.e. a graph with self-loops and multiple edges), but
if we condition it to be simple, it has the same law as Gn . An important feature
of the configuration model is that we may generate the pairing edge-by-edge in an
order that is convenient for analysis.
We study this model in the setting where the degrees are random variables
D1 , D2 , . . . , Dn which are independent and identically distributed and such that

Stochastic Analysis: Geometry of Random Processes

1657

(1) E[D12 ] = 2E[D1 ];
(2) k α+2 P(D1 = k) → c as k → ∞, for some constant c > 0 and α ∈ (1, 2).
Pn
If i=1 Di is odd, simply throw away the last half-edge when we do the pairing. We
observe that in this setting P(G(D) 6= ∅) converges to a strictly positive constant
as n → ∞, so that for sufficiently large n conditioning the multigraph to be
simple makes sense. Condition (1) says that the graph is critical. Condition (2)
entails that the degrees have finite variance but infinite third moment. The finite
third moment setting has been extensively studied, in particular by Joseph [10]
and Riordan [11] (for the component sizes) and Dhara, van der Hofstad, van
Leeuwaarden and Sen [5] (for the metric structure). There the scaling limit is (up
to constants) the same as that obtained for the critical Erdős–Rényi model in [1]
(building on work of Aldous [2], who showed that the component sizes may be
encoded as the lengths of excursions above the running minimum of a Brownian
motion with parabolic drift).
Let us assume condition (2). Write C1n , C2n , . . . for the connected components
of Gn listed in decreasing order of size, and |C1n |, |C2n |, . . . for those sizes. Let
(Lt , t ≥ 0) be a spectrally positive α-stable Lévy process with Laplace transform
E[exp(−λLt )] = exp(cα tλα ),

λ ≥ 0, t ≥ 0,

cΓ(2−α)
. Define a new process (L̃t , t ≥ 0) via the following martingale
where cα = µα(α−1)
change of measure: for any t ≥ 0 and any bounded measurable test function f ,



 Z t
1
cα tα+1
(Ls − Lt )ds −
f (Ls , 0 ≤ s ≤ t)
E[f (L̃s , 0 ≤ s ≤ t)] = E exp
µ 0
(α + 1)µα+1

Then the following result is an extension (from Mn to Gn ) and reformulation of a
theorem due to Joseph [10].
Theorem 1. As n → ∞,

d

n−α/(α+1) (|C1n |, |C2n |, . . .) → (γ1 , γ2 , . . .)

in ℓ2 , where γ1 , γ2 , . . . are the ordered lengths of the excursions of L̃ above its
running minimum.
Our main result describes the metric space scaling limits of the components
themselves. Consider the components C1n , C2n , . . . of Gn as measured metric spaces,
by endowing each with the graph distance and by assigning mass n−α/(α+1) to
each vertex. The limit spaces have an explicit description. First, observe that
excursions of the stable Lévy process L may be used to encode a forest of stable
trees, via the so-called height process H (see Duquesne and Le Gall [7]). We may
use the absolute continuity relation between L̃ and L to define a height process H̃
corresponding to L̃: for any t ≥ 0 and any bounded measurable test function g,
E[g(L̃s , H̃s , 0 ≤ s ≤ t)]

 Z t


1
cα tα+1
= E exp
(Ls − Lt )ds −
g(Ls , Hs , 0 ≤ s ≤ t) .
µ 0
(α + 1)µα+1

1658

Oberwolfach Report 26/2017

Let us write
Rt = L̃t − inf L̃s ,

t ≥ 0.

0≤s≤t

Write ε1 , ε2 , . . . for the excursions of R above 0, in decreasing order of length, and
note that these are in one-to-one correspondence with the excursions h1 , h2 , . . . of
H̃ above 0 (again listed in decreasing order of length). In particular, both εi and
hi have length γi , for i ≥ 1. Let (Ti , di , µi ) be the measured R-tree encoded in the
standard way by hi , with canonical projection pi : [0, γi ] → Ti .
Conditionally on R, consider now a Poisson point process on R+ × R+ of intensity µ1 1{0≤x≤Rt } dtdx. (Equivalently, this is a rate 1/µ Poisson point process in the
region under the graph of the process R and above the horizontal axis.) Suppose
that for i ≥ 1, a number mi of points fall under the excursion εi . If mi ≥ 1, let
(i)

(i)

(i)
(s1 , x1 ), . . . , (s(i)
mi , xmi )

be the points themselves. Then for 1 ≤ k ≤ mi , let
n
o
(i)
(i)
(i)
tk = inf t ≥ sk : εi (t) = xk .

Finally, for i ≥ 1, if mi = 0, let Ci = (Ti , di , µi ); if mi ≥ 1, let Ci be the measured
metric space obtained from (Ti , di , µi ) by identifying the pairs of points




(i)
(i)
(i)
(i)
pi (s1 ), pi (t1 ) , . . . , pi (smi ), pi (tmi ) .

