Programm der Arbeitsgemeinschaft in Oberwolfach vom 29.3.-4.4.1998 über den Beweis der Milnor-Vermutung

nach Voevodsky

Organizers: B. Kahn (Paris), M. Spieß (Heidelberg)

The aim of this Arbeitsgemeinschaft is to understand the proof of the following theorem, due to Vladimir Voevodsky:

Theorem. Let k be a field of characteristic ≠ 2

and m, n be positive integers. Then the norm residue homomorphism

K^M_n (k)/2^m −→ H^n_{ét}(k, μ^{⊗n}_2m )

is an isomorphism.

This had been conjectured by Milnor. More generally one expects:

Conjecture (Kato).For any positive integers m, n with m prime to char(k) the norm residue homomorphism K^M_n (k)/m −→ H^n_{ét}(k, μ^{⊗n}_m ) is an isomorphism.

As in the previous cases where this conjecture could be established (Merkurjev, Suslin, Rost), the proof is based on the computation of certain cohomology groups attached to norm varieties. However, contrary to the former approaches, Voevodsky works with motivic cohomology rather than algebraic K-theory: for this reason, talks 1 to 12 will be devoted to the construction of this motivic cohomology. Two further key points in the proof are the existence of a pure motive associated by Markus Rost to certain quadrics, and Voevodsky’s observation that these quadrics are related to the theory of complex cobordism (their C-valued points are generators of the mod 2 complex cobordism ring). In order to exploit this connection he developed (partly together with F. Morel) analogues of (stable) homotopy theory, Steenrod algebra, Thom spaces and the cobordism spectrum in the context of algebraic varieties. Talks 13–14 will cover the Rost motive and talks 15 to 19 will cover the homotopy part. 1

We shall try to cover as much of the general theory as possible (including the construction and properties of Voevodsky’s triangulated categories of motives over a field of characteristic 0). Unfortunately, not all material for the homotopy part is available in preprint form yet, and the situation is similar for the Rost motive; so the preparation of these talks could turn out to be difficult. Fabien Morel and Markus Rost have agreed to help the lecturers here. Their e-mail addresses are:

morel@math.polytechnique.fr markus.rost@mathematik.uni-regensburg.de

Each participant should be ready to give one of the 19 lectures. The lecturers of those talks which are grouped to pairs are encouraged to work together.

Lectures

1. Introduction This talk should be an overview of the subject: Milnor’s K-theory, the Milnor conjecture (p = 2), the (Bloch)-Kato conjecture (p arbitrary). Connection with algebraic K-theory: the conjectural Beilinson spectral sequence from truncated étale cohomology to algebraic K-theory with finite coefficients, the conjectural Beilinson and Lichtenbaum motivic complexes, the integral version of the conjectural Lichtenbaum spectral sequence, the Beilinson-Lichtenbaum conjecture. Attempts to construct the complexes: Bloch’s complexes (higher Chow groups). Rationally they coincide with Adams eigenspaces on algebraic K-theory for smooth varieties over a field (Bloch, Levine). The Bloch-Lichtenbaum spectral sequence. Voevodsky’s construction of motivic cohomology: it coincides with higher Chow groups for smooth schemes in characteristic 0. The Suslin-Voevodsky theorem (Kato ⇒ Beilinson-Lichtenbaum in char. 0). Voevodsky’s proof of the Milnor conjecture.

References: [27], [17], [2], [33], [1], [22], [3], [21], [4], [40], [47], [48].

2. Localization of categories; triangulated categories. This talk should recall basic facts on these two topics.

Localization: this is completely general except for set-theoretic problems (see [11, I.1.1]). This is made nicer when calculus of fractions is possible (ibid., I.2). A nice set-up for localization with calculus of fractions (derived from topology) is Quillen’s homotopical algebra. Definition of a model category, a closed model category. The associated homotopy category. Examples: the two model category structures on an abelian category; the category of simplicial sets and/or topological spaces and/or CW complexes. Derived functors as Kan extensions (e.g. [7, §8]).

Triangulated categories. Examples: the homotopy and derived categories of an abelian category (and their bounded variants). One word about derived functors. The stable homotopy category. Two adjoint functors between the stable homotopy category and the derived category of abelian groups (one is “chain complex”, the other is “Eilenberg- Mac Lane spectrum”); after tensoring with Q, they become equivalences of categories.

References: [11], [23], [32], [7], [41], [42], [13], [12].

3. + 4. Pretheories.

These talks should be devoted to [46] (see also [43]). The talks should include in particular the results of [46, Subsection 4.4], an introduction to the Nisnevich topology and the results of ibid., Subsections 5.1 and 5.2. A good guideline for some of the main results is [45, Theorem 3.1.11]: the lecturers could concentrate on its proof (this includes comparing the notions of pretheory and presheaf with transfers).

References: [39], [46], [43], [31], [45].

5. The triangulated category of geometrical motives. This talk should be devoted to [45, Section 2.1]. In particular, Proposition 2.1.4 should be proven. (One should admit [9, Theorem 7.1], a special case of [9, Theorem 7.4] which will be the topic of talk number 8. The latter requires resolution of singularities, while the former does not.) If time remains, an overview of the main results of the paper [45] should be given (as in section 2.2).

References: [45], [9].

6. Triangulated category of effective motivic complexes. This talk should be devoted to [45, Section 3]. In particular: tensor structures on D^−(Shv_{Nis}(SmCor(k))) and on DM^{eff}_− (k), 3.2.6, 3.2.7 and the results of 3.5. Special emphasis should be given to the functors C_∗ and RC (compare [11, I.1.3]). It would be nice to trace where resolution of singularities is needed and where not in this part.

References: [45] and its references.

7. cdh topology.

In this talk cdh topology should be introduced and [9, Theorem 5.5] should be proved. It would be nice to also compare the idea of the cdh topology with Deligne’s simplicial resolutions of singular varieties [36], [6].

References: [9, Sections 3 and 5], [46, Section 5], [45], [36], [6].

8. Moving lemma and duality.

This talk should devoted to (a sketch of) a proof the following theorem:

Let k be a field of characteristic zero, X a scheme of finite type over k and U a smooth quasi-projective equidimensional scheme of dimension n. Then the canonical map (of Nisnevich sheaves with transfers) D : z_{equi}(U, X, r) → z_{equi}(X × U, r + n) induces an quasi-isomorphism of complexes of Nisnevich sheaves C_∗(z_{equi}(U, X, r)) → C_∗(z_{equi}(X × U, r + n)) This is slightly more general than [9, Theorem 7.4] but as far as we can see, it can be proved by the same techniques. This result is everything one needs from [9] to prove the main results in [45, Section 4].

References: [9, Sections 2, 6 and 7], [8], [39].

9. Main properties of the triangulated category of motives. This should include: motives for singular varieties, motives with compact support, quasi-invertibility of the Tate-object, duality [45, Theorem 4.3.7]. The relationship with Bloch’s higher Chow groups should be indicated.

References: [45, Section 4].

10. + 11. The Beilinson-Lichtenbaum conjecture and the (Bloch-)Kato conjecture.

These two talks should give a fairly detailed proof of [40, Theorem 5.9]. Direct ancestors of the strategy (in a rather different setting) are [20] and [19]. Older ancestors are [18] and [26].

References: [40], [20], [19], [18], [26], [10] (for theorem 6.5), [14].

12. Norm varieties This talk should cover [48, Section 2] (see also [16, Sections 1.2, 3 and 4]). Specifically: splitting varieties, examples (Severi-Brauer varieties, Pfister or Pfister neighbour quadrics, optionally splitting varieties for mod 3 symbols of length 3) and reduction to the proof of the Bloch- Kato conjecture, by induction on the degree, to [48, theorem 2.25] (see also [16, prop. 4.4 and th. 4.9]). Section 2.2 of [48] could just be sketched as it is essentially already in the Merkurjev-Suslin papers [24] and [25], to concentrate on the cohomology of Č(X), X a norm variety.

References: [47], [48], [16], [30].

13. + 14. The Rost motive.

These two talks should cover the following:

• Injectivity of A_0(X, K_1)^N−→ k^∗ for X the quadric associated to a Pfister neighbour over k, see [34]. A simpler proof (also due to Rost) is sketched in [16, 8.2].

• Construction of the Rost motive [35]. There are no details of the construction in loc. cit., and not enough in [16, 8.1], but Rost offered to help with preparing this part.

• Voevodsky’s translation in terms of triangulated motives [48, th.

4.4 and 4.8] (see also [47, Section 4], where the statements and arguments are somewhat more explicit). The main result is [48, Corollary 4.9].

References: [48], [47], [34], [35], [16].

15. + 16. Homotopy theory of schemes. These two talks should cover the following:

• Construction of the homotopy category of schemes over a base [29]; a construction in the same spirit is given in [28]. See also [48, 3.2] over a field (which is the only case of interest here).

• The stable homotopy category of schemes. The only written reference is [48, 3.2]. The speakers can inspire themselves from [15] and [5].

• Cohomology and homology theories. The main result here is [48, Th. 3.12] and the two talks should aim towards this result. A proof is sketched in [16, proof of th. 5.6].