For a measured metric space (M, d, µ), write aM as a shorthand for (M, ad, µ).
Let M be the set of sequences of measure-preserving isometry classes of compact
measured metric spaces, endowed with the product Gromov–Hausdorff–Prokhorov
topology. Then we have the following scaling limit.
Theorem 2. As n → ∞,
in M.

d

n−(α−1)/(α+1) (C1n , C2n , . . .) → (C1 , C2 , . . .)

Closely related results have recently been proved by Dhara, van der Hofstad,
van Leeuwaarden and Sen [6] (for component sizes) and by Bhamidi, Dhara, van
der Hofstad and Sen [3] (for metric structure).
We observe that the spanning trees (Ti , di , µi ), i ≥ 1 are measure-changed stable
trees. Indeed, if ẽ is an excursion of R conditioned to have length x and e is an
excursion of (Lt − inf 0≤s≤t Ls , t ≥ 0) conditioned to have length x (and thus
encoding a stable tree of size x), we have
h
 R

i
1 x
E exp µ 0 e(u)du f (e(t), 0 ≤ t ≤ x)
h
 R
i
E[f (ẽ(t), 0 ≤ t ≤ x)] =
.
E exp µ1 0x e(u)du

This relation together with detailed knowledge of the stable trees from the literature entail that the distributional properties of the limit spaces C1 , C2 , . . . are
particularly tractable; these properties will be further explored in the paper [8] in
preparation.

Stochastic Analysis: Geometry of Random Processes
Acknowledgement.
EP/N004833/1.

1659

C.G.’s research is supported by EPSRC Fellowship

References
[1] L. Addario-Berry, N. Broutin and C. Goldschmidt, The continuum limit of critical random
graphs, Probability Theory and Related Fields 152 (2012), 367–406.
[2] D. Aldous, Brownian excursions, critical random graphs and the multiplicative coalescent,
Annals of Probability 25 (1997), 812–854.
[3] S. Bhamidi, S. Dhara, R. van der Hofstad and S. Sen, Universality for critical heavy-tailed
network models: metric structure of maximal components, arXiv:1703.07145 (2017).
[4] G. Conchon-Kerjan and C. Goldschmidt, Stable graphs: the metric space scaling limits of
critical random graphs with i.i.d. power-law degrees, in preparation.
[5] S. Dhara, R. van der Hofstad, J. van Leeuwaarden and S. Sen, Critical window for the
configuration model: finite third moment degrees, arXiv:1605.02868 (2016).
[6] S. Dhara, R. van der Hofstad, J. van Leeuwaarden and S. Sen, Heavy-tailed configuration
models at criticality, arXiv:1612.00650 (2016).
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Dimer dynamics in the anisotropic KPZ class
Fabio Lucio Toninelli
Stochastic interface growth models aim at describing random growth phenomena observed in real experiments. From the mathematical point of view, a ddimensional interface in d + 1-dimensional space is described via a height function
h : G 7→ V, with G being Zd or another d-dimensional lattice and V = R or Z.
The growth process itself is modeled by an irreversible Markov process with local
update rules.
In reasonable models, one expects that:
• given any slope ρ, there exists a (unique?) stationary measure πρ with
average slope ρ. More precisely, it is the law of height gradients that is
stationary, while the height function itself grows on average linearly in
time with some speed v(ρ). The measure πρ is in general not reversible
with respect to the dynamics.
• convergence to a hydrodynamic limit holds. If the height function at
time zero approximates a smooth profile φ0 (when the lattice mesh ǫ is
sent to zero) then by rescaling space and time hyperbolically (i.e. setting
by x = ξ/ǫ, t = τ /ǫ), for ǫ → 0 the radom height ǫh(x, t) converges to
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a non-random φ(ξ, τ ) solving a first-order, generally non-linear, PDE of
Hamilton-Jacobi type:

(1)

∂τ φ = v(∇ξ φ).
Such equations in general develop singularities (discontinuities of ∇ξ φ) in
finite time and for larger times one expects ǫh(ξ/ǫ, τ /ǫ) to converge to the
viscosity solution of the PDE.
• the large space-time behavior of height fluctuations in the stationary process crucially depends on the convexity properties of the function v(·). Let
us restrict to d = 2 here. It is conjectured [7] that if the Hessian of v(·)
has signature (+, −) (Anisotropic KPZ class) then asymptotically height
fluctuations behave like those of the stochastic heat equation with additive noise and in particular the variance of height fluctuations grows like
log τ . If instead the signature is (+, +) or (−, −) (isotropic KPZ class)
then fluctuations should grow like some non-trivial power of time t.

It is difficult to prove such conjectures in specific models: given the irreversibility of the Markov process there is in general no natural guess for the stationary
measures, and the hydrodynamic limit is mostly proven in situations [5] where it
can be obtained via super-additivity methods, in which case the function v(·) is
not explicitly known (but convexity of v(·) follows for free, so that these models
should be in the isotropic KPZ class).
In [6] we studied a growth process for d = 2, introduced previously in [1], for
which we could identify the stationary measures πρ as being the ergodic Gibbs
measures on dimer coverings of the infinite hexagonal lattice. In this case, the
speed function v(·) can be computed explicitly [2, 3] and its Hessian turns out to
have signature (+, −), a fingerprint of the anisotropic KPZ class. In accord with
this picture, in [6, 3] it is proven that height fluctuation variance in the stationary
state grows at most like the logarithm of time. Lastly, in [4] we proved that a
hydrodynamic limit holds: with hyperbolic rescaling, the height converges to the
viscosity solution of Eq. (1), under the technical assumption that the initial profile
φ0 is convex.
The results on stationary measures and growth of fluctuations in the stationary
state have been extended [6, 3] to a different two-dimensional growth model, whose
stationary measures are the ergodic Gibbs states on dimer coverings of Z2 .
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Conformal Loop Ensembles on Liouville Quantum Gravity
Wendelin Werner
(joint work with Jason Miller, Scott Sheffield)
In this talk based on the joint work [4] with Jason Miller and Scott Sheffield, we
try to explain how to build on some of our “CLE percolations” results of [3] dealing
with the trunk+loops decompositions of target invariant SLE-type processes and
explorations of conformal loop ensembles (CLE) in order to derive results relating
conformal loop ensembles with Liouville quantum gravity.
More precisely, when one explores a CLEκ (for κ in the whole range of possible
values (8/3, 8)) drawn on an independent well-chosen quantum wedge, it turns out
that the quantum surfaces delimited by the CLE loops that are cut out in their
order of appearance do form a Poisson point process of quantum srfaces. This
extends to the case of loop-forming SLE-type curves some results from [2] and has
various implications:
- It allows us for instance to derive the exact constants involved in the CLE
version from [3] of the discrete Edwards-Sokal coupling that relates CLEκ and its
variants for κ < 4 to the corresponding CLE16/κ . We show that the value of q(κ)
such that when one agglomerates CLE16/κ loops that are selected with a probability 1/q(κ), one constructs a CLEκ is given by the formula q = 4 cos2 (πκ/4).
- As these results mirror in the continuum setting the asymptotic features of
peeling-tye explorations of decorated discrete planar maps (as for instance in recent work by Chen, Curien and Maillard cite CCM), they provide a roadmap to
establish a connection between these discrete models and these “CLE on LQG”.
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Annihilating Branching Brownian Motions and Random Walks
Omer Angel
(joint work with Daniel Ahlberg, Brett Kolesnik)
We consider a family of processes of branching and annihilating particles in R.
Particles move by independent Brownian motions or random walks, in discrete or
continuous time. Additionally, each particle branches at rate 1, independently of
all others. When a particle branches, it is replaced by a (possibly random) number
of new particles. These particles have positions which may be equal to the parent
particle’s position, or may be shifted relative to the parent by some offset, either
random or deterministic. We call any such process a branching random walk.
Some examples of branching random walks include:
(1) Branching Brownian motion: the movements are given by independent
Brownian motions, and particles branch into a pair of particles at the
same position.
(2) Branching simple random walks: Particles make simple continuous time
random walk, and branch into a pair of particles.
(3) Particles do not move without branching; when a particle at x branches,
three offspring are located at x, x + 1 and x − 1. This example is of
particular interest since it arises in the study of a certain growth and
competition model in Z2 , studied by Daniel Ahlberg, Simon Griffiths,
Svante Janson and Rob Morris [1].
We assume throughout that the expected number of offspring is greater than 1,
i.e. the branching process itself is super-critical and has a positive probability of
survival. We also assume that the random walks are in the domain of attraction
of Brownian motion.
The annihilating branching random walk (ABRW) is the following generalization of the branching random walk. Particles are of one of several types.
Particles move and branch independently, and inherit the type of the parent. However, if a pair of particles of distinct types are at the same location at any time,
they annihilate each other immediately. See Figure 1 for a simulation.
We say that multiple types coexist if at all times there exist particles of each
type.
Theorem 1. In any ABRW with finite initial condition, coexistence has positive
probability.
A process is order preserving, if neither the random walk, nor the branching
mechanism allow for a particle of one type (or any of its offspring) to change
order with a particle of another type. If the particles perform Brownian motion
or simple random walk on Z and the branching does not displace particles, then
this would be the case. If a two-type process is order preserving and initially all
red particles are to the left of all blue particles, then this is maintained at all
times. The interface between the types is defined by I(t) = (I− + I+ )/2, where
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Figure 1. Branching and annihilating Brownian motions
I− (t) is the rightmost red particle and I+ (t) is the leftmost blue particle. We have
I = ±∞ if one of the types dies out, and I(t) is not defined if both types die out.
Theorem 2. If the ABRW is order preserving, then on the event of coexistence
the limit S = limt→∞ 1t I(t) exists, and its law has no atoms.
The proofs extend also to give positive probability of coexistence of multiple
types, as well as to higher dimension.
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Nesting statistics in loop models, part I: O(n) loop model on random
planar maps
Jérémie Bouttier
(joint work with Gaëtan Borot, Bertrand Duplantier)
In this talk, I present the first part of the paper [1], devoted to the study of nestings
in the O(n) loop model on random planar maps. In the next talk, Bertrand will
discuss nestings in Conformal Loop Ensembles on Liouville quantum gravity. In
these two a priori independent settings, we will compute a same large deviations
function, giving a strong confirmation that the second model describes indeed the
scaling limit of the first. This is in some sense an extension of the KnizhnikPolyakov-Zamolodchikov relations that are known to hold at the level of critical
exponents.
For simplicity, we concentrate on the O(n) loop model on triangulations with a
boundary, see Figure 1. The unnormalized weight assigned to a configuration C is
w(C) = n#loops g #empty triangles h#visited triangles ,

with n, g, h nonnegative real parameters (w(C) = n3 g 20 h36 in the above example).
In a configuration of perimeter ℓ, we pick a uniformly chosen vertex in the
map and consider its depth Pℓ , i.e., the number of loops separating it from the
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Figure 1. A configuration of the O(n) loop model on a triangulation with a boundary of perimeter 8.

outer face. Our main result is that, at a “non generic critical point” of the O(n)
loop model (obtainable for 0 < n < 2), Pℓ grows logarithmically with ℓ and more
precisely:
Theorem 1 (Central limit theorem). At a non generic critical point, we have
p

ln ℓ (d)
Pℓ − opt
√π
−−−→ N (0, σ 2 )
ℓ→∞
ln ℓ
where
n
popt = √
,
4 − n2

σ2 =

4n
.
π(4 − n2 )3/2

Theorem 2 (Large deviations principle). At a non generic critical point, we have


1
ln ℓ
P Pℓ =
p ∼ cst · (ln ℓ)−1/2 ℓ− π J(p) ,
ℓ→∞
π
where
J(p) = p ln

2
p
p
n 1 + p2

!

+ arccot(p) − arccos(n/2).

The function p 7→ J(p) is convex, nonnegative and vanishes at p = popt as it
should. If, instead of letting ℓ tend to infinity, we condition on having a large
number V of vertices, then both theorems remain valid upon replacing ln ℓ by
c ln V with c a simple constant (equal to 1 at a “dilute” critical point, and to
c = [1 − (1/π) arccos(n/2)]−1 in the “dense” critical phase).
The proof consists in an exact computation of the probability generating function E(sPℓ ), and some saddle point analysis.
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Nesting statistics in loop models, part II: CLE extreme nesting on
Liouville quantum gravity
Bertrand Duplantier
(joint work with Gaëtan Borot, Jérémie Bouttier)
In a second part, an alternative description was given in terms of the nesting of
the Conformal Loop Ensemble (CLE) on Liouville quantum gravity. The extreme
nesting of CLEκ , defined for κ ∈ (8/3, 8) in the unit disk D, has been studied by
Miller, Watson and Wilson [2]. They found the multifractal spectrum of the set
Φν of points z ∈ D where the number of loops, Nε (z), surrounding the ball Bε (z)
scales as [ν + o(1)] log(1/ε) as ε → 0, where ν ∈ R+ . The almost sure Hausdorff
dimension of this set is dimH Φν = min{2, 2 − γκ(ν)}, where γκ (ν) is given in terms
of some Legendre transform of a conjugate function, Λκ (λ).
We transform this classical setting into a Liouville quantum gravity one, by
defining Ra quantum ball centered at z, as the Euclidean ball Bε (z) as measured
by δ := Bε (z) µγ , where the Liouville quantum measure,
µγ := eγh(z) dz,