Fabien Morel agreed to help in the preparation of these talks. The unfinished manuscript [29] can be obtained on request.

References: [29], [28], [48], [16], [30], [5], [15].

17. Steenrod operations.

In view of the state of the published material, this talk can do little more than recall the classical Steenrod operations and their properties, give their definition in the motivic case and state the properties announced by Voevodsky in [48, 3.3]. The talk should also give the definition of the motivic Margolis cohomology groups HM^{p,q}_n [48, comments after theorem 3.17], state the following theorem:

Let X be a (2^{n−1} − 1)-dimensional quadric over F and let X̃ be defined as in [48, th. 3.25]. Then

H̃M^{p,q}_i (X̃ ) = 0

for any i ≤ n − 1 and p, q ∈ Z.

and, finally, derive the proof of the Milnor conjecture from this assumed theorem and [48, cor. 4.9].

Fabien Morel agreed to help in the preparation of this talk.

References: [37], [48, 3.3], [16, §6], [30].

18. and 19. Thom spaces and algebraic cobordism. These two talks should cover the following:

• Definition of the Thom space associated to an algebraic vector bundle [48, 3.5], [16, 7.2], [29]; statement of the homotopy purity theorem [29], [16, Theorem 7.1]. The T -spectrum MU_{∗,∗}.

• The topological realisation functor [48, 3.4], [29], [16, 7.2]. • Definition of a (v_n, l)-variety [48, Definition 3.5]. Examples: Severi- Brauer varieties of dimension l − 1 (n = 1), quadrics of dimension 2^n − 1 (l = 2).

• Statement of [48, Theorem 3.25] and sketch of a proof. This relies on [48, Theorem 3.22 and Proposition 3.24]; a sketch of a proof of the first one is given in [16, proof of Theorem 7.8].

Fabien Morel agreed to help in the preparation of these talks.

References: [48], [16], [30].

References

[1] A. A. Beilinson Height pairings between algebraic cycles, Lect. Notes in Math.

1289, Springer, 1987, 1–26, appendices.

[2] S. Bloch Lectures on algebraic cycles, Duke Univ. Lectures Series, 1982, lecture 5. [3] S. Bloch Algebraic cycles and higher K-theory, Adv. in Math. 61 (1986), 267– 304.

[4] S. Bloch, S. Lichtenbaum A spectral sequence for motivic cohomology, preprint, 1995.

[5] A. Bousfield, E. Friedlander, Homotopy theory of Γ-spaces, spectra and bisimplicial sets, Lect. Notes in Math. 658, Springer, 1978, 80–130.

[6] P. Deligne Théorie de Hodge, III, Publ. Math. IHES 44 (1974), 5–78. [7] W. Dwyer, J. Spaliński Homotopy theories and model categories, in The handbook of algebraic topology, I.M. James, ed., North Holland, 1995, 73–126.

[8] E. Friedlander, H. B. Lawson A moving lemma for families of algebraic cycles, preprint.

[9] E. Friedlander, V. Voevodsky Bivariant cycle cohomology, preprint, 1994. [10] O. Gabber Affine analog of the proper base change theorem, Israel J. Math. 87 (1994), 325–335.

[11] P. Gabriel, M. Zisman Calculus of fractions and homotopy theory, Erg. der Math. 35, Springer, 1967.

[12] P. Grivel Catégories dérivées et foncteurs dérivés, in Algebraic D-modules (A.

Borel et al.), Perspectives in Math. 2, Acad. Press, 1987, 1–108. [13] R. Hartshorne Residues and duality, Lect. Notes in Math. 20, Springer, 1966. [14] R. Hoobler The Merkuriev-Suslin theorem for arbitrary semi-local rings, to appear in J. Pure Appl. Algebra.

[15] J. F. Jardine Stable homotopy theory of simplicial presheaves, Canadian J.

Math. 39 (1987), 733–747.

[16] B. Kahn La conjecture de Milnor, d’après V. Voevodsky, Séminaire Bourbaki, année 1996/97, to appear in Astérisque.

[17] K. Kato A generalization of higher class field theory by using K-groups, I, J.

Fac. Sci., Univ. Tokyo 26 (1979), 303–376, conj. 1.

[18] M. Levine The indecomposable K_3 of fields, Ann. Sci. École Norm. Sup. (4) 22 (1989), 255–344.

[19] M. Levine The weight two K-theory of fields, K-Theory 9 (1995), no. 5, 443– 501.

[20] M. Levine Relative Milnor K-theory, K-theory 6 (1992), 113–175, and correction: K-theory 9 (1995), 503–505.

[21] M. Levine Bloch’s higher Chow groups revisited, K-theory (Strasbourg, 1992).