(with dz Lebesgue measure) is defined via a proper renormalization of the exponential of h, an instance of the Gaussian free field (a distribution on D with either
Dirichlet or free boundary conditions)
√ The parameter γ ∈ (0, 2] is related to
√ [3].
the SLE κ-parameter
p by γ = min{ κ, 4/ κ}. CLEκ is defined for κ ∈ (8/3, 8), so
we here have γ ∈ ( 8/3, 2].
We then look for the probability that a δ-quantum ball centered at z ∈ D is
surrounded, as δ → 0, by a number Nz = (p + o(1)) log(1/δ) of CLE loops, with
p ∈ R+ . We find the Liouville quantum gravity large deviations form,
PQ (Nz ≈ p log(1/δ)) ≍ δ Θ(p) ,
where the symbol ≍ stands for the equivalence of logarithms. The proof results
from the convolution of the large deviations form of the classical nesting probability obtained in Ref. [2], P (Nz ≈ ν log(1/ε)) ≍ εγκ (ν) , with the independent
asymptotic probability, P(ε|δ), that a δ-quantum ball has a Euclidean radius ε, as
obtained in Ref. [3]. A saddle point analysis, valid for δ → 0, yields the above large
deviations form, with Θ(p) an explicit function of p depending on the parameter
κ ∈ (8/3, 8).
A well-known conjectural relation, between the critical O(n)-model and the
CLEκ parameters, states that n = −2 cos (4π/κ) ∈ (0, 2], where κ ∈ (8/3, 4]
corresponds to the dilute phase and κ ∈ (4, 8) to the dense phase. We then find
that the LQG-large deviations function Θ exactly matches the large deviations
function J obtained in Theorem 2 of Part I for the O(n)-model on a random
c
c
planar map, with the rescaling identity, Θ( 2π
p) = 2π
J(p), where c stands for the
same parameter as above, c = max{1, κ/4}.
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A Glauber dynamics for Liouville
Christophe Garban
In this talk, I introduced an SPDE which arises naturally in the context of Liouville
quantum gravity. This SPDE is built to preserve the so-called Liouville measure
which has been constructed recently on the two-dimensional sphere S2 and the
torus T2 in the work by David-Kupiainen-Rhodes-Vargas. In its simplified form,
the SPDE can be written as follows (on R × T2 or R × S2 ):
√
1
∂t X = ∆X + eγX + 2πξ
2
where ξ is a space-time white noise. It belongs to the broad class of singular
stochastic PDEs (which includes KPZ, dynamical Φ4d etc.) with some new features
due to the presence of intermittence.
Our first main result identifies what is the a.s. Besov regularity of the nonlinearity eγX (or rather : eγX : as it needs to be renormalized). It can be stated
as follows:
√
Proposition 1. Fix γ < γ̂c = 2 2. The positive measure Θ :=: eγΦ : a.s. belongs
√
2
to the space-time Besov space Csα (γ) for any α < ᾱ(γ) := γ2 − 2 2γ.
The proof of this Proposition follows a classical scheme in multiplicative chaos
which goes back to the works of Barral-Mandelbrot and Bacry-Muzy. There is
one main difference : the lack of explicit ∗-scale invariant log-correlated field in
parabolic space-time R × Rd .
From this result, we single out two thresholds in γ:
√
√
(1) For all γ < γdP D := 2 2 − 6, the non-linearity : eγX : has a.s. a
regularity larger than −1. This allows in particular to rely on the approach
developed by Da Prato-Debussche
to handle dynamical Φ42 .
√
(2) For all γ < γ2 := 2 2 − 2, the non-linearity : eγX : has a.s. a regularity
larger than −2. In this sense, the value γ2 corresponds to the critical
parameter βc2 = 8π in the so-called Sine-Gordon SPDE (∂u = 21 ∆u +
sin(βu) + ξ).
This brings us to our main statement.
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√
√
Theorem 1.
• For any 0 ≤ γ < γdP D := 2 2 − 6, there exists T a.s. > 0
( Xε to
s.t. the solution
γ2
1
∆Xε − C̺ ε 2 eγXε + ξε
∂t Xε = 4π
Xε (0, ·) = Φε (0) + w
converges in probability to X √
in the space Cs−1 ([0, T ] × T2 ).
• For any γdP D ≤ γ < γ2 = 2 2 − 2, using the positivity of the nonlinearity, we obtain an intrinsic solution X to the SPDE (without showing
the convergence in probability of Xε → X).
Remark: Adding the αi -log singularities at the punctures in the measure constructed in [DKRV14] does have an effect on the regularity of the non-linearity (at
α
least in Besov spaces Csα ≡ B∞,∞
). The local existence result for the non-simplified
Liouville SPDE still holds but with bounds in γ which depend on the strength of
the coupling constants {αi } at the punctures.
The spectral dimension of Causal triangulations is 2
Asaf Nachmias
(joint work with T. Hutchcroft, N. Curien)
Let T be a Galton-Watson tree with progeny distribution having mean 1 and finite
variance, conditioned to survive forever. The random walk on this random rooted
graph is well understood: the spectral dimension is 4/3 and the resistance from
the root to the sphere of radius r is linear in r. Now from T create the map M (T )
by adding a horizontal line connecting each generation of the tree according to
their location. M (T ) is known as the uniform infinite Causal triangulation in the
physics literature.
We prove that M has spectral dimension 2 and that the resistance from the root
to the sphere of radius r is ro(1) . Due to relations to classical models of planar
random maps we also study the map M (T ) where the progeny distribution of T
has mean 1 and polynomial tails with exponent α ∈ (3/2, 2). We show that the
2−α
root to sphere resistance in that case is at at most r α−1 . It is believed that the
true answer is ro(1) for all α ∈ (1, 2).
Excursion theory for Brownian motion indexed by the Brownian tree
and applications to Brownian disks
Jean-François Le Gall
We develop an excursion theory for Brownian motion indexed by the Brownian
tree, which in many aspects resembles the classical Itô theory for linear Brownian
motion.
The underlying Brownian tree that we consider is the tree coded by a Brownian
excursion (es )s≥0 under the so-called Itô excursion measure (note that the Itô
excursion measure is a σ-finite measure). The tree Te may be viewed as a scaled
version of the CRT, for which (es )s≥0 would be a Brownian excursion with duration
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1. This tree is rooted at a particular vertex ρ. We then introduce Brownian motion
indexed by Te : Roughly speaking we assign a label Vu to each vertex u ∈ Te , in
such a way that the label Vρ of the root is 0, labels vary like linear Brownian
motion along line segments of the tree, and of course the increments of labels
along two disjoint segments are independent.
Similarly as in the case of linear Brownian motion, we may then consider the
connected components of the open set
{u ∈ Te : Vu 6= 0},
which we denote by (Ci )i∈I . These connected components are not intervals as in
the classical case, but they are connected subsets of the tree Te , and thus subtrees
of this tree. One then considers, for each component Ci , the restriction (Vu )u∈Ci
of the labels to Ci , and this restriction again yields a random process indexed by
a continuous random tree, which we call the excursion Ei . Formally, Ei is viewed
as a random element of the space S0 of all “snake trajectories” with initial point
0: an element of S0 is a continuous mapping s 7→ Ws = (Ws (t))0≤t≤ζs from a
compact interval [0, σ] into the space of all finite real paths starting from 0, which
is such that W0 = Wσ is the trivial path consisting only of the point 0, and the
snake property Ws (t) = Ws′ (t) for all 0 ≤ t ≤ min{ζr : s ∧ s′ ≤ r ≤ s ∨ s′ } holds
for every s, s′ ∈ [0, σ].
Our main results completely determine the “law” of the collection (Ei )i∈I (we
speak about the law of this collection though we are working under an infinite
measure). A first important ingredient of this description is an infinite excursion
measure M0 on S0 , which plays a similar role as the Itô excursion measure in the
classical setting. We also need to introduce, for every i ∈ I, a quantity Zi called
the exit measure of Ei , that measures the size of the boundary of Ci : Zi may be
defined by the approximation
(1)

Zi = lim ε−2 Vol({u ∈ Ci : |Vu | < ε})
ε→0

where Vol is the usual volume measure on Te . Furtherore, we introduce a “local
time exit process” (Xt )t≥0 such that, for every t > 0, Xt measures the quantity
of vertices u of the tree Te with label 0 and such that the total accumulated local
time at 0 of the label process along the geodesic segment between ρ and u is equal
to t.
Finally, one can define, for every z > 0, a conditional probability measure
M0 (· | Z = z) which corresponds to the law of an excursion conditioned to have
boundary size z (this is somehow the analog of the Itô measure conditioned to
have a fixed duration in the classical setting).
Theorem 1. [1] The distribution of (Xt )t>0 is the excursion measure of the
continuous-state
branching process with stable branching mechanism
p
3/2
ψ(λ) = 8/3 λ . Furthermore, the jumps of (Xt )t>0 are in one-to-one correspondence with the excursions (Ei )i∈I , and for every i ∈ I the boundary size
of Ei coincides with the size zi of the corresponding jump of (Xt )t>0 . Finally,
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conditionally on the process (Xt )t≥0 , the excursions Ei , i ∈ I are independent,
and, for every fixed j, Ej is distributed according to M0 (· | Z = zj ).
There is a striking analogy with the classical setting, where excursions of linear
Brownian excursion are in one-to-one correspondence with jumps of the inverse
local time process, and the distribution of an excursion corresponding to a jump
of size ℓ is the Itô measure conditioned to have duration equal to ℓ.
We apply the preceding results to the random metric space called the Brownian map, which may be obtained from the CRT by a gluing procedure involving
Brownian motion indexed by the CRT. We first observe [3] that, for every z > 0,
the measure M0 (· | Z = z) can be used to give a new approach to the Brownian
disks introduced by Bettinelli and Miermont [2], via a construction that is much
analogous to that of the Brownian map. By combining this new approach with
our excursion theory and the construction of the Brownian map, we can show that
Brownian disks are embedded in the Brownian map in various ways [3]. In particular, for every h > 0, the connected components of the complement of the ball of
radius h centered at the distinguished point of the Brownian map are independent
Brownian disks conditionally on their volumes and perimeters (these perimeters
are defined by an approximation similar to (1)).
References
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Extreme and Large Values of the Discrete Gaussian Free Field
Oren Louidor
The present talk includes various new results concerning extreme and large
values of the discrete Gaussian free field in dimension two. The main object of
interest is the random vector hN = (hN (x) : x ∈ DN ), where DN = N D ∩ Z2
and D ⊂ R2 is a “nice” domain. The law of hN is taken to be Gaussian with 0
mean and covariance given by GDN = (GDN (x, y) : x, y ∈ DN ), the discrete Green
function on DN with 0 boundary conditions on Z2 \ DN .
A simple first moment calculation together with known asymptotics for GDN
show
N (x) ≥ mN (λ), where mN (λ) :=
p that the mean number of x ∈ DN with h2(1−λ
√
2
)
λ 8/π log N and λ ∈ (0, 1) is KN (λ) := Cλ,D N
/ log N for some Cλ,D > 0
We show in [2] that in fact, there exists a non-degenerate random variable: Wλ,D ,
finite and positive almost surely, such that

x : hN (x) ≥ mN (λ) N →∞
(1)
=⇒ Wλ,D ,
KN (λ)
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Moreover,
(2)

KN (λ)−1

X

x∈DN

δ

√

x/N,hN (x)−mN (λ)

→∞
λ
 N=⇒
ZD
(dx) ⊗ e−λ

2πt

dt .

λ
where ZD
is the Liouville quantum gravity measure at parameter 2λ, with respect
to the continuous Gaussian free field on D.
The above shows
p in particular that the global maximum of hN is, on exponential
other extreme
order, mN (1) = 8/π log N . It turns out that the maximum and all p
values
of the process actually center at distance O(1) around mN := 8/π log N −
p
9/8π log log N . Indeed, extending the above to λ = 1, it was shown in [1] that
√
X

N →∞
− 2πt

(3)
δ
=⇒ CPPP ZD (dx) ⊗ e
dt, ν .
x∈DN

x/N,hN (x)−mN

where ZD is the Liouville quantum gravity measure at (the critical) parameter 2,
ν is the law of a point process on R × D and CPPP stands for clustered Poisson
point process. The right hand side should
be interpreted as a PPP on R×D driven
√
− 2πt
by the random intensity ZD (dx) ⊗ e
dt describing the large N landscape of
extreme values of hN which are also local maxima. To these local maxima, a
“cluster” chosen independently according to ν is attached in the limiting picture.
The latter describes the large N asymptotics of the local configuration around
each such extreme local maximum.
By studying the cluster distribution ν, one can obtain finer results concerning
the extreme values of h. For instance, it was shown in [3] (for the closely related
model of branching Browninan motion) that

x ∈ DN : hN (x) ≥ mN − t} P
√
−→ CZD (D)
(4)
te− 2πt
when N → ∞ and then t → ∞, for some C > 0. Moreover, asymptotically (in N
followed by t) with high probability, the total contribution to the numerator from
(the clusters of) local maxima at level mN − s is uniform in s ∈ [0, t] and that
1 − o(1) of this contribution comes from only O(t−1 ) of the local maxima.
References
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Geometric versions of isomorphism theorems for continuum GFF in
2D
Titus Lupu

The connection between the Gaussian free field (GFF) and Markov trajectories
was known since the work of Kurt Symanzik [3], where, studying the Φ4 model, he
expresses the moments of a massive GFF in Rd as multiple integrals with respect
to an infinite mass measure on Brownian loops. Further, the so called Dynkin’s
isomorphism and the generalized Ray-Knight theorems, give a more probabilistic
version of this relation, where the square of the GFF is coupled to occupation
times of Markov trajectories [4]. Le Jan gave a version of these isomorphisms
where the whole square of the GFF is given by the occupation times of Markov
loops in a Poisson point process, called Markov loop-soup, whose intensity is the
one that appears in Symanzik [3].
During my PhD with Le Jan I found a way to relate not only the square, but
also the sign of a GFF to a Markov loop-soup, in a way that the sign of the
GFF is constant on each cluster. For this I considered metric graphs, obtained by
replacing each edge in a discrete network by a continuous line of length equal the
resistance, and the GFF on on these objects, obtained by interpolating the discrete
GFF on vertices by independent Brownian bridges inside the edges. The process
obtained this way is Markov, Gaussian and moreover it is continuous. Thus, since
its square is strictly positive on each cluster of loops on the metric graph, it has
to be of constant sign on each of it [2].
For the continuum GFF in dimension 2, one has a version of Le Jan’s isomorphism with the centred occupation measure of a Brownian loop-soup and a
renormalized (Wick) square of the GFF, where one subtracts the diverging expectation. However, in this setting, one has a stronger relations. In fact, the GFF
lives entirely on clusters of Brownian loops in a loop-soup. This is explained in a
collaboration with Juhan Aru end Avelio Seplveda at ETH [1]. There we introduce
the first passage sets of a continuum GFF Φ in a (possibly multiply connected)
domain D of C. Informally, the first passage set of level −a is
A−a = {z ∈ D̄|∃γ path from z to ∂D, Φ ≥ −a on γ}.
Above expression does not make immediate sense because Φ is a generalized function. However, A−a can be constructed by iterating level lines of the GFF. A−a
has zero Lebesgue measure and is of Hausdorff dimension 2. A−a is a local set of
Φ, and it is non-thin: Φ on A−a is a positive measure. We show that this measure,
as a random variable, is measurable with respect its support A−a , and conjecture
that it is a Minkowski content in a right gauge. Finally, these first passage sets
have same law as clusters of Brownian loops and boundary-to-boundary excursions
connected to the boundary. For this, we use approximations by metric graphs.
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First passage percolation on rotationally invariant fields
Allan Sly
(joint work with Riddhipratim Basu, Vladas Sidoravicius)

Understanding the distance fluctuations is a major open problem in the study of
first passage percolation. For two points at distance n, the Poincare inequality give
a bound of O(n). Work of Benjamnin, Kalai and Schramm [1], using methods from
the analysis of Boolean functions, showed that in the Boolean case the variance is
sub-linear, at most O(n/ log n). While this remains the best bound, it is widely
believed that the variance should scale O(n2/3 ), known only for exactly solveable
models of last passage percolation.
One key obstacle in the study of first passage percolation is a lack of understanding of its limit shape. While under quite general conditions the limit shape
is expected to be smooth with uniformly bounded positive curvature, this is not
known in any example [3]. In order investigate first passage percolation while
avoiding this impediment we consider models with rotational symmetry. Examples of such models include continuous fields on the plane where the shortest path
is given by minimizing integrals over continuous path between the endpoints or
for graph distance in random geometric graphs. In such models the limit shape is
of course the circle.
We take a multi-scale approach and show that the variance is at most O(n1−ǫ ).
This is done by a geometric approach to showing chaotic behaviour of the path,
that is that after resampling a small fraction of the field the new path is almost
completely disjoint from the original. Using the correspondence between chaos
and super-concentration (variance bounds better than the Poincare inequality) this
yields improved estimates. By carrying out this analysis on every scale we derive a
polynomial improvement in the variance overall. To carry out this scheme we need
to control the transversal fluctuations of the geodesic together with exponential
concentration using an argument of Kesten [2] adapted to our multi-scale setting.
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Voronoi cells in continuum random maps on any surface
Louigi Addario-Berry
(joint work with Omer Angel, Guillaume Chapuy, Éric Fusy, Christina
Goldschmidt)
Let (T, d, µ) be the Brownian continuum random tree (CRT), with distance d and
mass measure µ.
Theorem 1. Let X1 , . . . , Xk ∈ T be k independent samples from µ in the tree T .
Partition the tree into k Voronoi cells C1 , . . . , Ck . Then the vector (µ(Ci ))i≤k is
a uniform partition of unity (i.e. uniformly distributed on the k − 1 dimensional
simplex).
This surprising result extends to other settings. The unicellular continuum
random map (CRM) is a generalization of the CRT to other surfaces. Unicellular
CRMs arise as the scaling limits of uniform random unicellular maps embedded
in surfaces. They are locally treelike, unlike the Brownian map. If the surface
is the sphere, the unicellular CRM is the CRT itself. The unicellular CRMs are
universal, in that many different measures on discrete maps will have a unicellular
CRM as their limit.
Theorem 2. Fix a surface S, and let (M, d, µ) be the unicellular CRM on S.
Let X1 , . . . , Xk ∈ M be k independent samples from µ in M . Partition M into
k Voronoi cells C1 , . . . , Ck . Then the vector (µ(Ci ))i≤k is a uniform partition of
unity.
Voronoi cells and their volumes depend only on metric structure and not on the
embedding in the surface. Thus, if two random maps have the same distributions
as measured metric spaces then the mass partitions induced by their Voronoi cells
are identically distributed. Using this observation, Theorem 2 may be applied
to deduce that Voronoi cells of randomly sampled points in a number of other
continuum maps also yield uniform volume partitions.
Theorem 3. The following continuum random maps also have uniformly distributed Voronoi cell volumes:
(1) The continuum unicycle (map with a single cycle),
(2) The CRT with three uniform points identified (a theta-map),
(3) The CRT with any number of triplets of uniform points identified,
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(4) The continuum barbell (map with two loops connected by an edge).
These cases are proved by considering unicellular CRMs on the projective plane,
torus, torus of general genus g, and Klein bottle respectively. Note that case (iii)
above does not involve a single structure for the map, but a random structure,
depending on the relation between the locations of the different points glued. Thus
case (iii) implies that certain mixtures of map structures have uniform Voronoi cell
volumes.
Acknowledgements This work was started during the Eleventh Annual Workshop on Probability and Combinatorics, at McGill University’s Bellairs Institute
in Holetown, Barbados. It was motivated by third author’s conjecture in [1], that
the Brownian map on any fixed surface has uniform Voronoi cells.
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Département de Mathématiques
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1211 Genève 4
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