Astérisque 226 (1994), 10, 235–320.

[22] S. Lichtenbaum Values of zeta functions at non-negative integers, Lect. Notes in Math. 1068, Springer, 1984, 127–138.

[23] J.P. May Simplicial objects in algebraic topology, van Nostrand, 1967. [24] A.S. Merkurjev, A.A. Suslin K-cohomology of Severi-Brauer varieties and norm residue homomorphism (in Russian), Izv. Akad. Nauk SSSR 46 (1982), 1011–1046. Engl. translation: Math. USSR Izv. 21 (1983), 307–340.

[25] A.S. Merkurjev, A.A. Suslin The norm residue homomorphism of degree 3 (in Russian), Izv. Akad. Nauk SSSR 54 (1990), 339–356. Engl. translation: Math. USSR Izv. 36 (1991), 349–368.

[26] A.S. Merkurjev, A.A. Suslin The group K_3 for a field (en russe), Izv. Akad.

Nauk. SSSR 54 (1990), 339–356. Engl. translation: Math. USSR Izv. 36 (1990), 541–565.

[27] J. Milnor Algebraic K-theory and quadratic forms, Invent. Math. 9 (1970), 315-344, question p. 540.

[28] F. Morel Théorie de l’homotopie et motifs, I, preprint, 1995. [29] F. Morel, V. Voevodsky Homotopy category of schemes over a base, aka A^1- homotopy theory of schemes, in preparation.

[30] F. Morel Voevodsky’s proof of Milnor’s conjecture, in preparation. [31] Y. Nisnevich The completely decomposed topology on schemes and the associated descent spectral sequences in algebraic K-theory, in Algebraic K-theory: connections with geometry and topology, (J.F. Jardine, V.P. Snaith, eds.), NATO ASI Series, Ser. C 279 (1989), 241–342.

[32] D.G. Quillen Homotopical algebra, Lect. Notes in Math. 43, Springer, 1967. [33] D. Quillen Higher algebraic K-theory, I, Lecture Notes in Mathematics 341, Springer, Berlin, 1973, 77–139.

[34] M. Rost On the spinornorm and A_0(X, K_1) for quadrics, prépublication, 1988. [35] M. Rost Some new results on the Chowgroups of quadrics, prépublication, 1990. [36] B. Saint-Donat Techniques de descente cohomologique, Exposé V bis in SGA 4, Lect. Notes in Math. 270, Springer, 1972, 83–162.

[37] N. Steenrod, D. Epstein Cohomology operations, Ann. Math. Studies 50, Princeton University Press, 1962.

[38] A. Suslin Higher Chow groups and étale cohomology, preprint, 1994. [39] A. Suslin, V. Voevodsky Relative cycles and Chow sheaves, preprint, 1994. [40] A. Suslin, V. Voevodsky Bloch-Kato conjecture and motivic cohomology with finite coefficients, preprint, 1995.

[41] J.-L. Verdier Catégories dérivées, état zéro, in Cohomologie étale (SGA 4 1/2), Lect. Notes in Math. 569, Springer, 1977, 262–311.

[42] J.-L. Verdier Des catégories dérivées des catégories abéliennes, Astérisque 239, 1996.

[43] V. Voevodsky Homology of schemes, II, preprint, 1995. [44] V. Voevodsky Homology of schemes, Selecta math., 1997. [45] V. Voevodsky Triangulated categories of motives over a field, preprint, 1995. [46] V. Voevodsky Cohomological theory of presheaves with transfer, preprint, 1995. [47] V. Voevodsky Bloch-Kato conjecture for Z/2-coefficients and algebraic Morava K-theories, preprint, 1995.

[48] V. Voevodsky The Milnor conjecture, preprint, 1996.

[49] V. Voevodsky Cohomological operations in motivic cohomology, in preparation.

For preprints or further information, please contact the organizers:

M. Spieß Mathematisches Institut Universität Heidelberg Im Neuenheimer Feld 288 69120 Heidelberg Germany e-mail: spiess@mathi.uni-heidelberg.de

B. Kahn Institut de Mathématiques de Jussieu Case 7012 75251 Paris Cedex 05 France e-mail: kahn@math.jussieu.fr

Applications should be sent, preferably via e-mail, to M. Spieß and/or B. Kahn until 21.2.1998.

Please send this application form also to Mathematisches Forschungsinstitut, Lorenzenhof, 77709 Oberwolfach, Fax: 07834/97955.

I would like to participate in the Arbeitsgemeinschaft on “The Milnor conjecture”. I am willing to give a lecture:

• preferably Nr. , • as a second choice Nr. , • as a third choice Nr. .

Name:

Address:

e-mail: